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.  
1 1NT RO D U CT \O N

T he  a n a l y s i s  o f  t h e  f o r c e  a n d m o m e n t  d i s t r ib u t i o n  i n  a  b e a m  i s th e  m a i n  o b je c t i v e  o f  t h is
c ha p t e r 1n  de t e r m i n i n g s u c h i nt ernal  f o r c e  r e s u l t a n t s

,  
w e  a s s u m e  t h a t  t he  be a m s  a r e  i n i t i a l 1y

s t r a ig h t
,  n o t  v e r y . h i n

,  
a n d s t a b le  u n d e r  the  a p p l i e d l o a d s T h e  n e x t  t w o  s e c t i o n s  c o n t a i n

m a te Da l th a t  i s  a l s o  in c l u d e d i n  s t a t i c s t e x t s  a n d  s h o u ld b e  a  r e v i e w  f o r  t he  s t u de n t

C o n s i d e r a t i o n  w i l l  b e  g i v e n  [ o  t h e  s t r e s s e s  i n  a  b e a m  c a u s e d b y be n d i n g m o m e n t s  a n d
she a r i n g f o r c e s  i n  Ch a pt e r s  7 a n d 9

H e r e  w e  m e  d e a l i n g w i t h b e a m s  c o n t a in i n g  a  l o n g i t u d i n a l p l a n e  o f  s y m m e t r y ,  
w i th

a pp l i e d l o a d s  a c t i n g i n  t h i s  p l a n e B e n d i n g de f l e c t i o n s  a r e  a s s 11m e d t o  o c c u r  i n  the  s a m e

p l a n e
,  
k n o w n  a s  th e  p 1a n e  o f  b e n d i n g T hi s  a c t i o n  p r o d u c e s  o n l y i n 1e m a 1 s he a r  fo r c e  V a n d

be n d i n g m o m e n t  M  w h e n  th e  l o a d s  a r e  n o r m a 1 [ o  t h e  b e a m  a x i s A t te n t io n  is  d i r e c t e d l a r ge ly
t o  c o n s i de r a t i o n  o f  s i m p l e  be a m s  t h a i

,  
f o r  c o n v e n i e n c e

,  
w i l l be  s h o w n  i n  t he  h n r i ? n n t a 1

po s i t io n O n l y s t a t i c a l ly  de t e r m i n a te  b e a m s  w i l l b e  t r e a t e d f o r  s he a r  f o r c e s  a n d be n din g
m o m e n t s

l n  s t u dy i n g b e a m s
,  

i t  is  e s se n t i a l  t o  a do p t  d i a g r a m m a t i c  c o n v e n t i o n s  f o r  th e i r  s u ppo r t s

a n d  l o a d i n g s
,  

s i n c e  s e v e r a l  t y p e s  o f  s u ppo r t s  a n d a  v a r i e t y  o f  l o a d s  a r e  po s s i b 1e  (Se c t i o n  6 2)
M e t ho d s  f o r  c a l c u l a t i n g r e a c t io n s a r e  r e v ie w e d  i n  Se c t i o n  6 3 T h i s  i s  f o l lo w e d by  a

di s c u s s i o n  o f  be a m  s i gn  c o n v e n t io n  a n d p r o c e du r e s  f o r  fi n d in g t h e  i nt er nal  s h e a r  fo r c e s a n d
be n d i n g m o m e n t s  a n d th e i r  r e 1a t i o n s h ip s T h e  g r a p h i c  r e p r e s e n t a t io n s  o f  s h e a r  a n d m o m e n t

a l o n g a  b e a m  a r e  i n t r o d u c e d A t  t h e  e n d o f  th e  c h a p t e r
,  
d i s c o n t i n u i t y  fu n c t io n s a r e  de s c r i be d

a n d  u s e d t o  o b t a i n  sh e a r s  a n d m o m e n t s  i n  v a r i o u s l y  l o a d e d hear ns

E 6
.  
2  CLA SS1& CA T 1O N  O F BEA M S

A  b e a m  i s  a  b a r  s u b je c t e d t o  1o a d s  a p pl i e d l a te r a l 1y  o r  tr a n s v e r s e l y  t o  i t s  a x i s T h i s  fle x u r a 】

e 1e m e n t  i s  c o m m o n l y u s e d i n  s t r u c t u r e s  a n d  m a c h i n e s E x a m p l e s  i n c l u d e  t h e  m a i n  m e m be r s

s u p po r t i n g  &o o r s  o f  b u i l d i n g s
,  

a u t o m o t i v e  l e a f  s p r i n g s a i r p l a n e  w i n g s
,  

a n d  b r a c k e t s So m e

be u n s  c a r r y  1r a n s v e r s e  f o r c e s  i n  c o m b i n a t i o n  w i t h t o r s io n a 1 a n d a x i a l  lo a d i n g H o w e v e r

o n l y  t r a n s v e r s e  l o a d s  a n d  t h e i r  e f f e c ts  o n  s t r a i gh t  s l e n d e r  be a m s th a t  i s
,  p l a n a r  m e m b e r s

a l e  t r e a te d  i n  1h i s  c h a p t e r U n le s s  oe r wi s e s ta t e d w e  s h a 11 a s s u m e  t h a t  t h e  w e ig h1 o f  the
be a m  n 1a y  b e  n e B le c re d

B e a m s  a r e  u s u a l l y  c l a s s i fie d a c c o r d i n g t o  t h e  w a y i n  w h i c h  t h e y  a r e  s u ppo r t e d Se v e r a】
c o m m o n l y  u s e d  be a m s  a r e  d e p i c te d i n  F i g 6 1 F o r  s t r a i gh t  b e a m s  i n  th e  h o r i z o n t a l  po s i t io n
th e  x  a x i s  i s  t a k e n  in  a  ho Dz o n t a l  d i r e c t i o n

,  
t h e  po s i t i v e  y  a x i s  in  t h e  u p w a r d v e r t ic a 1

d i r e c t i o n .  
A n d  th e  z  a x i s  n o r m a l  t o  th e  p l a n e  o f  ó e  p a pe r T h e  hear n i n  F i g 6 I a w h i c h ha s a

p i n  s u p po r t  a t  o n e  e n d a n d  a  r o 1le r  s u ppo r t  a t  the  o t h e r Is  c a l l e d  a  s im p 1y  s u p p o r t e d  1» a m
o r  a  s 1m p 1e  11e a m A  c a n t i l e v e r  b e a m  i s  b u i1t i n  o r  f1x e d a t  o n e  e n d  a n d f r e e  a t  山 c  o the r

' ' ' ' 1 w P c s  o 1 b e a m s :  (a ) s im p 1y  auppor t edbeam (b) c a n t i1e v e r  b e a m  a r d
fc ) o v e r h a n g i n *  be   ·  m

2 3 Z
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(Fig 6 1b) I f  the  be a m  p r o je c t s  be y o n d a  su ppo r t
,  

the  be a m  is  s a i d t o  ha v e  a n  o v e r h a n 8

The r e fo r e ,  
the  be a m  o f  & g 6 I c  i s  r e fe r r e d to  a s  a n  o v e r h a n gi n B b e a m Fo r  a 1]  b e a m s

,

the  di s t a n c e  L  be tw e e n  s u ppo r t s i s t e r m e d the  s p a n I n  a  c o n t i n u o u s  b e a m  t h e r e  a r e

se v e r a l  spa n s th a t  m a y be  o f  v a r y i n g le n g t hs

B e a m s a r e  a l s o  c l a s s i f ie d a c c o r d i n g to  the i r  c r o ss s e c t io n a l shape s Fo r  e x a m p l e
,  an

1 be am  an d a  T be a m  ha v e  c ro s s se c t io n s  ge o m e u ic a l ly fo r m e d l ike  the  le tt e r s  1 a n d T B e a m s

o f  s t e e l a lu m in u m ,  
a n d w o o d a r e  m a n u f a c tu r e d i n  s t a n d a r d s i z e s  ; t he i r  di m e n s i o n s  a n d

pr ope r t ie s u e  l i s te d i n  e n gi n e e r i n g h a n dbo o k s T a b 1e s B 7 thr o u gh B 12 (A ppe n d i x  B )

pr ese n t  se v e r a l  c o m m o n  c a se s  o f  s te e l  s e c t i o n s T he s e  i n c l u de  w ide na n ge  s h a pe s

(W be am s ) 1 shape s  (a l s o  c a l le d S be a m s ) ,  
C  sha p e s  (a l s o  r e fe r r e d to  a s  c ha n n e 1s ) ,  a n d

L  shape s o r  a n gl e  se c t io n s N o t e  th a t  th e  w e b  i s  a  th in  v e r t i c a l pa r t  o f  a  be a m T hin  h o D z o n ta ]

par t s o f  t he  be am  a r e  te r m e d &a n ge s Se c t i o n  p r o pe r t ie s  o f  s t r u c t u r a l l u m be r  a re  g i v e n  i n

Täble B 13 I n t e r e s t i n gl y the  c r o ss  s e c t i o n  o f  a b e a m  i s  de s c Dbe d a s d o u b ty  s y m m e t r i c s i n g ly

sym m e 1r ic o r  a s y m m e t r i c  i n  a c c o r m n c e  w i 1h  w he th e r i t ha s  Lw o
,  

o n e o r  n o  a x i s o f  s y m m e t r y

(se e  & g A 2 i n  A ppe n di x  A )

EXternal l y app l ie d f o r c e s  o r  l o a d s  c a r r i e d by  be a m s  m a y  be  o f  v a r i o u s k i n d s
,  

a s

i1l u st r a te d by the  c o n v e n t io n a l  d i a g r a m s  i n  F i g 6 1 R e c a 11 f r o m  Se c t i o n  1 5 t ha t  i n  o r d e r  t o

di&c r e n t ia t e  be t w e e n  the  a pp l i e d f o r c e s  a n d s u ppo r t  r e a c t i o n s s l a s he s  a r e  d r a w n  a c r o s s

thc  r ea c t i o n  To r c e s  R a n d m o m e n f  M  v e c t o r s C o n c e n t r a t e d 1o a d s  a r e  fo r c e s  s u c h a s  P r a n d

Pz A  c o u pl e  l o a d i s r e p r e s e n t e d by  a  m o m e n t  s u c h a s  M T he  u n i f o r m l y  d i s t r i b u t e d
,  o r

u n i fo r m Io a d has  c o n st a n t  i n t e n s i t y  w  pe r  u n i t  d i s t a n c e T he  1i n e a r ly  v a r y i n g l o a d  h a s  a n

in t e n s i t y c ha n gin g f r o m  w l  t o  w 2 T h e  a ppl i e d fo r c e s  a n d m o m p n t s  a r e  p o s i t i v e  i f  th e i r

v e c to r s  a 1e  i n  th e  di r e c t io n  o f  a  po s i t i v e  c o o r d in a t e  a x i s  (se e  Se c t i o n  6 5) F o r  e x a m p l e i n

& gs 6 I a  a n d c l o a di n g s  p . w ,  
w 1 ,  

a n d w 2  a r e  n e g a t iv e  a n d P 2  a n d M o  a r e  po s i  t i v e

23 3
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To  de te r m i n e  t he  i n 1e m a 1 fo r c e s  a n d  m n m e n t s  tha t  a c t  o n  a  c r o s s s e c t i o n  o f  a  be a m w e  Dr s t

m u s t  l in d the  r e a c 1i o n s W he n  a l l  o f  t he  f o r c e s  ar e  a p p l i e d i n  o n e  p l a n e thr e e  c o n d i r i o n s  o f

s ta 1ic  e qu i \ ibDu m
,  

Eq s (1 2) a r e  a v a i l a b l e T h e  b e a m s  s ho w n  i n  & g 6 I ar e  s t a t i c a l l y
ó t e r m in a t e  ; e i r  r e a c t io n s  c a n  be  de t e r m i n e d  f r o m  t he  e q u i l i bDu m  e qu a t io n s H o w e v e r

thc  r e ac t io n s  o f  s t a t i c a l ly  i n d e t e r m i n a t e  be a m s  c a n n o t  be  de t e r m i n e d by  th e  c o n d i t i o n s  o f

e qu i l ibr i u m  a l o n e ,  a n d th e  d e ñ e c k o n s  a s s o c i a t e d w i th be n d i n g m u s t  be  t a k e n  i n t o  c o n

s ide r a t io n
,  as  w i l l  be  d i s c u s s e d in  C ha p te r s  10 a n d 12

So m e t im e s t w o  o r  m o r e  be a m s  a r e  c o n n e c t e d by  M n ge s  o r  p i n n e d j o i n t s  t o  fo r m  a

c o n t in u o u s s1r u c 1u r e  tha t  i s  r e f e m d t o  a s  a  c o m b in e d  b e a m
,  

a n  e x a m p l e  o f  w h i c h i s  s ho w n

i n  & g 6 2 A  Mn ge  i s  c a pa b l e  o f  1r a n s m i u in g o n ly  a  f o r c e  w i th ho r i z o n ta l  a n d v e r t i c a l
c  o m po n e n ts  : tha e  w i 1l be  n o  m o m e n t  1r a n s m i 1t e d a t  th e  hi n ge T hu s

,  
i n  m a n y  s i t u a t i o n s the

im +o du c l i o n  o f  a  h i n ge  o r  M n ge s  i n  a  c o n t i n u o u s  be a m  m ak e s  the  s y s t e m  s t a t i c a 11y
de 1e r m i n u e To  de te r m i n e  t h c  r e a c t i o n s

,  
s tr u c tu r e s  a r e  s e p a r a t e d i n t o  the i r  pa r ts  a t  th e

hin ge s  a r 1d W i u « o n s  o f  e q u i l i b r i u m  a pp l i e d

& G U RE 6 2 C o m bi n e d bea m
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2 34  T he  a pp l i c a t io n  o f  th e  c o n di t io n s  o f  e q u i l i b r i u m  o r  e q u a 1io n s  o f  s t a t i c s  t o  a  v a r i e t y  o f

SH EA R A N D  M O M EN T IN  BEA M S be a m  p r o bl e m s  i s  i 1l u s t r a t e d i n  s e v e r a l e x a m p l e s  g i v e n  th r o u g ho u t  th i s  c ha p t e r  a n d i s

i n t e n de d to  s e r v e  a s  a  r e v i e w  o f  t h i s i m p o r ta n t  p r o c e d u r e I n  a 1l  c a s e s
,  

i t  i s  a s s u ï 11e d  th a t

th e  w e i gh t  o f  th e  be a m  i s  i n s i g n i f 1c a n t  c o m p a r e d  w i th th e  a p p l i e d  l o a d s  a n d s o  i t  c a n  be

d i s r e ga r de d B e  B m  de f o r m a t i o n
,  

be i n g s m a l l  ( s e e  Se c t io n  3 2 ) ,  
i s  o m i t t e d w he n  the

e qu a t io n s  o f  e q u i l i b r i u m  a r e  u s e d N o te  th a t  be a m  r e a c t i o n s  d u e  t o  d i s 1r i b u t e d l o a d s  m a y
be  c o n v e n i e n t l y  c a l c u l a te d by  p l a c i n g t he  e q u i v a l e n 1 r e s u l t a n t  l o a d a t  t he  c e n t r o id o f  the

d i s [Db u t e d l o a d a n d a pp ly i n g the  e q u a t i o n s  o f  s t a t i c s
,  a s  de m o n s t r a t e d  n e x t

园  四国园  四国园召 EX A M PLE 6 1

Fi x e d En d Re a c t io n s  o f  a n  A i r c r a f t  W i n g

G i v e n  T he  w i n g o f  a n  a i r c r a f t (F i g 6 3a ) t h a t  j s  f i x e d a t  e n d A  a n d fr e e

a t  e n d B  s u p p o r t s  a  d i s t r ib u t e d a e r o d y n a m i c  l o a d t w o  c o n c e n t r a t e d l o a d s

 f r o m  e n g i n e  w e ig h1s
,  

a n d [ w o  m o m e n ts  M
.  

d u e  t o  c ha n g i n g e n g i n e

t o r qu e s T a k e  L  =  20 f t - 24 0 i n  =  200  1b M
.

- 500 l b  i n a n d

F i n d  T h e  r e a c t i o n s  RA a n d M A  a t  t h e  f i x e d e n d A  o f  l h e  w i n g

A s s u m  p t i o n s

1 T h e  w i n g i s  m o d e l e d a s  a  t a pe r e d  c a n t i l e v e r  be a m

2 T h e  a e r o d y n a m i c  l o a d i s  a p p r o x i m a t e d  a s  s t a t i c v a r y i n g 1i n e a r l y  a lo n g t he

w i n g  l e n g t h w i t h a  m a x i m u m  i n t e n s i t y  w o  a t  t he  f i x e d e n d  (F i g 6 3b)
3 T h e  i n e r t i a  l o a d s  a c t i n g o n  t h e  w i n g  a r e  n e g l e c t e d

SO I U T I O N

E q u i v a 1e n t  L o a d i n g  o f  t h e  B e a m  T he  l o a d i n g  o f  t he  be a m  i s g i v e n  i n

d i a g r a m m a t i c  f o r m  i n  F i g 6 3c O b s e r v e  t h a t  t he  m a gn i t u d e  o f  t he  r e s u l t a n t

o f  th e  d i s t r i b u t e d  l o a d i s  e q u a l  t o  the  a r e a  u n de r  t h e  l o a d i n g c u r v e  ( t r i a n g l e )
w o u 2 a n d a c t s  t h r o u gh  t he  c e n t r o i d  o f  t h e  a r e a

B (b)

(a )

FIG U RE 6 3 (a ) A i r c r a f t  (b) w i n g m o d
(c ) f r e » bo dy  d i a g r a m  o f  the  w i n g

e 1 ; 

RM  

M A 

RA y  

B  (C )
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s o 1u ti o n  fo 11o w s  by  a pp ly i n g th e  c o n d i 1i o n s  u f  e q u i / i b r i u t n T he r e f o r e

Re a c t iu 1r s H a v i n g t he  f r e e bo dy  d i a g r a m  o f  t he  e n t i r e  w i n g a s p r e p a r e d the

F .  
=  O

£Fy 
0  RA J

2P
e +  

2 
W O L _ 0

RA y - . P
, z w L

Su bs t i tu t io n  o f  the  g i v e n  n u m e r i c a l  v a l u e s  r e s u l t s i n

X ..  

T  h  

T 
t i c ' " ' " RA ,

' " " " ' "  M A  a m  s ho w n  w i ,
"

" P 

: 
: ,

# # q ? ,  g A M P L E 6. ,

Re a c t io n s  o f  a  B e a m  w it h a n  O v e r h a n g
G i v e n  A  be a m  A B C  w i t h a n  o v e r ha n g A B  i s  u n d e r  a  v e r t ic a l l o a d p _

15 k ips an d a  u n i f o r m  l o a d o f  i n t e n s i ty  w - 10 k N / m  (F ig 6 4 a ) T he  be a m  i s

s uppo r t e d by  a  r o l l e r  a t B  a n d a  p i n  a t  C

Fin d : T he  s u ppo r t  r e a c t i o n s

SOÏ = T I O,  T he  r e s u l ta n t  o f  the  d is u i bu t e d l o a d i n g i s  e qu a J to  the  a r e a

t 1nder  the  1o a din g c u r v e  (r e c t a n g l e ) a n d a c t s  th r o u g h the  c e n t r o id o f  t he  a r e a w L
T he  r e a c t i o n s  RB  a n d R c  a r e  o b t a i n e d by  c o n s i de r i n g t h e  e q u i l i bDu m  o f

the  e n ti r e  be a m T hu s
,  

a pp 1y i n g e q u a t i o n s  o f  e q u i l ib r i u 1n  to  t he  a pp r o pr i a t e

f r e e bo dy  di ag r a m  (F i g 6 4 b ) w e  h a v e

. , : A
.

w L - 40  LN
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Re a c t

EX A M PLE 6 3

: t io n s  o f  a  S i m p le  B e a m  w i t h T w o  L o a d s

G i v e n  A  s i m p l y  s u pp o r t e d be a m  A B  c a r r i e s  a  v e r t i c a l 1o a d p  a  a n d a  c o u pl e

M o a s sh o w n  i n  F i g 6 5o

F i n d  T h e  r e a c t i o n s  a t  A  a n d B  fo r  t h e  b e a m

SO L U T I O N T h e  r e a c t io n s  a r e  de n o t e d  b y  R R A ) n  
a n d R .  i n  a  f r e e bo dy

d i a g r a m  o f  th e  be a m  (F ig 6 5b) A p p l i n g th e  e q u i l i b D u m  c o n d i i i o m  t o  th is
d i a g r a m ,  w e  d e t e r m i n e

E F
.  

=  O : R  =  O

互ンげ血 一 0  R B (L ) M o P ) 一 0  R B 一

百
十

互ンげB 一 0 RA y (L ) + P (昔) M o - 0 RA罗
ー

ヨ 角ん

N o t e a s  a  c he c k

E P
罗

一 O 三 十 P 十 ご 十 = O
3P  M o  P  M o

4 L  4  L

C o m m e n t  T h e  r e a c t io n s  a c t  i n  the  d i r e c t i o n s  d e pi c t e d in  & g 6 5b

d i a  Br a m  RA ,  R1

23 0



Scanned by CamScanner

' l
EX A M PLE 6 4

Re a c t i o n s  o f  a  Co m b i n e d  B e a m
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F in d T h e  s u pp o r t  r e a c t i o n s  f o r  th e  be a m

SO L UH O N  A  f r e e b o d y  o r  l o a d d i a g r a m  f o r  th e  c o m b i n e d b e a r n s i s

s ho w n  in  F ig 6 6b o b s e r v e  t h a t  th e  f o r c e s  a t  t h c  s u pp o r t s  i n v o l v e  f o u r

u n kn o w n s  a n d c a n n o t  be  d e t e r m i n e d f r o m  t h i s  d i a g r a m T h e s e  fo r c e s  c a n  be

c a l c u l a te d howev e b y  c o n s i d e D n g s e p a r a t e l y  t h e  f r e e bo d y  d i a g r a n ï  o f  e a c h

be a m  p i g s 6 6c  a n d  d ) T he r e  a r e  s i x  u n k n o w n s  a n d s i x  e q u a t i o n s  o f

e qu il ibr i u m  a v a i l a bl e

To  be g i n  w i th th e  t r a p e z o id a l  1o a d  i s  d i v id e d  b y  th e  d a s h e d 1i n e  i n t o  tw o

tr ian gu 1a r  l o a d s  (& g 6 6 c ) T he s e ,  
i n  t u m a r e  r e p l a c e d by t w o  e q u i w l m t

C O n c e n t r a te d fo r c e s 2 ×  31 2 =  3 k N  a n d (4  ×  312  =  6  k N a c t i n g ï h r o u gh th e

a em tr o id s  o f  the  d i s t r i b u t e d fo r c e s  a s  m a r k e d  b y th e  v e c t o r s  i ï 1 t h e  ógu r e

AW y\n g  e q 1Ba t i o n s  o f  e q u i 1i b r i 1Bm ,  
w e  h a v e
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T h e  r e a c t i o n s  H
.  

a n d H
,  

o n  H B a c t  i n  t h e  o ppo s i te  d i r e c t io n s  o n  A H T h u s

u s in g th e  f r e e  bo dy o f  F i g 6 6d w e  o b t a i n

工八 一 0 RA x
一 0

E F
y

- O : RAy
10 4 =  0 RA y

- ] 4 k N T

M A - 0 M A 10 (2 ) 4 (4 ) - 0  M A - 36 kN   m - 36 kN m  )

C u m n \ c n t s  W e  n o te  t h a t  t he  po s i t i v e  s i gn s  o f  H
. .  

R B ,  
a n d RA p 

i n d i c a t e  t ha t

th e i r  di r e c t io n s  ha v e  be e n  c o r r e c t l y  a s s u m e d in  th e  di a g r a m s T he  in v e r s e  i s the

c a se  o f  M A a n d the  m o m e n t  a t  A i s  c o u n t e r c lo c k w i se

  i i P 6 ·  j 6 4  SH EA R FO RCE A N D  B EN D 1N G  M O M ENT

1n  be a m s  s u b j e c t e d t o  t r a n s v e r s e  l o a d s  i n  t he i r  p l a n e o n l y  t w o  c o m po n e n t s  o l  s tr e s s

r e s u l t a n t s  o c c u r  i nt er nal  she a r  f o r c e  V  a n d be n d i n g  m o m e n t  M  (s e e  Se c t io n  1 6) T he s e

l o a d i n g e « e c t s  ar e  so m e t im e s r e f e r r e d t o  a s  s he a r  a n d  m o m e n t  in  be a m s T o  de te r m i n e  t he

m a gn i t u d e  a n d  s e n s e  o f  t he  she a r  f o r c e  a n d be n d i n g  m o m e n t  a t  a n y  s e c t i o n  o F a  be a m th e

m e t ho d o f  s e c t i o n s  i s  a pp1ie d a s  i l l u s t r a t e d in  t h e  f o l l o w i n g p a r a gr a ph s

C o n s i de r  th e  u n i f o r m l y  lo a de d c a n t i l e v e r  s h o w n  i n  F i g 6 7 a L e t  u s  c u t  t h e  be a m  a t  a

c r o s s  s e c t i o n  0 1o c a t e d a  di s ta n c e x f r o m  t h e  f r e e  e n d T o  m a i n t a i n  the  e q u i l i b r i u m  o f  th e  t w o

f r e e  b o d i e s w e  m  \  1s t  a pp ly  a t  th e  c r o s s  s e c t i o n  th e  f o r c e s  a n d m o m e n t s  d i r e c t e d i n  o pp o s i t e

s e n s e s  b u t  t h e  s a m e  m a gn i t u d e  (F ig 6 7 b)

W e  n e x t  r e p 1a c e  the  d i s t r i b u te d l o a d o n  th e  l e f t h a n d  po r t i o n  o f  th e  be a m  w i th  t he

s t a t i c a l l y e q u i v a l e n t  c o n c e n t r a te d  f o r c e  w x  l o c a t e d  a t  x / 2  (F i g 6 7 c ) A pp l ic a t i o n  o f  t he

e q u i l ib Du m  c o n d i k o n s  E F
y

- O a n d EM o - 0  t o  t h i s  f r e e  b o d y  l e a d s  1o

V - P u l x  M _ P x =  w

T h i s  m e a n s  th a t  t he  s he a r  f o r c e  V i s  e q u a l  t o  e  r e s u l t a n t  o f  th e  t r a n s v e r s e  fo r c e s  a c t i n g o n

e  po r t i o n  o f  t h e b e a m  t o  e i th e r  s id e  o f  a  s e c t i o n L i k e w i s e ,  
th e  be n d i n g  m o m e n t  M i s  & u a l

t o  t h e  a l ge b r a i c  s u m  o f  th e  m o m e n t s  o f  th e  ext er nal  fo r c e s  o n  t he  po r t i o n  o f  t h e  be a m  t o

e i th e r  s i ó  o f  t he  s e c k o n So w h e t h e r  t h e  r i g h 1 h a n d  p o r t i o n  o r  th e  l e ß i s  u s e d t o  o b t a i n  V

l

W r

F1G u R E 6 7  s h e a r  f o r c e  v  a n d  b e n d i n r  
P  A

=

m o m e n t  M  (a ) æ n t i l e v e r  b e a m L T  : l c
(b ) 1i e e b o d y  d i a g r a m B o f  p a r t 1  A O

a n d  B q  ( c » f r e e b o d y  d i a g r a m  o f

A  

> !!)
p a r t  A O  w i t h  c o n c e n t r a d  k )  a d s  p

 nd  wx  ( c)
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an d M  i s im m a t e r ia l a r i thm e t ic a l s i m p l i c i ty  gover ns T h i s  i n fo r m a t io n  pe r m i t s t h e  s h e u

a n d m o m e n t  1o  be  de t e r m i n e d w i tho u 1 d r a w i n g f r e e bo dy d i a gr a m s  fo r  e a c h i n t e r v a l  
239

be tw e e n  山 e  s e c t io n s i n  a  be a m  a t  w h ic h 1o a d s c ha n ge
,  o r  a t c ha n g e o f la a t i  p a i n  t $

SHEA R FO RCE A ND

T he r e f o r e  t he  e q u a t i o n s  f o r  t he  s t r e s s r e s u l t a n t s  m a y  be  de r i v e d th r o u gh t h e  u s e  o f

BEN D ING M OM EN T

a f r e t bo dy d ia g r a 1n  a n d th e  c o n d i t i o n s  o f  e q u i l i b r i u m E x a m p 1e  6 5 f u r t he r  i l 1u s t r a t e s

the  pr o c e d u r e T h e  v a r i a t io n s  o f  V a n d M  a lo n g t he  be a m  d u e  to  t he  c ha n ge  i n  l o a d i n g

m a y be  s h o w n  b y m e a n s  o f  a n  a 1g e b r a i c  e q u a t i o n  o r  by  s he a r  f o r c e  a n d be n d i n g m o m e n 1

di a gr a m s

SIGN CO NV ENT IO N

A s po i n t e d o u t  i n  Se c t i o n  1 6
,  

the  s i g n  c o n v e n t i o n s  a d o p t e d f o r  i nt ernal  fo r c e s  a n d

m o m e n t s a r e  a s s o c i a t e d w i t h t he  de f o r m a t io n s  o f  a  m e m be r T o  i l 1u s t r a t e  th i s c o n s i d e r

the  po s i t i v e  a n d n e g a t i v e  s h e a r  f o r c e s  V a n d be n d i n g m o m e n t s  M  a c t i n g o n  s e gm e n t s  o f  a

be a m  i s o l a te d be t w e e n  t w o  c r o s s  s e c t io n s  (F ig 6 8a ) W e  o b s e r v e  t ha i  a  1H )  s i t i v e  s h e a r

fo r c e  te n ds  t o  r a i s e  t h e  l e f1 h a n d j a c e  r e l a t i v e  t o  th e  r igh t ha n d f a c e  o f  t he  se g m e n t A n d

a  po s i t i v e  be n d i n g m o m e n t  t e n d s  t o  b e n d  t h e  s e g m e n t  c o n c a v e  u p w a r d t h a t  i s s o  [ h a t

i t r e t a i n s  w a t e r (F ig 6 8b ) S i m i l a r ly ,  
a  p o s i t i v e  m o m e n t c o m p r e s s e s t he  u ppe r  p a r t  o f

the  s e gm e n t  a n d e 1o n g a t e s  th e  l o w e r  pa r t

(b)

FIGu RE 6 8 s ign  c o n  v e n t i o n  f o r  b e a m s : (a ) d e f1n i t i o n s  o f p o s i t iv e  a n d n e ga t i v e  s he a r  f o r c e  a n d

be n din g m o m e n t  ; (b) de f o n n a t io n s  (h i g.1ly  e x a g ge r a t e d ) o f  be a m  segment s c a u se d b y  s he a r

a n d m o m e n t

EX A M PLE 6

Sh e a r  a n d M o m e n t  in  a  Be a m  w it h a n  O v e r h a n g

Gi v e n  T he  be a m  s ho w n  i n  & g 6 9a  i s s im p l y  s u ppo r te d a t  A a n d B T%e

1o 1di n g c o n s i s  ts  o f  a  u n i f o r m  l o a d o f  i n te n s i 1y w - I o k N/ m  f r o m  C t o  B ,  
a n d a

C Oncent ed lo ad P _ 5 kN  a t the  e n d o f  thc  o v e r ha n g
F1n d w h l e  she a r fo r c e  a n d be n din g m o m e n t  e qu a t io n s fo r  a n  ar bi t r a r y
1 en in n  o  i n  the  in te r v a l  c D  o f  the  be a m c a 1c u l a t e  the  v a lu e s  o f  v  a n d M

1in  0  1o c a 1e d 1 6 m  ' o m  the  r i gh t  s u ppo r t  B
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P .  S kN

F1G u RE 6 9 (d ) Be a m  w i t h a n  o v e r ha n g u n de r  t w o

1o a d s  (m  f r e e b o d y d ia g r a m s  o f e n t i r e  be a m ,  p a r t A O

a n d pa r t D O
,  

r « s pc c t i v e 1y (a )

m  

:

SO I U T 1O N  R e a c t i o n s  a r e  c a l c u l a t e d  b y  a p p ly i n g th e  e q u a t i o m  o f e q u i l ib
D u m  t o  the  f r e e bo d y d i a g r a m  s h o w n  i n  F i g 6 9b a s  RA  =  15 k N  a n d R B

30 kN T he  c ha n ge o f l o a d po i n t s  a lo n g  t h e  b e a m  a r e  d e s ig n a t e d  A B C  a n d D

»  r o m  A  t o  B W e  m a k e  a  c u t  a t  s e c t i o n  O  t h r o u gh th e  be a m  a n y w h e r e

be tw e e n  C  a n d B  (F ig 6 9 c ) N o t e  th a t  t h e  u n k n o w n  s t r e s s  r e s u l t a n t s  V a n d M
a r e  i n d i c a t e d a s  po s i t iv e  v a l u e s U s i n g  t h e  f r e e  b o d y  o f  F i g 6 7 c w e  ha v e fo r

th e  r e g i o n  1 <  x  <  5

王ノりー 0 : 15 l o i x 1) V 一 O

EM o - O : 15×  +  l o ix 1 ) + M  =  O

So l v i n g ,

2

V = I Qx + 25 M 一 51
그

十 25× 5
T h e  e q u a t i o n s  fo r  V  a n d M  i n  t he  i n t e r v a 1s  A C  a n d B C  m a y  b e  s i m i l a r l y
o b t a i n e d Po r  x  =  3 4  m

,  
E q s (a ) y i e l d  V  = 9 k N  a n d  M  =  22 2 kN   m

F r o m  D  t o  C Al ternat i vel y,  
V a n d  M  m a y  be  c o m p u t e d f r o m  a  f r e e bo dydi a g r a m  o f  th e  Dgh t h a n d po r t i o n  o f  th e  b e a m  (& g 6 94  N o w  th e  e q u a t i o n s  o r

s l a l i c s  EF
y  

=  O a n d EM o - O r e a d i l y  g i v e
,  

f o r  x  =  3 4
,

V  = 30 +  10 (1 6 ) +  5 _ 9 kN

M  =  30( 1 6 ) 5 (6 3 4 ) 10 (2 6 1 ) W _ 22 2 k N   m

C o m m e n t  T he  m i n u s  s i gn  m e a n s  th a t  th e  s h e a r  fo r c e  a t  x  =  3 4  m  i s  di r e c t e dOPPo s i te  to  th a t  s ho w n  i n  th e  d i a g r a m s

2

2 4 0
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PRO BLEM S

ho l t  1n  1hc  fo l lo w i n g pr o b 1e m s c o m c t 1y  d r a w n  f r e e bo dy d i a g r a m s  a r e  a n  e s s e n t i a l pa r t  o f  l he  s o 1u t io n s

Se c t io n s  6 1 t h r o u g h 6 4  

6 1 A  c m t i le v e r  be a m  s u ppc r t s  a  u n i f o r m  1o a d o f  i n t e n s i t y  w  2

kipm  an d I  c o n c e n t r a te d 1o a d P 4 k i p s  a s  s ho w n  i n  F ig p 6 1

Wha t  a re  the  she a r  fo r c e  V  a n d b e n d i n g m o m e n t  M  a t  a  se c t i o n  o

1o c a te d 7 ft  f r o m  fi x e d s u ppo r t  A ?

P .  4  k i ps

L 1

, " r
. .  J 

B

F ig u r e  P6 1

y

rrrrrrrrrrrrrrrrrrrrrrrrrrrrr
, m  , m  

L  1lllllllllllllllllllllllllll
F ig u r e  P6 4

6 5 T he  s i m p l e  b e a m  A B  c a r r i e s  a  d i s t r i bu t e d 1o a d [ h a t  i s

c o n s t a n t f r o m  A t o  C  a n d v a r i e s  l i n e a r 1y  f r o m  C  t o  B a s  s h o w n

i n  F ig P6 5 D e t e r m i n e

F ig u r e  P6 2

6 3 A  be a m  A B C D  i s  s u bje c t e d  t o  a n  u p w a r d c o n c e n t r a t e d l o a d P

an d a  do w n w a r d  c o n c e n t r a t e d l o a d P  a t  th e  e n d s  o f  o v e r ha n g s  A B

an d CD r e spe c t i v e l y  (& g P6 3 ) D e t e n n i n e  M e  s he a r  fo r c e  V a n d

ben din g m o m e n t  M  a t  th e  m id s p a n  o f  t he  b e a m

  ゴ
1 .  

J D
F i g u r e  P6 3

6 6 A  be a m  A B C  i s  s i m p l y  s u pp o r t e d a t  B a n d C  a n d s u bj e c t e d  [ o

a  c o n r p n 1r a t e r1 l o a d P - 2 k i p s  a t  t he  e n d o f  the  o v e r ha n g  a n d  i s

s u bj e c t e d t o  a  m o m e n t  M o - 10 ki p  f t  a t  C (& g P6 6 ) W n a t  a r e  t he

v a l u e s  o F s he a r  fo r c e  V  a n d be n d i n g m o m e n t  M  a t  a  s e c t i o n  O

1o c a t e d a  d i s t a n c e  6 f t  f r o m  t he  Dgh t e n d s u p po r t ?

x  

10  k i ps   f t

Fig u r e  P6 6

6 7 A  c a n t i1e v e r  be a m A B su ppo r t s  a  t r i a n g u la r  l o a d a s  s h o w n  in
6 4 A  s tr u c tu re  c o n s i s 1s  o f  a  be a n 1 A B  a n d a  b r a c ke t  CF E  t ha i  

Fig p 6 7 T he  i n te n s i t y  o f  t he  lo a d v a r i e s  l i n e a r l y  f r o m  z e r o  a t  A t o
en cn 1h  fm m  the  be a m  a t  c  a s  sho w n  i n  & g P6 4 W Dte  thc  

w o  a l  B D e t e r m i n e
eh 1 : f\m e  v an d be n d i n g m o m e n t  M  c x p t e s s io n s  f o r  a n y se c do n

in 1l« in 1c r w l  CD C a l c u la 1e  the  v a l u e s  o F V a n d M a t se c t io n  D  o f  [hc  (a ) T he  e q u a t io n s  f o r  the  she ar  fo r c e  V a n d ho n d i n g m o m e n t  M  a t

a n y s e c t io n  a l o n g t he  s p an

24 1
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(b ) T he

Fig u r e  P6 7

i - 1

6 8 A  s i m ply  s u ppo r t e d be a m  A B c a r r i e s  a  l r a pc z o id a 1 lo a d

w ho se  i n 1e n s i l y  v a r i e s  1i o m  10 kN / m  a l  A to  30  kN / m  a l  B a s

sho w n  i n  Fig P6 8 Dc t c r m i n c

T he  e q u a t i o n s  fo r  the  s he a r  f o r c e  V  a n d be n d i n g m o m e n t  M

fo r  a n y  s e c t io n  a l o n g thc  le n g th o f  thc  be a m

(b ) T hc  v a l u e s  o f  V a n d M  a 1 a  s e c t i o n  1a c a t e d 4 m  f r o m  the  ]c f t

su ppo r t

10  k N

¥

Fig u r e  P6 8

6 9 A  c o m po u n d be a m  A H B C c o n s i s t i n g o f  t w o  p a r t s  A H  a n d
H ß  c o n n e c 1e d by a  p i n  a t  H  i s  s u bje c t e d t o  a  u n i f o r m  l o a d  o f
i n 1e n s i ty  w - 600 1bl/ f 1 (& g P6 9) D e te r m i n e

(a ) T h e  s u ppo r t  r c ac 1i o n s  RA R a a n d R c  a t  A B a n d C

Eq u a t io n s  f o r  the  s he a r  f o r c e  V a n d be n d i n g m o m e n t  M  fo r

a n y  se c t io n  in  the  i n t e r v a l A H  o f  th e  be a m

(C) Thc  v a l u e s  o f  V  a n d M  a t  a  se c t io n  l o c a te d 3 f t f r o m  t he  le f t

e n d s u ppo r t A

A 
1

Fig u r e  P6 9

6 10  A  u n i f o r m l y  lo a de d be a m A  月  ha s  a  s i m p le  s u ppo r t  a t A
,  aU n ge  a t  H a n d i s  Iix ed a t  B  (& g P6 10) De t e r m i n e

T he  su ppo r t  r e a c t io n s  RA R a ,  a n d M a  

(b ) T he  e x pm io 1u  fo r  the  she a r  fo 1c e  v a n d  be n d n g m o m e n t Mfa r  a n y  1e c 1i o n  i n  the  in t e r v   ·  1 H ß  o f  the  be a m

24 2

田끄卫 l11山
.  f  T  H i n ge

レ · 3

Fig u r e  P6 10

6 1 1 T he  be a m  A B C D E Is  s im p l y  s u pp o r t e d a t  B  a n d  E  a s  sho w n

i n  & g P6 I I T he  l o a d i n g c o n s i s t s  o f  a  u n i f o r m  lo a d o f  i n t c 1u i1y
w - 500 N / m f r o m A  t o  B a  c o n c e n t r a t e d 1o a d P 1 - 3 k N a l  C a n d a

c o n c e n 1r u e d 1o a d P z - 4  k N  a t  D D e t e r m i n e

(a ) T h e  s he a r f o r c e  V  a n d be n d i n g m o m e n t  M  e q u a t io n s  fo r  an y
se c t i o n  in  the  i n t e r v a l B C  o f  the  be a m

(b ) T h e  v a l u e s o f  V  a n d  M  a t  th e  m i dd 1c  o f  pa r t  B C o f  the

be a m

A  
X

Fig u r e  P6 1 1

6 1 2 a n d 6 13 W r i t e  th e  s he a r f o r c e  v a n d b e n d i n g m o m e n t M
e x p r e s s io n s  f o r  a n  a r b i t r a r y  s e c t i o n  O  i n  t h e  i n t e r v a l  CB  o f
be a m s  o f  F igs P6 12  a n d  P6 13 C a 1c u l a t e  the  v a 1u e s  o f  V a n d M  a t
t h e  m idd1e  o f  e a c h b e a m

F ig u r e  P6 12

A X

F ig u r e  P6 13

6 14  a n d 6 15 D e t e r m i n e  the  s he a r f o r c e  v  a n d be n d n gm o m e n t  M  eq u a t i o n s  f o r  an  a r bi t ra ï y  se c k o n  O in  the  in tm v 1 lCß  o f  the  be a m s  s ho w n  i n  & gs P6 ] 4 a n d p6 15 Ca l c u la t e  the
v a 1u e s  o f  V a n d M  a t  m idsp a n

v a 1u e s  o f  V m d M  1 l  m i d#pa n
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6 18 a n d 6 19 D e t e r m i n e  t hc  s he u f o r c e  v a n d  be n d i n gm o m c n 1 M  e x p r e s s i o n s  f o r  a n  a r b i t r a r y  1e c t i o n  O  i n  1h c  i n 1e r v 1】 C ß
o f  the  be a m s  s ho w n  i n  F i g s p6 18 a n d p6 19 c a 1c u la t e  thc  v a lu e ro F V  a n d M  a t  m id s p a n

Fig u r e  P6 18

Fig u r e  P6 1 9

6 2 0 A  be a m  A B C D  s ho w n  i n  & g P6 20 i s  s u b je c t e d  t o  a
u n i f o r m  1o a d o f  in t e n s i t y  w  =  4  M N / m  o n  p a r t  B C Th e  be a m
r e s ts  o n  a  f o u n d a t i o n  t h a t  e x e r t s  a  u n i f o r n i 1y  d i s t r i bu t e d r e a c t i o n
o r  i n t e n s i t y  w .  a g a i n s t  th e  be a m W h l e  th c  s h w f o r c e  V  a n d
be n d i n g m o m e n t  M  e q u a t i o n s  f o r  a n  a r b i t r u y  s e c k o n  O  i n  the
i n te r v a l C B o f  the  b e a m C a 1c u 1a tc  t he  v a l u e s  o f  V g n d  M  a t  t he
m i dd l e  o f  th e  be a m

A 
1

Fig u r e  P6 20

6
.  
5 Q A D

,  
SH EA R

.  
A N D M O M EN T  REL AT1O N SH IPS

W' en  a  be am  i s  s u b j e c t e d  t o  a  v a r i e ty  o f  l o a d s ,  
the  a ppr o a c h o f  c u t t i n g t he  be a m  a n d

ó t en n in i11g i nt ernal  s h e a r  a n d m o m e n t  a t  a  s e c t i o n  by s ta t i c s
,  

a s  w e  ha v e  sho w n  i n  the

» e v io u s  s e c t io n ,  m a y  p r o v e  q u i te  c u m be r s o m e A  c o n v e n ie n t  al t er nal i ve p r o c e du r e
em pla w  the  lo a d

,  
s he a r ,  a n d be n d i n g m o m e n t  r e 1a t i o n s  a s  de D v e d  i n  th i s  se c t io n T he

jm po r t1n c e  o r  the s e  e x p r e s s i o n s  w i l l be  e v ide n t  a s  th e y  a r e  u se d i n  pl o t t i n g the  sh e a r  an d
n 1o m en t  dia gra n 1s

,  w hi c h  w e  s h a l l d o  i n  Se c t i o n  6 6
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FIG URE 6 1o  (Q ) V a r io u s ly lo a de d c a n t i l e v e r  b e a m  (b) f r e e bo d y  d ia g r a m  o f a n  e le m c m A ll
e x t e r n a l 1o a d s  (w p M o ) a n d i n t e r n a l b r e e  r es u l t a n t s «K  M ) h a v e  p o s i i i v e  se n se

Sig n  C o n v e n t i o n  f o r  E x t e r n a l L o a d s R e c a l l t he  s ig n  c o n v e n t io n  f o r  i n te m a 1 s he a r
fo r c e  a n d be n d i n g m o m e n t  a s  i 1l u s t r a t e d i n  & g 6 8 W e  n o w  a d o p t th e  fo l lo w in g s ign
c o n v e n t i o n  f o r  ext er nal  1o a ds  a c t i n g o n  a  be a m  (& g 6 ] Oo ) A c c o r d i n g l y a  d is t r i bu ted  1o ad
a n d c o n c e n tr a te d lo a d a r e  p o s i t i v e  w he n  t h e y a c t  u p w a r d (i n  t h e  + y  d i r e c t io n ) a n d n e ga t i v e
w he n  th e y  a c t  d o w n w a r d A n  ext er na]  m o m e n t  o r  c o u p l e  i s  p o s i 1i v e  w h e n  i【 i s  c o u n t e r
c h c k w i s e T h a t  i s t he  s e n se  o f  t he  m o m e n t  fo l l o w s  th e  r igh t h a n d r u le  w i t h r e s pe c t  to  the
z  a x i s  i n  the  p 1a n e

R EL AT IO N S A M O N G LO A D  A N D S H EA R

Co n s i de r  the  f r e e bo dy  d i a g r a m  o r  a n  e l e m e n t  o f  l e n g th  d x c u t  f r o m  a  r e g i o n  o f
d i s t r i b u t e d k x 1d o f  the  be a m  (F ig 6 I Oa ) N o t e  l ha t  th e  d i s u i b u t e d  1o a d w  p e r  u n i t
l e n g th th e  s he a r  f o r c e s .  An d t he  be n d i n g m o m e n t s  a r e  d e p i c t e d a s  :x »s i t i v e  (& g 6 1ob)T he  c ha n ge s  i n  V  a n d M  f r o m  p o s i t io n  x  t o  x  +  d x  a r e  de s i g n a te d by  d v  a n d d M

,r e s p e c t i v e l y A l s o  i n d i c a te d i n  & g 6 10b (d a s h e d l i n e ) i s  th e  r e s u l t a n t  w  d r  o f  thedi s t r i bu t e d lo a d A l th o u gh w  i s  n o t  u n i fo r m t h i s  i s  a  pe r m i s s i b 1e  s u b s t i t u t io n  f o r  a  v e r ys m a l l l e n g t h d r

F r o m  c o n s i de r a t i o n  o f  e q BBi l ib D u m  o f  th e  v e r t i c a 1 f o r c e s  a c t in g o n  the  e l e m e n t  o fF ig 6 10b
.  w e  ha v e

码 一 0 V (V + d v ) + w ぬ ー 0

T he  f o r e g o i n g l e a ds  I o  the  s h e a r  f o r c e  a n d 1o a d  r e 1a t io n

d v
=  w  «6 1)

T hi s  e q u a t i o n  s t a te s  t ha t  a t  a n y s e c t io n  i n  t he  be a m the  s l o p e  f  t h e  s h e a r  c u r v e  i s  e qu a lt o  W

I n t e r e s t i n  四外 fo r  t he  c a s e  in  w h ic h t he r e is  n o l o a d (w  =  0) o n  p a r t  o f  t he  b e a m
,  

w e  h a v e

d v

石
一 O

pa r t  o f  thc  be a m
,

s «» s he a r  f o r c e  i s  c o n s t a n t  in  t h a t  p a r t  o f  the  be a m H o w e v e c  w he n  t h e  l o a d is  u n ilb r m  o v e r

d v
=  c o n s t a n t

th e  s he a r  fo r c e  v a r i e s  l i n c a r 1y  i n  th a t  pa r t  o f  the  be a m
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"
(6 )

o r

VA - a  r  e  i ,  1o a d d i a g r  A ' "B]  ( 6 2b )

Eqs (6 2 ) c a n n o 1 b e  u s e d  w he n  c o n c e n t r a t e d l o a d s  a r e  a pp1i e d be t w e e n  A  a n d B a s  t he

No i e  th a t  Eq (6 I ) i s n o t  v a l i d  a t  t h e  p o i n t  o f  a pp l i c a t i o n  o f  a  c o n c e n t r a te d  lo a d s i m i l a r l y

in t e n s i ty  o í  l o a d  w  i s  u n d e fi n e d Fo r  a  c o n c e n t r a t e d  lo a d

REL AT IO N S A M O N G SH EA R A N D  M O M EN T

Fo r  e qu i 1ib r i u m
,  

t h e  s u m  o f  m o m e n t s  a b o u t  O  i n  F i g 6 10b m u s t  a l s o  be  z e r o

EM O - 0 (M  +  dM ) M V d x w  d r

dx
- O

I f  se c o n d o r d e r  d i f f e r e n t i a l s  a r e  c o n s i de r p d  n e g l i g i b1e  a s c o m pa r e d w i t h di f f e r e n  t i a l s t he

a bo v e  r e du c e s  t o  th e  m o m e n t  a n d  s l 1e a r  f o r c e  r e 1a t i o n

(6 3)

Eq u a t i o n  (6 3) i n d i c a t e s  th a t  t h e  s l o p e  o f  th e  m o m e n t  c u r v e  i s  e qu a 1 t o  V  Th u s  t h e  s h e a r

fo r c e  i s  i n s e p a r a b iy  l i n k e d w i t h a  c h a n g e  i n  t he  b e n d i n g m o m e n t  a l o n g t he  1e n g t h  o f  th e

be a m N o te  ch a t  Eq (6 3 ) a p p l i e s  o n l y i n  r e g i o n s  w he r e  n o  c o n c e n t r a 1e d l o a d s  a c t  o n  t he

be a m I n t e g r a t in g Eq (6 3 ) b e t w e e n  A  a n d B w e  o b t a i n

M B M A -

B  

V  d r  (6 4 a )

o r

I M B M A - a r e a  o f  the  s h e a r  d i a g r a m  b e t w e e n  A  a n d B (6 4 b)

T he  di f : r e n 1i a l  e q u a t i o n s  o f  e q u i l ib r i u m
,  

Eq s (6 1) a n d (6 3) s ho w  t ha t  t h e  s h e a r

a n d m o m e n t  c u r v e s r e s pe c t i v e 1y ,  
w i l l  a lw a y s b e  o n e  a n d t w o  de g r e e s  h i ghe r  t h an  t h e  l o a d

c u r v e N o te  th a t  Eq (6 3) i s  n o t  v a l i d a t  th e  po i n t  o f  a pp l i c a t io n  o f  a  c o n c e n 1r a t e d  l o a d

Ex p re s s io n s  (6 4 ) m a y  be  u s e d e v e n  w he n  c o n c e n t r a t e d lo a ds  ar e  a c t i n g be t w e e n  A  a n d B

bu t  the  r e l a t i o n  i s  n o t  v a l i d i f  a  c o u p l e  i s a pp l ie d a t  a  po i n t  be tw e e n  A  a n d B

6
.  
6 SH EA R A N D M O M ENT  【»1A G RA M S

A s  o bs e r v e d  i n  the  t w o  p r e c e d i n g  s e c t io n s ,  
th e  s he a r  f o r c e  a n d be n di n g m o m e n t  ge n e r a l1y

gr aphi c a l  v is t 1a l i z a t io n  o f  th e s e  v a r i a t i o n s A  sh e a r f o r c e  di a gr a m .  
A l so  c a l l e d

, 

a  she ar

a lo n g a  be a m Si m i l a r l y ,  
a  g r a ph  de p i c t i n g the  be n d i n g m o m e n t  pl o t t e d a ga i n s t  th e  x  a x i s  i s

1 Y 4 "
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一

。

P 냐し

F1G U RE 6 1 1 Eq u i 1ib r i u m  a pp r o a c h : (a ) s im p ly s u p p o r t e d be a m  u n d e r  a  1o a d p

(b) f r e e bo d y  d ia g r a m  o f  e n t i r e  be a m  (c d ) f r e e bo d y d ia g r a m s  o f  t w o  p a r t s  A O

(e ) s h e a r  d ia g r a m  (/) m o m e n t  d ia g r a m

F r o m  A  I o  C C u t  th e  b e a m  a t  a  l o c a t i o n  t o  th e  le f t  o f  t he  a pp l ie d l o a d p  w i th
bo th the  s h e a r  f o r c e  V a n d b e n d i n g m o m e n t  M  a s s u m e d po s i t i v e  (F ig 6 1 l c )
T he  e q u i l ib D u m  c o n d i t i o n s EF

y  
=  O a n d E M o - O f o r  t he  r e g i o n  a  <  ×  <  a

the n  y i e l d

P b P b
V t 一

丁 M 1 一

丁
X

T he  f o r e go i n g a r e  p l o t t e d i n  t h e  l e f t  p o r t i o n s  o f  F i g s 6 I l e  a n d f
F r o i n  C t o  1? W e  n e x t  d r a w  a  f r e e b o d y  d i a g r a m  o f  t he  Dgh t  s id e  o f  th e  l o a d
P  (F ig 6 1 10 T he  e q u a t i o n s  o f s t a l i c s F y  =  O a n d ~ M o - 0 f o r  t11e  r e g i o n
a  <  x  <  L  n o w  r e s u l t  i n

P b P aV2 一

丁 P
丁

P b
M z て x P (x a )

T h e s e  e x p r e s s i o n s  a r e  p l o t t e d in  t h e  r igh t h a n d p a r t  o f  & g s 6 1 l e
a n d i

C o m m e n t s  W e  o b s e r v e  f r o m  & g s 6 1 l e  a n d f  th a t  the  s he a r  i s  c o n s t a n t
be t w e e n  t h e  c o n c e n t r a 1e d f o r c e s  a n d t h a t  t h e  be n d in g m o m e n t  v a r i e s  l i n e a r 1y
be t w e e n  t he  f o r c e s H o w e v e r

,  
a t  po i n t  C  w h e r e  p  i s  a pp l ie d

,  
t he r e  i s  a

d i s c o n t i n u i 1y  in  the  s h e a r  d i a g r a m  a n d t h e r e  i s  a  c o m s po n d i n g c ha n ge  j n
t he  s lo pe  o f  the  m o m e n t  d i a g r a m H e n c e

,  
i t  i s  n e c e s s a r y  t o  c o n s i de r  s e c t i o n s o n

bo th  s i de s o f  l o a d P

2 4 8
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Sh e a r  a n d  M o m e n t  D i a g r a m s  f o r  a  v a r io u s 1y  Lo a d e d  c a n t i le v e r  Be a m

G i v e n  A  c a n t i l e v e r  be a m  A B C  s u p po r t s  a  l o a d P 1 - 6  k i ps  a t  A  a n d a  l o a d

p 2
.  1o  k i p s  by  m e a n s  o f  a  b r a c ke t  C D E  th a t  e x te n d s  f r o m  th e  b e a m  a t  C

(F ig 6 1 2a )  

1 i n d p l o t  th e  s he a r  a n d m o m e n t  d ia g r a m s  u s i n g t he  d i r e c t  m e t h o d

s o L u T I o N  T h c  1o k i p l o a d  i s  r e p l a c e d b y  a n  e q u i v a le n t  f or ceoupl e
s ys t e m  a t  C T he  r e a c r io m  a t  B  a r e  o b t a i n e d by  a pp l y i n g t he  c o n d i t i o n s  o r
e q u i l ibD BBm  t o  th e  f r e e bo d y  d i a g r a m  o f  t h e  e n t i r e  b e a m  (F i g 6 12b )

R B =  ] ó k i p s  Î  M B  / 10 0 k i p   f i

F r o n t  A  t o  C F i r s t  t he  i n te m a 1 f o r c e s  f o r  th e  1e f t  po r t i o n  o f  t he  b c a r n  a r e

de t e r 1n i n e d (F i g 6 12 c ) F r o m  t he  e q u a t i o n s  o f  e q u i l i b r i u m E F
y  

=  O a n d

1 M o  =  0 f o r  t h e  r e g io n  O <  x  <  4 w e  h a v e

V t = 6 M t = 6x

F r o m  C  t o  B N e x t c o n s i d e r  a s  a  f r e e  bo d y  t h e  r i g h t  p a r t  o f  t he  be a m

(& g 6 124 T h e n e q u a t i o n s  o f  s t a l i c s E F
y  

=  O a n d E M o  =  O 1e a d  t o

V2 16  M 2 - ] 6 ( l o x ) 10 0  (b )

T hi s  is  v a l id  i n  t h e  r e g i o n  4  <  ×  <  10

P 1
- 6  k i

M ß  10 0  k ip f t

(b ) A l

20  k i p f t

人 C

Ra  16  k i ps

6  k ips

V 1o p s

16

FIGURE 6 12 E q u i l i b r iu m  a p p r o a c h (a ) c a n t i le v e r  be a m  w i t h  t w o  lo a d s

(b) f r e e bo d y  d ia g r a m  o f  t h e  e n t i r e  be a m  (c d) f r e e b o d y  d i a g r a m s  fo r

Pa r ts  A O a n d B 0
,  

r e s p e c t i v e l y  (e ) s he a r  d ia g r a m  (D  m o m e n t  d ia g r a m

    团团

2 4 9
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Sh e a r  a n d  M o m e n t  D ia g r a m s  f o r  a  W e ig h t L if t i n g Ba r

,  

Fi1d-/#t$!·-' "F i n d D r a w  s he a r  a l d m o m e n t  d i a g r a m s  u s in g t h c  c a u i ] i b r i u m  m e 山o d

t a n d

F1GU RE 6 13 B a r bc ll a n d i t s  s t a n d

。' 曙午긁

F1G U RE 6 14  E q u i 1ib r iu m  a p p r o a c h : (a ) m o de l o f  ba r be 1l  s ho w n  i n  F ig 6 13(b) f n e bo dy  d ia g r a m  o f  t he  e n t i r e  ba r be ll  ; (c
,  

d ) f r e e bo d y  d i a g r a m s  f o r  tw op a r t B A O (e ) s he a r  d i a gr a m  ( f ) m o m e n t  di a g r a m

250

SO 1 U T I O N 711e  ba r  i s  m o de 1e d a s  a  b e a m  A B C D  w i th o v e r h a n g i n g e n ds  a n d
c a r r y i n g c o n c e n t r a t e d l o a ds P  a t  A a n d D  a s  i n d i c a t e d i n  & g 6 1 4 ü Th e  n e t 1c t i o n s

R =  P  s ho w n  i n  the  f r e e bo dy  d ia g r a m  (F 1g 6 14 b ) a r e  c a l c u la te d f r o m  th e

e q u i l ib D tu n  c o n d i t io n s T he  c ha n ge o F l o a d p o i n t s  a r e  d e n o te d A B
,  

C
,  

a n d  D
T he  f r e e bo dy  d i a g r a m s  fo r  the  f i r s t  t w o  c u t s  a r e  s h o w n  i n  F i g s 6 14 c  a n d

d
,  

w he r e  the  u n k n o w n  V  a n d  M  a r e  i n d i c a t e d a s  po s i t i v e l y  d i r e c t e d T he

e q u a t io n s o f  s t a t ic s
,  
EF

y  
=  O a n d t r o - O t h e n  y i e l d f o r  th e  le f t h a n d p a r t  o f

th e  be a m  (O <  x  <  a )

V 1 = P  M 1 = P x
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s im i la r l y fo r  t he  r e g i o n  [a  <  x  <  (L a ) ] ,  w e  h a v e

VZ - 0  M 2 - P a

D u c  t o  t h e  sy m m e t r y a bo u t  t he  m id s pa n Th e  f o n g o i n g e x p r e s s io n s su f l i c e

1o  c o n s t r u c t  t he  s he a r  a n d m o m e n t  d i a g r a m s  o f  F igs 6 14 e  a n d i  I n t r o du c in g
the  g i v e n  n u m e Dc a 1 v a l u e s

,  
t he  m a gn i t u de s  o l  th e  l a r g e s t  s he a r  f o r c e  a n d

m o m e n t  a r e

V - . - P  =  1 kN  M
m a * - P a - i SON   m

Thc  c r i t ic a 1 q u a n t i t i e s  a r e  m a r k e d i n  t h e  d i a g r a m s

C o m m e n t s  N o t e  t h a i  r e g i o n  C D  h a s  n o  s h e a r  fo r c e  a n d i s  s u bje c te d o n 1y  to  a

c o n st a n t  m o m e n t Pia Su c h  a  s t a te  o f  be n d in g m o m e n t  i s  te r m e d p u r e

be n d i n g T h e  r e g io n s  A C  a n d B D  u e  i n  n o n u n i fo 1m  b e i ï d in g  b e c a u se  the

be n di n g m o m e n t  M 1 i s  n o t  c o n s t a n t  a n d t he r e  a r e  s he a r  fo r c e s  p r e s e n t

EX A M PLE 6 9 1  1

Sh e a r  a n d  M o m e n t  D i a g r a m s  f o r  a  Sim p 1e  B e a m  w i t h a  U n if o r m  Lo a d

G i v e n  A  s im p1y  s u ppo r t e d be a m  A B  c a r r y i n g a  u n i fo r m l y  d i s t r i bu t e d 1o a d o f

in te n s i 1y w  a s  s h o w n  i n  F i g 6 15 a

F i n d D r a w  t he  s h e a r f o r c e  a n d b e n d i n g m o m e n t  d i a g r a m s ,  a pp l y i n g

(1 ) T he  e q u i l i b r i u m  m e t h o d

(b) T he  g r a ph i c a l m e t h o d

SO L U T 1O N  T h e  e q u i 1ib r i u m  c o n d i 1i o n s  fo r  l h e  e n t i r e  be a m  y ie l d 1h e

r ea c t io n s  RA - R a - w 112  (F\ g 6 \  5b)

A+ l
,  

5 d
w A注

i ' L ; 3 Z
' " -

2 51
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(皿) D i r e c t  M e t h o d C u t  t he  be a m  a t  a n  a r b i t r a r y  lo c a t io n  x  a n d d r a w  the

f r e e bo dy d i a g r a m w i th V a n d  M  p o s i t i v e ly  d i r e c t e d r e l a t i v e  to

the  e x po se d f a c e  (Fi g 6 15c ) S i n c e  t h e  a p p l i e d l o a d  i s  c o n t i n u o u s th is
c u t  t ypi fie s a n y se c t io n  a l o n g t h e  l e n g th o f  th e  be a m T h e  e q u a t io n s  s f
s t a t i c s ,  

EF
ï

- O a n d 1 M o - 0
.  

Re s u l t  i n

1 
w L w xV =  

2
' (c )

2 S2

M  =  

2 
w L ×  / w x  

2  
(d)

T he s e  i n d i c a te  th a t  the  s h e a r  d i a g r a m  c o n s i s ts  o f  a n  in c 1i n c d s t r a i gh t  l i n e
i1n d th a t  t h e  m o m e n t  c u r v e  i s  a  p a r a b o l a T he  p l o t s  o f  t h e  f o r e g o i n g
e x p r e s s i o n s a r e  s ho w n  i n  F i g s 6 ] 5 d  a n d  e

C o m 1n c n t s  N o t e  t h a t  t h e  s he a r  d i a g r a m  c r o s s e s  t h e  h o r i z o n t a l l i n e a t
w h i c h t h e  s h e a r  fo r c e  i s  z e r o  : V  =  O _ d M / dk H e n c e u s i n g E q (c )

V 一

2 
W L ガ ズm = O

o r  x m  =  U 2 w h e r e  th e  m a x i m u m  m o m e n t  o c c u r s E q u a t i o n  (d ) i s  th e r ef o r e  M
m a x  

=  w L 2 /  8 T h e  m o m e n t  d i a g r a m  i s  s y m m e t r i c a l a bo u t  the
m i dd l e  (p o i n t  C ) o f  th e  b e a m

l

(b ) G r a p h i c a l  M e t h o d

Sh e a r  D i a g r a m  (F i g 6 15d ) T h e  r e a c t io n  a t  A  m u s t  be  p lo t t e d u p w a r d a sth e  s he a r  f o r c e j u s t  t o  t he  r ig h t  o f A  i s  V  =  w LI 2 T he  s h e a r  d e c r e a se s  a t  ther a t e  d v d x  = w So w e  h a v e

Va VA w L
一

1 
w L

A t  B  th e  u pw a r d  r e a c t io n  (w u 2 ) c l o s e s  th e  d i a g r a m  a n d  s e r v e s  a s  a  c he c ko f  th e  a n a l y s i s T he  po i n t  o f  z e r o  s h e a r  i s  l o c a t e d f r o m  t h e  g e o m e t r y  o f  thed i a g r a m

e \
<w 1

口 1 O Pe W 2 二
X  m

2

a n d x m  =  / L a s  be f o r e

T he  s h e a r a n d he n c e th e  s l o p e o f  t he  m o m e n t  d i a g r a m  d e c r e a s e s
u n i f o r m ly  fr o m  w u 2 a t  A  t o  z e r o  a t  m i d s p a n T he  m a x i m u m  m o m e n t

a s  fo u n d i n  pa r t  (Q )

田 x 可 ニニ ご
ニ

p
' Z

· よ ヱ 百。 ら

C o 1r u r 1e n t s  T h i s  r e p r e s e n t s  t h e  i n c r e a se  i n  th e  m o m e n t  b e t w e e n  A
a n d m ids p a n Sim i l a r ly the  m o m e n t  d e c r e a s e s  by  w L 2

/ 8 a s  w e  p r o c e e d
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s he a f  a n d M o m e n t  D ia g r a m s  f o r  a  U n i f o r m ly  Lo a d e d  B e a m  w i t h a n  O v e r h a n g

1m d ng c o n s is t s o f a c o n c c n t r a 1c d 1o a d P - 20 k N a t  the  m idd le  o f s p a n  A B a n d

T h e  be a m  s h o w n  i n  F i g 6 I ó t 1 i s  s i m p1y s u ppo r t e d a t  A  a n d B T hc

u n i fo m 1 1o a d o f  i n t e n s i t y w  =  4  k N / m

s he a r fo r c e  a n d be n d i n g m o m e n t  d i a g r a m s  f o r  t he  be a m

u s i n g the  g r a l  m e t ho d

so L UT I O N T he  r e a c 1i o n s  a r e  c a lc u 1a t e d f r o m  thc  c o n d i 1i o n s  o f  e q u i l

ib1i u n  o f  fo r c e s  a c t i n g o n  t he  e n t i r e  be a m  (F i g 6 1 6b)

RA - 25 k N  * Ra - 35 kN  ï

She a r  D ia g r a ï l 1 (F ig 6 I óc ) C lo s e  t o  t he  e n d A  o f  t he  be a m VA  =  RA  a n d

he n c e  25 kN i s  p1o t te d  u p w a r d T he  s 1o pe  o f  t he  s he a r  d i a g r a m  i s w  be t w e e n

the  c o n c e n t r a te d f o r c e s F r o m  Eq (6 2 ) w e  o b t a i n

Vc VA 一 (4 )(4 ) 一 16 Vc 一 9 kN

the  v a lu e  o f  t he  s h e a r  j u s t  t o  t he  1e f t  o f  C A t  C t he  20 kN  fo r c e  r e d u c e s  t he

v a l u e  o f  t he  s he a r  f o r c e  to  Vc  = 11 k N N e a r  the  r i g h t o f  B

Va Vc 一 (4 )(4 ) 一 1 6 Va 一 27 kN

The  s he a r  fo r c e  r i s e s  t o  VB  
=  8 k N  a t  B  be c a u s e  o f  t he  35 k N  u p w a r d f o r c e

ac t i n g the r e T he n

VD Va 一 (4 )(2 ) 一 8 VD 一 O

se r v e s  a s  a  c h e c k W e  o b s e r v e  f r o m  t h e  s h e a r  d i a g r a m  t h a t  th e  m a x i m u m  f o r c e

is 27 kN a n d o c c u r s  j u s t  t o  th e  l e f t  o f  s u pp o r t  B

20  k N

4  k N / m

A  D

RA  
=  25 k N  R a  =  35 k N

68

F长山rRE 6 16 (a ) Be a m w i由 a n  o v e r ha n g a n d (d) C 团团团团团 留园国
1w o  1o a d s (b) f r ee bo d y  d i a g r a m  o f t he  e n t i r e  7 7 m
h a m  (c ) she a r  d ia g r a m  (d ) m o m e n t  d ia g r a m

2 53



Scanned by CamScanner

N1u n 1e n t  D l a w a 1n  (F ig 6 14d ) T h e  b e n d i n g m o m e n t  i s  z e r o  a t  e a c h e n d o f
t he  be a m T he  a r e a s  o f  v a r io u s  pa r t s  o f  t h e  sh e a r  d i a g r a m  a r e  c o m pu t e d as
A 1 - 6 8 k14  m A 2 - 76 kN   m ,  

a n d  A 3 - 8 k N   m Eq u a t io n  (6 4 ) thu s  y ie  lds

M c M A - 68 M c - 6 8 k N   m

M ß M c - 76  M a - 8 k N   m

M o M n - 8 M o - 0

( o mme n 1 s  N o te  th a t  t he  s lo pe  i s  p o s i t i v e
,  

a n d de c r e a s in g f r o m  A  Io  C
b e c a u se  o f  the  n e ga t i v e  a n d de c r e a s i n g  s h e a r L ik e w i s e t he  s lo p e  i s n e ga t i v e
a n d in c r e a s i n g f r o m  C  t o  B  a n d po s i t i v e  a n d de c r e a s i n g f r o m  B  t o  D The
m a x im u m  m o m e n t  i s  M m o x

- 6 8 kN   m

EX A M PLE 6 1 1 1w

Sh e a r  a n d M o m e n t  D i a g r a m s f o r  a n  O v e r h a n g i n g  B e a m  w i t h V a r io u s  Lo a d s

G i v = n  B e a m  CAD B E  s ho w n  i n  F i g 6 17 a  ha s  t w o  o v e r ha n g s  C 4  a n d BE
T h e  1o a d i n g c o n s i s ts  o f  a  t r i a n g u l a r  l o a d  o n  p a r t  CA h a v i n g a  m a x i m u mi n t e n s i t y w o - 8 k N / m  a t  A a  c o n c e n t r a t e d l o a d p l - 20 kN  a t  D a n d a
c o n c e n t r a te d l o a d P 2 =  6 k N  a t  E

f o r  t he  be a m

F i n d U se  t he  s u m m a t i o n  p r o c e d u r e  t o  d r a w  l he  s he a r  a n d m o m e n t  d i a g r a m s

SO L U T I O N A Pp l i c a t i o n  o f  t he  e q u i l i b r i u n 1 c o n d i t i o n s  t o  t he  f r ee bo dyd i a gr a m  o f  t he  e n t i r e  be a m  r e s u 1t s  i n  (& g 6 ] 7 b ) t h e  r e a c 1i o n s

RA - 12 8 k N  T R B - 19 2 k N  T

C

"

'

ic 
-

蓑衣囊© 烹 ' "

。
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x=r *NX ° 17 c ) Ju s t 1o the Dgh t o r c
,  

Vc ,  the s he m f o r c e i s z e r o

VA Vc - (B X ] 5 ) = 6  VA - 6 k N

C o m m e n t s  A t  A the  12 8 kN  u p w a r d f o r c e  i n c r e a se s  the  s he a r  t o  6 8 kN
T he  s he a r  f o r c e  r e m a i n s  c o n s t a n t  u p t o  D

,  w he r e  i t  dÈc r e a s e s  by a  20 k N
do w n w a r d fo r c e  t o ] 3 2  kN I n  a  1ik e  m a n n e r t he  v a 1u c  o f  the  s he a r  i s

in c re a se d to  6 kN  a t  B N o  c h a n ge  i n  s he a r  o c c u r s  u n t i 1 po i n t  E
,  

w h e r e  the

do w n w ar d 6 k N  fo r c e  c l o s e s  t h e  d i a gr a m T he  m a x i m u m  s he a r  fo r c e  v
. . .

-

13 2 kN  o c c m  i n  r e g i o n  B D

M o m e n t  D i a g r a 1n  (F i g 6 17 d ) T he  be n d i n g m o m e n t  a t  e n d C  i s  M c - O
Eq (6 4) le a ds  t o

M D M A  =  6 8 ( 1 5 ) M o - 7 2 k N   m

ß O BLEM S

Se c t io n s  6 5 a n d 6 6

N Ofe  1n  1he  fo l lo w i n g pr o b le m s ,  
d r a w  a pp r o x im a te l y  to  sc a 1e  t h e  s he a r  a n d m o m e n t  d i a g r a m s L a bc 1 a l l  c D1i c a l  o Ä n a te s in c l u d i n g 1he

m ax im u m  a n d m in im u m  v a 1u e s

6 21 a n d 6 22  p 1o t  th e  s h e a r fo r c e  v a n d  be n d i n gr m n m e n t  M  6 2 5 a n d 6 2 6 D r a w  the  s he a r f o r c e  v an d  be n d i n g m o m e n t  M
ag a 1m  o í  the  bea m s sho w n  i n  & gs p6 12 an d p6 13 u s e  t he  d iag r a m s  f o r  M e  be a m s  sho w n  in  F1gs p6 16 a n d  p6 17 u se  the

g1hi m1 me o d  g r a phi c a l  m e tho d

6 23 a n d 6 24  c o n s t r u c t  t he  s he a r fo r c e  v  a n d  be n d i n g 6 27 a n d 6 2 8 p lo t  t he  sh e a r f o m e  v a n d be n di n g m o m e n tma n e n t  M  diq n m i  fo r  th e  be a m s  o f  F1gs p6 14  an d p6 15 M  di a g r a m a f o r  the  hear ns n f  & gs P6 18 1n d p6 19 En w lo y  theEm plo y 1he  a u n m i1*io n  a pp r o a c h su m m a 1i o n  appr o 1c h
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F ig u r e  P6 3 4

6 3 5 A  be a m  A B C D  s u pp o r t s  a  c o n c e n l r a 1c d lo a d o f  2p  a¢ C
a n d a  c o n c e n tr a te d  1o a d  P  a t  t h e  f r e e  c n d o f  o v e r ha n g BD as

s ho w n  i n  & g P6 3 5 D r a w  rhe  s h e a r fo r c e  V a n d be n d ing
m o m e n 1 M  d i a g r a m s  f o r  t h e  be a m  e m p l o y i n g the  s u m m a tio n

m e 1ho d

1 P

团团  四国团团团  冒

· 本
°

国i 国国 附四国国唱
1 .

Fi g u r e  P6 3 5

6 3 6 T he  c a n t i le v e r  be a m A B C s ho w n  in  F ig P6 36 i s  s u bje c ted to
a  u n i fo r m  d o w n w a r d  l o a d o f  i n te n s i ty  2 w  i n  pa r t  A B  a n d  a  c o n « an t
u p w a r d 1o a d o f  i n t e n s i t y  w  i n  p a r t  B C P lo t  the  s he a r fo r c e  V an d
be n d i n g m o m e n t  M  d i a g r a m s  f o r  t he  be a m  u s i n g the  gr aphi c a】
a pp r o a c h

2 w

Fig u r e  P6 3 6

6 3 7 T h e  be a m  A B C  c a r r i e s  a  u n i f o r m  lo a d o f  i n t e n s i 1y w - 2
k i p l f t  i n  pa r t  A B  a n d  a  c o n c e n tr a t e d lo a d p - 20  k ip s  a t  t he  e nd o f
the  o v e r h a n g (Fi g P6 3 7 ) C o n s t r u c t  t h e  s h e a r f o r c e  v a n d be n d in g

X X M  d i a g ra m s  f o r  l h e  be a m  c m p lo y i n g  lh e  s u m m a tio n

F ig u r e  P6 3 7

6 3 8 A  Si m p le  be a m  A C B s ho w n  i n  F ig p 6 38 i s  s u b je c t e d to  au n i f o r m  lo a d o f  in t e n s i t y  n 1 in  p u t  A C D r a w  th e  s he a r f o r c e  V a n dbe n d i n g m o m e n t  M  di a g r a m s  f o r  th e  be a m  u s i n g  m e  gm pMc 1 l
a pp r o a c h

c o n s m 1c t  th e  s he a r fo r c e  V a n d be n d i n g m o m e n t M

fo r  th e  be a m s  s ho w n  i n  & g p6 2o u s e  t h e  g r a ph ic a l
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6 4 9 A  s im p1e be a m  A CD EB c a r r ie s  a  c o n c m t r a 1c d 1o a d ó k N a t  C

a  c o n c e n u a 1c d lo a d 6  kN  a t  £
,  

a n d a  c o n c e n 11a t e d m o m e n t  2 k N  m  a t

D a s  sho w n  i n  F ig P6 49 N o t  th e  s he a r fo r c e  Va nd  be n d in g m o m e n t

M  d i a g r  fo r  t he  be a m e m p lo y in g t he  s u m m a 1in n  m e th o d

A  B

Fig u r e  P6 4 9

6 50 a n d  6 5 1 Re do  Pr o bs 6 4 1 a n d 6 4 2 u s i n g the  e qu i 1ib
Du m  m e t ho d

6 52 a n d 6 5 3 Re s o l v e  Pr u bs 6 43 a n d 6 44 e m p1o y i n g t he

d i r e c t  a pp r o a c h

6 54  a n d 6 5 5 R e do  Pr o b s 6 4 5 a n d 6 4 6 u s i n g t he  e q u i l i b
r i u m  m e 1hn d

6 56 A  t r a n s m i s s io n  s ha f i  i s  s u p1t o r t e d a n d l o a de d a s  s h o w n  i n
& g P6 56 C o n s t r u c t

(a ) T he  1o r q u e  T  d i a g r a m  o í  the  s h a '

(b ) T h e  be n d i n g m o m e n t  M
.  

d i a gr a m  f o r  t he  1 y  p1a n e  o f  t he
s h a f t

(c ) T h e  be n d i n g m o m e n t  M
y  

d a gr a m  f o r  t he  n  p la n e  o f  t he
sh a f 1

- I

Fig u r e  P6 56

6 57 a n d 6 58 Th e  s he a r fo r c e  V  dia g r a m s  fa r  the  be a m s
s u ppo n e d a t  A  a n d  B  u e  sha w n  i n  F1gs P6 57 a n d P6 58 D e t e r m i n e
the  1o ad in g o n  thc be a m s  a n d  d r a w  the be n d i n g m o m e n t  M d ia g r a m s

A s s u m p r i o n  N o  c o u p1e s  a c t  o n  th e  be a m s

L .

L  
2 m

455
厂 コ 可

F ig u r e  P6 57
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A s s u w 1io n  N o  c o u p 1e s  a e l  o n  t h c  b e a m s

X  
1

3 m  
T  l m  

4 n

F ig u r e  P6 6 1 
F i g u r e  P6 6 2

* 6 7 D 1s Co N T 1N u 1T Y Fu N c T 1o N s

T he  m e t ho d o f  e q u i l i bDu m  d i s c u s s e d i n  t h e  p r e c e d i n g s e c t io n  be c o m e s  q u i t e  c u m b e r s o m e
fo r  c a s e s  w he r e  s e v e r a 1 s e t s  o f  l o a d s  e x i s t T h e  u s e  o f  d i s c o n t i n u i t y fu n c t i o n s  m a y s i m p l i f ythe  c o m pu t a t io n s  i n v o l v e d i n  so l v in g  p r o b l e m s  o f  t h i s  k i n d T h e s e  f u n c t io n s  m a y  be
e f fic ie n t l y  e m p l o y e d t o  o b t a i n  t he  e x p r e s s i o n s  fo r  bo t h t he  s h e a r  f o r c e  a n d be n d i n g m o m e n t
a l o n g th e  l e n g t h o f  be a m s F u r t h e r  a p p l i c a t i o n s  o f  d i s c o n t i n u i t y fu n c t i o n s  w i l l be  g i v e n  i n
Cha p te r  10  fo r  de t e r m i n i n g b e a m  d e l l e c t io n s  a n d s l o pe s H o w e v e r

,  
be c a u s e  t he y  d i f f e r

s ign i fic a n t ly f r o m  o r di n a r y f u n c t i o n s ,  
d i s c o n t i n u i t y  f u n c t i o n s  m u s t  be  u s e d w i t h c a r e  a n d

c a u t io n

1n  t h i s  s æ t i o n  w e  s ha l l  d e fi n e  a n d  u s e  d i sc o n t i n u i t y f u n c Do n s  t o  w D te  e x p r e s s i o n s  f o r
the  in t e n s i t y  o f  l o a d i n g w  (x ) i nt er nal  s h e a r  f o r c e  V (x ) ,  a n d i nt er nal  b e n d i n g m o m e n t  M  (x )
tha t a r e  v a l id t h r o u gh o u t  t he  e n t i r e  b e a m  l e n g th T he  be a m  m a y be  c a 】r y i n g c o n c e n t r a t e d
fo r c e s  a n d m o m e n t s  o r  di s c o n t i n u o u s  d i s t r i b u t e d 1o a d s M o  ty p e s  o f  f u n c t i o n s c a l l e d
Mo c a u ta y Tu n c l i o n s  a n d s i n g u l a r i Jy f u n c l i o n s w i l 1 be  d is c u s se d T o ge t h e r t he y a r e  r e f e r r e d
to  a s  d is c o n t i n u i t y  f u n c t i o n s

,  
a n d a r e  s y m bo l i z e d by po i n t e d br ackeMacaBBl ay n o t a

t io n A d i s c o n t i n u i t y  fu n c t i o n  o f x i s  w r i t t e n  a s  x a > 께 H e r e n r e p r e s e n ts  a n  i n te ge r  a n d  a i s

the  v a l u e  o f x  a t  w hi c h t h e f u n c t i o n be gi n s o r a c t s N o t e  th a t  th e f o r e g o i n g n o ta t i o n h a s

n o  pa r t i c u l a r  m a the m a t i c a l  s i g n i f ic a n c e  i t  s e r v e s  o n l y  t o  a bb r e v i a t e  e x p r e s s i o n s C l e a r l y
the  u n i t s o f  t he d i s c o n t i n u i t y  fu n c t i o n s  a r e  t he  s a m e  a s  t he  u n i t s l (fo r  e x a m p le

,  <x a ) 
2  

h a s

u n i ts  o f  Åy )

气 对白しめげ 伽 轻江区四 国

M A CA U LA Y  FU N CT IO N S

Di s u ibu ted 1o a di n gs  m a y be  d e s c r ib e d b y  M a c a u l a y  f u n c t io n s T he y a r e  de f1n e d  i n  th e

ge n e r a l f o r m

Si m p ly s ta t e d
,  

the  e x p r e s s i o n  e n c l o s e d by  t h e  br a c k e t s  do e s  n o t  e x i s t  u n t i l  x  r e a c h e s  a

T ha t  is
,  n o th i n g ha ppe n s  a t  v a l u e s  o f  ×  l e s s  t h a n  a F r o m  t h a t  po in t  o n

,  
the  qu a n t i t y  be i n g

t r e a te d i s  a  fu n c t i o n  o f  (x a y
Thr e e  e x a m p le s  o f  d i s c o n t i n u i t y  f u n c t i o n s  a r e  s h o w n  i n  F ig 6 18 N o t e  t h a t

the  fiu l c t i o n  <x a ) °  i s  d i s c o n t i n u o u s  a t  x  =  Q  a n d i s  i n  th e  s ha pe  o f  a  s t e p I t  i s

thu s r e fe r r e d to  a s a  s t e p  f u n c d o n A s  o n e  m a y  r e a d i l y  s e e
,  

i t  f o l l o w s  f r o m  Eq s (6 5 )

1n  19 19
,  W H M a c a u lay  fi ï s t  s u g ge s t ied th le  u s e  o f  t he  po in te d  b r a c ke t s  fo r  b e a m  M 1e m s s æ  Ref er ence 4
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T he  r u 1e  o f  i n t e s r a t io n  f o r  t he  M a c a u la y f u n c t i o n s  i s th e  s a m e  a s  t h a t fo r  o n l in11y
fu n c t io n s

dx  =  

(
ん r n  >  

d  

(6 7)

T he  di s c o n t i n u i ty  f u n c t io n s  de s c r i be  th e  u n i f o r m  l o a d (n  =  O) t r i a n g u l a r  lo a d (n  =  1)
a n d pa r a b o 1ic  spa n d r e l l o a d (n  =  2 ) a s  s ho w n  i n  C a s e s  3 t h r o u g h 8 o f  T a ble  6 2 0 f
c o u r s e t he  p r e c e d i n g de s c r ip t i o n  m a y  be  e x t e n d e d  [o  d i s t r i b u t e d 1o a d s  o f  o the r  fo r m s

U po n  i n t e g r a t i o n t he  fu n c t i o n s  fo r  s he a r V  (x ) =  j  w  (x ) d r a n d m o m e n t M  (x )  ·

f  V  (x ) d x m a y r e a d i l y  b e  o b t a i n e d

SIN G U LA R1TY  FU N CT IO N S

A  c o n c e n t r a t e d 1o a d P  m a y be  c o n s id e r e d a s  a  d i s t r i bu t e d 1o a d w  =  P /  ¬ o f  s m a l l ¬ w her e
¬ Þ O (& g 6 1 9a ) T he  a r e a  u n d e r  t h i s  l o a d i n g d i a g r a m  i s  e q u i v a l e n t  t o  P  T he  s i n gu la r i ty
f u n c t i o n  1ha t  c a n  be  u s e d t o  de s c r ibe  t he  a p p 1i e d  f o r c e  i s  M e r e fo r e

W  (B )

- X  
1

F1G U RE 6 19 C o n c e n t r a t e d  1o  d
(a ) fo r c e  P  (b) m o m e n t  M o  
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262 C1c a r 1y he r e  n - 1 i n  o r de r  t o  e n su r e  t h a t  t h c  u n i t s  o f  w
,  

f o r c e  pe r  le n g1h
.SH EA R A N D M O M EN T 1N t EA M S m n i n la i n c d 11

L i k e w i se
,  a  c o u p le  1o a d M o  is a  1im i t a t i o n  a s  E - 0  o f  t w o  d i s t r i b

(Fi g 6 17b) So
,  

th e  s i n g u l a r i ty  f u n c t io n  de sc r i b i n g  a n  1 p p 11e d m o m e n t  is

U ©
w  (x ) =  M o <x a ) 2

_

(6 9)

1n  the  fo r e g o i n g ,  
n - 2

,  
s o  1ha 1 the  u n i ts  ro r  w  a r e  fo r c e  pc T  1c n g t h

T he  n 11e  o f  1n l e Br 1 1io n  fo r  s i n g u 1a r i ty  f u n c t i o n s
,  

Eq s (6 8) a n d (6 9 ),  w hic h i1di f fe r e n t  f r o m  t ha t  f o r  o r di n a r y  t u n c 1i o n s
,  

i s

口)月d t 一 〈x 句
" + 1

f o r  n 〈 O (n 一 1
(6 10)

Ob s e r v e  tha t  o n l y the  e x po n e n t n  i n c r e a s e s  b y  o n e
,  

a n d n o  c o n s t a n t o l  i n t e gr a t i o n  i$a s s æ ia te d  w i th th i s  i n t e g r a t i o n A pp 1y i n g Eq (6 10 ) ,  
the  d i s t r i bu t e d  1o a d in t e n s i t i e s  inC a s e s  a n d 2 o f  T a b l e  6 2 a r e  i n te g r a t e d o n c e  a n d  t w ic e  to  l i n d the  i n l e m a 1 s he a r  fo r c e  a ndbe n d i n g m o m e n t  i n  th e  be a m

,  
r e s pe c t i v e 1y

U s c  o f  Eq s (6 5) t h r o u gh (6 10 ) p r o v i de s  a  d i r e c t  m e a n s  fo r  e x p r e s s i n g  the  ext ernal1o a d i n g a n d  i nt ernal  fo r c e  r e s u l t a n t s  i n  a  be a m  a s  a  f u n c t i o n  o f  x S ig n  c o n v e n t io n s  fo rth e s e  qu a n t i t i e s  a r e  g i v e n  i n  Fig s 6 8 a n d 6 ] 0 C o m b i n e d 1o a d s  c a n  be  ha n dle d bys u pe r po s i t i o n  o f  t he  ba s ic  lo a d s  Bi v e n  i n  T a b l e  6 2 A pp l ic a t i o n s  o f  th e  d i s c o n t in u i1yfu n c t i o n s  t o  v a r i o u s 1y  l o a d e d a n d s u ppo r t e d b e a m s  a r e  i l l u s t r a t e d  i n  th c  s o l u t i o n  o f  thefo 1l o w i n g e x a m p l e s

j M PLE 6 12

Re p r e s e n t i n g Lo a d
,  

Sh e a r
,  a n d  M o m e n t  in  a  V a r i o u s 1y Lo a d e d  Be a m

G i v e n  A  s im p 1e  be a m  A B i s  s u bj e c t e d  t o  a  m o m e n t  M o  a n d a  concent r a1ed1o a d P  a s  s ho w n  i n  F ig 6 20

F i n d D e t e r m i n e  V(x ) a n d M (x ) f o r  t h e  be a m  by tw o  m e tho d s(a ) B e g i n  w i th a n  e x p r e s s i o n  f o r  W  (X ) 山 a t  c o n ta i n s  thc  r e a c t i o n s  a n d  app1i edl o a ds

(b) B e gi n  w i t h a n  e x p r e s s io n  f o r  w  (x ) th a t  c o n ta i n s  thc  a pp l i e d 1o ads  o n lySO 1 U T 1o N

Eq u i v a l e n t  D i s t r i bu t e d a d  I n c l u d i 11g R e a c t io n s A pp ly i n g e qu al i o n s  o f  e q u i l i b r i u m  t o  t he  f r e e b o d y  a g r a m  o f  th e  be a m  (& g 6 20)

EM A  =  O : Ra  (3a ) M o p  (2a ) =  0 
2P

Rß - +  
3a

p @ 
(a)

U s i n g Eq s (6 8) a n d (6 9 ) ,  o r  r e f e n i n g to  Ca s e s  1 a n d 2 o f  7hb1e  6 2
,  

w eha v e

» 4x ) =  RA (x O) 1 
+ M o <x a ) 2

p <x 2a ) 1 
+ Ra (x

: 
3a ) 1 (b)  

He r e ,  1h c  br a c ke t  in  th e  fi r s t  te r m  m a y be  w r i t 1en  a s  <x ) 1
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FIG u RE 6 20  D isc o n t in u i t y  l'
u n c t io n s  s i m p 1y

R
11 Ra  

s u p p o r t e d b e a m  w i t h t w o  l o a d s  a n d r e a c t i o n s

(b)

Co m m e n t s  T ' e  1a s t  t e r m  i n  E q (b ) i s  z e r o  f o r  a】l  x  e x c e p t  a t  Bs u c h t e r m s  w i l 1 ha v e  n o  e f r e c t  o n  th e  c a l c u l a u o n s  o f  V (x ) a n d M  (x )the y m a y  b e  o m i t t e d N o t e  th a t  s i n c e  w  (x ) i s  w r i t t e n  i n  t e r m s  o f  bo thlo ads  a n d r e a c t i o n s
,  

n o  c o n s t a n t  o f  im e g r a t i o n  i s  r e q u i r e d i n  th i s
e x p r e s s i o n

Eq u a t i o n s  1o r  Sh e a r  a n d  M o m e n t T w o  s u c c e s s i v e  i n t e g r a t i o n s  o f
Eq (b ),  

a f t e r  s u b s t i t u t i n g R
A  f r o m  E q (a ) ,  

r e s u l t  i n

v (x ) 一 偕娑)〈· 〉
°

+ M o 〈· 口〉
1

p (· 2 o )°

M (x ) 一 仔娑)〈x 〉
'

+ M o 〈· a 〉
°

p 〈· 2 a ) '

(c )

Eq u i v a l e n t  D i s t r i b u t e d  L o a d s  O n 1y W e  d i r e c t l y  u s e  E q s (6 8) a n d

(6 10) o r  r e f e r  t o  C a s e s  I  a n d 2 o f  T a b l e  6 2  t o  w D t e  t he  l o a d f u n c t i o n

T he r e fo r e

w  (x ) =  M o (x a ) 2
p (x 2a > 1

E q u a t i o n s  f o r  Sh e a r  a n d  M o m e n t T W i c e  i n t e g r a t i n g t he  f o r e g o in g
fu n c t i o n

,  
w e  h a v e

V  (x ) =  M o <x a 1 1
P <x 2a > °  

+  C l  (d)

M  (x ) =  M o (x o » 
°

P <x 2 a )
'

+  C , x +  C 2 (e )

Fo r  thi s s i m p 1e  be a m
,  

t h e  k n o w n  bo u n d a r y  c o n di t i o n s a r e  M  (0 ) =  O a n d

M  (3a ) =  0 Eq u a t i o n  (e ) i s  th e n

M 向 一 C 2 - 0 M (3 a ) 一 M o P a + 3 C \ a 一 O

o r

C 】 一 M o - M o  〈x 〉
°

Su bst i tu t i o n  o f  th e se  c o n s t a n t s  i n t o  Eq s (d ) a n d (e ) g i v e s  e x p r e s s i o n s th a t

ar e  ide n 1i c a ] to  Eq s (c )

Co m m e n t s  T he  t w o  m e t ho d s  l e a d t o  th e  s a m e  r e s u 1t  fo r  V(x ) a n d M (x )

They dif f e r  o n ly  i n  th e  de t a i l s
,  

a n d the  c h o i c e  be t w e e n  th e s e  a pp r o a c he s  i s

a 1n a t te r  o f  i n d i v i d u a l  p r e fe r e n c e W e  n o te  th a t  d i s c o n t in u i t y f u n c t i o n s ,

Pa r t ic u la r ly  u s i n g th e  s e c o n d  m e th o d
,  

i t e m  (b ) ,  
a r e  w e l l  su i t e d to

co m pu 1e r  u s e' " p u t e r  u s e

2 6 3
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EX A MPLE 6 13

D e s c r ib i n g Lo a d In t e n s i t y ,  
Sh e a r ,  a n d M o m e n t  in  a  Be a m

w it h a  pa h i a l U n i f o r m  Lo a d

G i v e n  : A  s i m ply  s u ppo r t e d bc a 111 A B  i s  l o a de d a s  s ho w n  i n  Fig 6 2 1a

F i n d Re pæ s e n t  t he  lo a d
,  

she a r  f o r c e
,  

a n d m o m e n t  a s  f u n c t io n s  o f

the  d i s t a n c e  x  fr o m  s u ppo r t  A P l o t  t h e  she a r  a n d t i io m e n t  d i a g r a m s  fo r

the  be a m

SO L ° N O N

R e a c t i o 11s Co M i l i o n s  o r  e q u M b r i ¢¢m a ppl i e d t o  the  e n t i r e  f r e e bo dy  di a

g r a m  o f  thc  be a m  (F ig 6 2 1a ) g i v e

D i s t r i b u t e d L o a d T h e  g i v e n  di s t r i b u t e d l o a d i n g i s  r e p l a c e d  b y  t w o  e q u i
v a le n t  lo a d i n g s  a s  i l l u s t r a te d in  F i g 6 2 1b T h e n r e f e r r i n g t o  thi s  fig u r e  o r
C a se s 2 a n d 6 o f  T a b l e  6 2

(b )

2 C4
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: i ! ,  

M r  Sh e a r  n n d M o 1n e n t 1 n  t  e  g r a t io n s  o f  Eq Tf t  t w ic e  y ie l d the

She a r  a n d M t ï m e n t  Di a Rr a 1n s S i n c e  M  i s m a x i m u m  o r  m i n i m u m  w he n
V =  0 w e  se t  V (0) =  O i n  E q (g ) a n d so l v e  t ha t  e x p r e s s io n  f o r  X  t o  o bt a i n  the

lo c a 1io n  o f  the  la r ge s t  be n d i n g m o m e n t I t  f o l l o w s  t ha t
,  

lb r  x  <  L / 2

È w L w x . - 0  o r  x . - 3L / 8

Su bs t i tu t io n  o l  th is  v a l u e  in t o  Eq (h ) r e s u l t s  in

3

=  j EX A M PLE 6 14

Ex p r e s s i n g  Eq u iv a le n t  Lo a d i n g  in  a  V a r io u s ly  Lo a d e d  Ca n t i1e v e r  B e a m

Gi + e 1r  A  be a m  A B  w i th l i x e d f r e e  e n d s i s  l o a d e d a s  i 1111s t r a t e d i n  F ig 6 22a

m e  da ta  a1e

a - 1 4 m  w l - 2 kN l m  w 2 - 1 k N / m  M o - 5 kN   m

n n d  Re p r e s e n t  1h e  e q u i v a l e n t  lo a d a s  a  f u n c t i o n

o f  the  dis 1a n c e  x  f r o m  s u pp o r t  A

. ,

' 1

.

FIGURE 6 22 D isc o n t in u i t y  fu n c t io n s  (a ) a  c a n t i

(b) 
M

.  

a

1ev c r  w i th tw o  l oad (b) f r e e bo d y  d ia g r a m

2 6 5
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STRESSES IN  B EA M S
7
i

Ou t l in e

7 1 In t r o d u c t io n  2 7 2

PA RT A  PU RE B EN D IN G 2 7 3

7 2 Be a m  D e f o r m a t io n  i n  Pu r e  Be n d i n g  2 73

7 3 A s s u m p t i o n s  o f  Be a m  T h e o r y  2 7 5

7 4  No r m a l St r a i n s  i n  Be a m s  2 7 6

7 5 No r m a l St n e s s e s  i n  Be a m s  2 8 0

7 6 St r e s s  Co n c e n t r a t io n s  i n  Be n d i n g 2 8 5

A

p r o b le m s  2 8 7

pA RT B SH EA R A N D B EN D IN G 2 9 2

7 7 Sh e a r  St r e s s e s  i n  B e a m s  2 9 2

7 8 Sh e a r  St r e s s  D is t r i b u t io n

in  Re a n g u la r  Be a m s  2 9 7

7 9 Sh e a r  St r e s s e s  in  Be a m s

o f  Ci r c u la r  C r o s s  Se c t io n  2 9 9

7 1 1 Co m p a r i s o n  o f  Sh e a r

a n d  Be n d i n g  St r e s s e s  304

7 12 D e s ig n  o f  P r i s m a t i c  Be a m s  30 8

7 13 D e s ig n  o f  B e a m s

o f  Co n s t a n t  St r e n g t h 3 1 1

Pr o b le m s  3 1 5

PA RT  C SPEC1A L T O P ICS 3 2 1

7 14  Co m p o s i t e  B e a m s  3 2 1

7 1 5 Re :n f o r c e d  C o n c r e t e  B e a m s  32 5

7 16 U n s y m m e t r i c  B e n d i n g  3 2 7

. 7 Sh e a r  Ce n t e r  3 3 2

7 18 1n e 1a s t i c  B e n d i n g  334

7 19 C u r v e d B e a m s  34 1

P r o b 1e m s  3 4 8

7 10 s he a r  St r e s s  D is t r ib u t i o n  C h a p t e r  S u m m a r y  3 5 6

i n  Fla n g e d  B e a m s  30 0  R e f e r e n c e s  3 59

2 0
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:i> 
a  

" " B EN M N G
B EA M  D EFO RM A T IO N

dl l

R W  R W

(b)
子 句
M  =  w  a  M - W.

FIG U RE 7 2 B a r  w i t h  s y m m e 1r i c a l lo a d i n g (a ) f r e e bo d y
d i a g r a m  (b ) c e n . e r  p o r t i o n  i n  p u r e  be n d i n g

su  Æ e c t e d t o  pu r e  be n d i n g i s  s h o w n  i n  t h e  m o m e n t  d i a g r a m  (& g 6 14 f ) o f  E x a m p l e  6 8

In  1h i s c a se pu r e  be n d i n g i s  p r o v i d e d by  a  t y p ic a l  b a r b e 1l a s  i t  i s  he 1d o v e r h e a d  b y  a

w e ight  1iRe r  (o r  s u ppo r t e d a t  i t s  s t a n d ) T h e  b a r  c a 1T i e s  e q u a l w e i gh t s  w  a t  e q u a 1

dis t a n c e s  a  fr o m  the  h a n d s  o f  t h e  w e igh t  l i f t e r  (& g 7 2 a ) T he  r e a c k o n s  a t  t h e  ha n d s  m u s t

be  e qu a l  a n d o pp o s i t e  t o  t h e  w e i gh t s T h e  s e g m e n t  CD  be t w e e n  t he  r e a c t i o n s  R  h a s  n o

she a r  fo r c e  a n d i s  s u b je c t e d  t o  o n l y  a  u n i f o 1 1l l  be n d i n g m o m e n t  o f  m a g n i t u d e  M  =  p a  ; i t

i s in  pu r e  be n d i n g (F i g 7 2b ) R e g i o n s  A C  a n d D B  a r e  i n  n o n u n i fo n ?z be i 1d in g b e c a u s e  t h e

be n di n g m o m e n t v a r i e s  a n d  s h e a r  f o r c e s  a r e  p r e s e n t I n  th i s  c h a p t e r w e  w i l l  s t u dy  s t r e s s e s

i n v a r io u s  be a m s i n  1x »th p u r e  be n d i n g a n d n o n u n i f o n n  be n d i n g

PA RT A  PU RE B EN D 1N G

7
.  
2 BEA M  D EFO RM A T 1O N IN PU RE B EN D IN G BÄ  p g p

We n o w  e x a m in e  th e  pu r e  be n d i n g o f  th e  b e a m  t o  e s t a b l i s h i t s  d e f o r m a t io n  p a n e m T h e

assu m pt io n s  r e l a t i v e  t o  t he  be h a v io r  o f  be a m s  s u bj e c t e d t o  b e n d i n g a n d s h e a r  a r e i n t r o d u c e d

in  1hc  n e x t  s e c t io n N o t e  t ha t
,  

a s  th e  w id th o f  a  b e a m  o f  o r d i n a r y  p r o po r t io n s  i s  s m a l 1

c o m pa r e d w i th i t s  de p th a n d s i n c e  t he  l o a d s  a c t  i n  a  s i n g l e  ( ) p l a n e
,  

t he  be n d in g o f  a  b e a m

is rn a 1e d a s  a  rw o d i m e n s i o n a l  p r o b 1e m

GEOM ET RY O F D EFO R M A T IO N

h t  11s  c o n s ide r  the  de fo r m a t i o n  pat t ern o f  p u r e  be n d i n g o f  a  be a m  o f  u n i f o r m  c r o s s  s e c t i o n

w i th a  v e r t ic a l (J) a x i s  o f  s y m m e t r y  (F i g 7 3a  a n d b) I n i t i a l l y the  l o n g i t u d i n a l  a x i s  o f  t he

bea m  (x  a x i s ) i s a  s t r a igh t  l i n e N o t e  tha t  t he  o Dg i n  i s  a r b i t r a r i 1y pl a c e d a t  the  1e f t  e n d o f  th e

bea m A  n u m be r  o f  s e gm e n t s ,  
]m a t e d s o m e  d i s t a n c e  f r o m  t he  e n d s ,  

be t w e e n  p l a n e s  s u c h a s

a b an d c d  a n d pe  ©  n d ic u l a r  t o  t h e  x  a x i s
,  

a r e  s ho w n  i n  th e  f igu r e U n de r  the  a c t i o n  o f  e n d

c o u ßes M
,  

app1i e d i n  th e  p 1a n e  o f  sy m m e t r y ,  
t he  b e a m  a x i s  de f1æ l s  i n t o  a c u r v e i n  th e  s a m e

(JW) pla n e T hi s  i s c a l l e d t he  d e l l e c t i o n  c u r v e ,  o r  th e  e 1a s t i c  c u r v e
,  

o f  t he  be a m

A s  a  r e s u l t  o f  the  be n d i n g de fo r m a t i o n  de p i c t e d i n  F 1g 7 3c
,  

the  l o n g i t u di n a l  f1b e r s  a t

the  t op o f  the  be a m  s ho r t e n  a n d  a r e  t h u s  i n  c o m p r e s s io n w h i l e  the  bo t t o m  f ibe r s  l e n g th e n

an d ar e  the r e fo r e in  te n s i o n So m e w he r e be t w e e n  the  t o p a n d t he bo t t o m  o f  the be a m
,  

the r e i s

a  la ye r  o f  l ibe r s tha t  do e s  n o t  c ha n ge  i n  l e n g t h
,  

a l t ho u gh  i t  i s  a l s o  c u Tv e d T hi s  l a y e r  o r

S e
,  
in d ic a te d  by  the  do t t e d l i n e  s s  i n  t he  f i g u r e

,  
i s  th c  n e u t r a 1 s u r f a c e  o f  t he  be a m I t s
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F1G U RE 7 3 Be a m  i n  p u r e

be n d i n g  (a ) be fo r e

d e fo r m a t io n  ; (b) c r o ss  s e c t io n

(c ) a fBe r  d e fo r m a t io n

i n te r s e c t i o n  w i t h a  Dg h t  s e c t i o n  th r o u gh t h e  be a m  i s  te r m e d  t h e  n e u t r a l  a x is  o f  the  c r o s sse c t i o n Ot  i s  a b b r e v ia t e d N A i n  F i g 7 3b ) N o t e  t h a t  bo t h n e u t r a l  s u r f a c e a n d

be n d i n g

n e u t r a l a x i s r e f e r  t o  a  l o c a t io n  o f  z e r o  s t r a i n  o r  s t r e s s  i n  t h e  m e m b e r  s u b je c t e d to

T he  lo c a t i o n  o f  t h e  n e u t r a l  a x i s  i n  a b e a m  w i l l  b e  e x a m i n e d i n  Se c t io n  7 5 T h i s  r e q u i r e st he  c o n s i de r a t i o n  o f  t he  f i r s t  t w o  p r i n c i p le s  o f  a n a l y s i s  o f  d e f o r m a b l e  s o l id s  a s  s t a te d inSe c t i o n  1 3 s t a t ic s  a s d d e f o r m a t i o n s

I n  p u r e  b e n d i n g a l l e l e m e n t s  w i l l  u n d e r g o  t h e  s a m e  d e f o n n a t io n a n d  s o  th e  be a m  a x isw i l l  be  be n t  in t o  a  c i r c u la r c u r v e  (F i g 7 3c ) Si n c e  a n y  d i a m e t e r  o f  a  c i r c l e  c a n  s e r v e  a s  a na x i s  o f  s y m m e u y w e  c o n c 1u d e  t h a t  a l l  s e c t i o n s  s u c H a s  a b a n d c d  r e m a i n  s t r a i gh t  i n  pu r ebe n d i n g T h i s  f a c t  c a n  be  de m o n s t r a t e d  e x pe r i m e n t a l l y W e  m a y  t he r e f o r e  s t a t e  th a t  p 1a n es e c t i o n s i n i t i a l l y  n o r m a l t o  t he  b e a m  a x i s
,  

r e m a i n  p l a n e  a n d n o r m a l t o  i t  s u b s e q u e n t  tob e n d i n g G e o m e t r i c  c o m pa t i b i l i t y ,  w h i c h r e q u i r e s  t h a t  t he  e n d s  o f  the  a q ja c e n t  be a mse g m e n t s  f i t  t o ge t h e r i s  s a t i s f i e d by  th i s  pat t er n o f  d e f o r m a t i o n

C U RV A T U R E

T he  d e f o r m a t io n  o f  t he  be a m  c a u s e d b y  be n d i n g  i s  m e a s u r e d  by  t he  c u r v a t u r e  o f  the  neut rals u r f a c e T h e  c e n t e r  o f  c u r v a t u r e  0  fo r  th e  dcf l ect i on u T v e  c a in be  d e t e r m i n e d by  e x t e n di n gt o  a  po i n t  o f  i n t e r s e c t i o n  l i n e s f r o m  s e c t i o n s  s u c H a s  a b a n d c d (F ig 7 3c ) T h e  di s ta n c e  f r o mth e  c e n t e r  o f  c u r v a t u r e  t o  t h e  c u r v e  i t s e l f  i s  c a l l e d  th e  r a d i u s  o f  c u r v a t u r e  p  (r h o ) FTo m

x  f r o m  t he  y  a x i s  i s  th e  r e c i p r o c a l o f  th e  r a d i u s  o f  c u r v a t u r e

K

p  
(a )

A l s o
,  

f o r  a n  e 1e m c n t  s u b t e n d e d  by  a n  i n f i n i te s i m a l a n g e  d o a s  s h o w n  i n  F 1g 7 3c tbef 1b e r  l e n g t h o f  th e  c o r r e s po n d i n g be a m  a x i s  i s  g iv e n  b y  d s  =  p  d o Fo r  s m a l l  ó f læ t io n so f  th e  be a m w h i c h i s  th e  m o s t  c o m m o n  s i t u a t i o n the  d e f le c t i o n  c u r v e  d $ a l o n g the  c u r v e
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m 1y bc  se t  c qu a 1 t o  i t s ho n z o n t a 1 p r o j e c 1io n  t l r H e n c e
,  

2 7 5

A SSU M PT 1O N S

O F BEA M  T H EO RY

( 7 I )

1n  pu r e  b e n d in s  o f  pDs m a t i c  be u nn s ,  
bo th p  a n d K  a r e  c o n s t a n t We  w i 11 s e e  1a t c r  t h a t  fo r

a  be a m  i n  n o n u n i fo r m  be n d i n g  t he  r a d i u s  o 1 c u r v a t u r e
,  c e n t e r  o f  c u r v a t u r e a n d c u r v a t u r e

m r y d i r  fr o m  po in t  t o  po i n t  a l o n g t he  l e n g th o r  t he  be a m T he  s 1gn  c o n v e n t 1o n  f o r

c u r v 1 l u r e is  re 1a te d t o  t he  o r i e n t a t i o n  o f  t h e  c o o r d i n a t e  a x e s Fo r  the  c o o r d in a t e  d i r e c t io n

sho w n  in  Fi g 7 3
,  

th e  c u r v a t u r e  o f  t he  be a m  a x i s  i s  p o s i r i v e  w he n  i t  i s  be n t c o n c a v e  u p w u r cl

m  n e ga t i v e  w he n  i t  i s  be n t  c o n c a v e  d o w n w a r d O bs e r v e  t h a t  a  po s i t iv e  be n d i n g m o m e n t

p1o du c e s po s i t i v e  c u r v a t u r e A  m o r e  c o m p l e t e  d i s c u s s io n  o f  c u r v a t u r e  i s  f o u n d  i n

Sc c 1i o n  10 2

7 .  
3 A SSU M PT IO N S O F B EA M  T H EO RY 1 1 = =

T he  be ha v io r  o f  sy m m e t r i c  be a m s  i n  p u r e  be n d i n g a s  d e s c r i be d i n  Se c t io n  7 2  i s  a 1s o

ass u n ae d t o  be  c h a r a c t e r i s t i c  o f  o t he r  s l e n d e r  b e a m s i n c lu d i n g t ho s e  h a v i n g u n s y m m e t r i c

se c t i o n s
,  

a r bi t r a r y  l o a d i n g a n d i n e 1a s t i c  o r  n o n h o m o g e n e o u s  m a t e r i a l T hi s  a s s u m p

t io n kn o w n  a s  N a v i e r s  hy p o t l ï e s i s i s  th e  b a s i s  o f  th e  t e c h n i c a 1 t h e o r y  o f  b e n d i n g

T he r e fo r e ,  
th e  d e Dv a t i o n  governi ng n o r m a l s t r a i n  a n d n o r m a l s t r e s s  w i 11 p r o c e e d a s  t h o u gh

the  be a m  i s  d e fo r m e d by  p u r e  b e n d i n g I n  t h e  c a s e  o f  n o n u n i fo n n  be n d i n g t he  n o n n a 1

st re s se s  a n d s he a r i n g s t r e s s e s  a c t  i n  a  g i v e n  c r o s s  s e c t i o n  o f  a  be a m T h e  la t t e r  s t r e s s e s  a r e

ta ke n  u p i n  Se c t io n  7 7

Co n s i de r  a  t r a n s v e r s e 1y  l o a d e d be a m  w i t h c r o s s  s e c t i o n  s y m m e tr i c a l  a b o u t  t h e  y  a x i s

an d w i th the  x  a x i s  r e p r e s e n t i n g t h e  b e a m  a x i s  (& g s 7 4 a  a n d b) I m a g in e  a  p l a n e  a b  p a s s i n g

thr o u gh the  be a m  pe r p e n d i c u l a r  t o  x T h e  c o m po n e n t  o f  th e  d i s p l a c e m e n t  a t  p o i n t  A

oc c u 1T i n g i n  t h e y d i r e c t i o n  w i l l  b e  d e n o t e d by  u A f t e r  be n d i n g ,  
th e  be a m  a x i s  a t  po i n t  A ' h m

d le c t i o n  u  a n d a n g l e  o f  r o t a t i o n  O (F ig 7 4 c ) T h e  s l o p e  o f  t he  de f le c t i o n  c u r v e  i s  t h e  f 1r s t

der iv a t i v e  d u ld r a s  w e  k n o w  f r o m  c a l c u l u s
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T he  rm d a m e n t a l  a s s u m p t io n s  o f  t he  t e c h n i c a l t he o r y f " ' " d" H X ¥

T he  de ne c t i o n  o f  the  be a m  a x is  i s  s m a l l c o m p a r e d w i t h t h e  s pa n  o f  the  be a m The

an g le  o f  r o t a t i o n  o f  t he  de fl e c t io n  c u r v e  i s  a l s o  v e r y  s m a l l
,  

a n d a  pp r o x im a te ly

e qu a l  to  the  s1o p c ,  
a =  d u /d x I f  rh e be a m  i s  s l i g h t ly c u r v e d i n i t ia l ly ,  

the  c u r v am

i s  i n  the  pl a n e  o f  the  be n d i n g ,  
a n d the  r a d i u s  o f  c u r v a t u r e  i s la r ge  i n  r e l a t io n  to i1s

de p th (P  I OH)

p l a n e  se c t i o n s  i n i t ia l ly  n o r m a l t o  the  be a m  a x i s  r e m a in  p la n e  a n d n o r m a l 1o  that

a x i s  a f te r  be n a n g i fo r  e x a m pl e ,  
a b) T hi s  m e a n s th a t  th e  s he a r i n g tr a i n s y  a1e

n e gl ig ib le T he  de fle c t io n  o f  t he  be a m  i s  t h u s  a s s o c i a te d p r in c ip a l ly  w i th the

lo n g it u di n a l n o r m a l o r  be n di n g s cr a i n s  ¬  x  

T he  e f fe c t s  o f  t r a n s v e r s e  n o r m a l s 1r a i n s  ¬  y  a n d [h e  r e m a i n i n g s t r a in s  (E
. .  Y* z ,

ypJ o n  th e  d i s t r i bu t io n  o f  t he  Ex  
m a y  a l s o  b e  ig n o r e d (a s  w e  sha l l sc e  in

Se c t io n  7 4 )

T he  d i s t r ih u t i o n  o f  the  n o r m a l o r  be n d i n g s t r e s s e s  o x  
i s  n o l  a f fe c t e d by the

de fo r m a t io n  d u e  t o  s he a r  s 1r e s s e s  r w  
丁 h e  s t r e s se s  n o r m a l  t o  the  n e u t r a l  su r f ac e

,

a y ,  
ar e  s m a l l  c o m par e d w i th c r .  An d m a y  a l s o  be  o m i t t e d T hi s s u ppo s i t i o n

be c o m e s u n r e l i a b1e  i n  the  v i c i n i ty  o f  l a r g e  c o n c e n tr a te d t r a n s v e r s e  l o a ds

T he  f o r e go i n g a ss u m p t i o n s  a r e  c o m p l e 1e ly  t r u e  f o r  e l a s t i c  n a r r o w  be a m s  o f  r e c ta n gu lar

c r o s s  s e c t io n  i n  p u r e  be n d i n g a n d a n a lo go u s  t o  t h o s e  a s s o c i a t e d w i t h th e  c l a ss i c a 1 the o r y o f

p l a te s Fo r  fu r t he r  d e t a i 1s se e
,  

fo r  e x a m p l e
,  

R e f e r e n c e s  7 ] a n d 7 2 Pr a c t i c a l ly ,  
ho w e v er

,

t he y ge n e r a l l y a pp l y  w i th a  h i gh de g r e e  o f  a c c u r a c y  w h e th e r  th e  m a t e Da l  be ha v es

e l a s t i c a l ly  o r  p l a s t i c a 1]y I n  t he  v a s t  m a j o r i t y  o f  e n g i n e e D n g a pp l i c a t io n s
,  

ade qu a te

j u s t i f ic a t i o n  m a y  be  fo u n d f o r  the  s i m p l i f ic a t i o n s  c i t e d w i t h r e s pe c t  to  t he  n a t u r e  o f

de f o r m a t io n  a n d s t r e s s T he se  s i m p l i fi c a t io n s  pe r m i t  t he  e q u a t i o n s  f o r  th e  de f1e c t i o n  c u r ve

a n d s t r e s s  t o  be  de r i v e d i n  a  c o n c i se  a n d s tr a i g h t f o r w a r d m a n n e r Fo r  p u r p o s e s  o f  c 1a r i ty ,  
the

s m a l l  de ñe c t i o n s  w i t h w h i c h w e  a r e  concer ned w i l l  b e  s ho w n  g r e a t ly  e x a g g e r a t e d  o n  so m e

di a g r a m s

I n  de e p ,  
s ho r t  be a m s  (w he r e  1j h <  5) ,  

s he a r  s t r e s s e s  a r e  i m po r t a n t Su c h be a m s are

tr e a te d by  m e a n s  o f  t he  th e o r y  o f  e l a s t i c i t y ,  
be c a u s e  a s s u m p t i o n s 2 t h r o u gh 4 a r e  n o  lo n ger

a p p r o pDa te

A  fin a l p o in t  to  be  n o t e d i s  th a t  i n  p r a c t i c e
,  t h e  s pa n /de p th r a t i o  i s a pp r o x i m a te ly 10 o r

m o r e  fa r  m e ta l be a m s  o f  c o m p a c t  s e c t io n
,  

15 o r  m o r e  f o r  be a m s w i t h r e l a t i v e ly  tMn  W

a n d 24  o r  m o r e f o r  r e c t a n gu l a r  t im be r  be a m s  (R e f 7 3 ) A l s o
,  
the  s lo pe  o f  t he  def l ect i on c u r ve

o f  the  be a m  is a lm o s t  a lw a y s  le s s  t ha n  5 °  
o r  0 0 87 r a d

,  
a n d he n c e  (0 087 ) 

2
- 0 0076 «  1

T hu s  the  f o r m u l a s  de v e lo pe d i n  t hi s  t e x t  g e n e r a l l y  y i e 1d r e s u l t s o f  go o d a c c u r a c y f o r  be a m s o f

o +d in a r y  p r o po r t io n s

' B  国园 7
.  
4  N O RM A L ST RA IN S IN B EA M S

I n  o r de r  t o  ga i n  i n s i gh t  i n t o  the  be a m be n d i n g  p r o b le m  a n d t o  d e t e r m i n e  the  r ai n
d i s t r i bu t i o n

,  
w e  n o w  e x a m i n e  f u r th e r  t he  ge o m e t r y  o f  d e fo r m a t i o n A s  a n  i n i t i a 1l y s t r a igbt

be a m  ó f o r m s i n t o  so m e  c u r v e d sh a pe
,  

i t  i s  n e c e s s a r y  to  u t i l i z e  the  d e f in i t i o n  o f  c u r v a tu +e

T be  f u n d a m e n t a l  a s su m p t io n s  o f  th e  f o r e g o i n g se c t i o n  p r o v i d e  th e  ba s i s  f o r  the  de r i v a t io n s  

4
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The  1o n gi t u d i n a l s ° z1in s  ¬ '
In  a  be a m  c r o s s  s e c t i o n  a r e  a l s o  c a l le d a x i a l o r  b e n d i n g

su a i n s T o  e v a l u a t e  t h i s  n o r m a 1 s tr a i n
,  

w e  be gi n  b y c o n s i de r i n g t he  s y m m e t r i c a 1
be a m  in  pu r e  be n di n g s h o w n  i n  F i g ? 3 A n  e l e m e n t  o f  t he  be a n  c u t  o u t  be t w e e n

tw o  c r o s s  se c t i o n s  a b a n d c d  th a t  a r e  d i s t a n c e  d x  a pa r t  i s  s ho w n  i n  F i g 7 5a O n  t he

fa c e s o f  th e  e l e m e n t  a r e  be n d i n g m o m e n t s  M a c t i n g i p po s i t i v e  d i r e c t i o n s u n d e r

thc  a c t i o n  o f  the  c o u p l e s  M
,  

th e  be a m  de l l e c t s i n  t he x y  p l a n e
,  

a n d i t s a x i s  be n ds  i n t o
a c i r c u la r  c u r v e  w i th r a d iu s  o f  c u r v a t u r e  p  (F ig 7 5b ) T he  c r o s s  s e c t io n s o r  t he

e lem e n t s u c h a s  a b a n d c d r e m a i n  p l a n e  ; t he y r o t a t e  w i t h r e s p e c t  t o  e a c h o t he r

a bo u t the  a x e s  pe r pe n d i c u 1a r  t o  t he  x y  p 1a n e

A s  a l r e a dy po i n t e d o u t  i n  t he  p r e c e d i n g s e c t io n t he  i n i t i a l d i s t a n c e  dx

be t w e e n  the  t w o  p l a n e s  a b  a n d c d  i s  u n c ha n ge d a t  t he  n e u t r a l a x i s  ; s o

p de =  d x H o w e v e r A n y 1o n g i t u d i n a l  f i be r  e l l o c a t e d a t  a n  a r bi t r a r y  d i s t a n c e  y
abo v e  t he  n e u t r a 1 s u r f a c e

,  w i l l  c o n t r a c t  a n d b e c o m e  d r
'

=  (p y ) d o a f t e r

de fo r m a t io n Si n c e  t he  i n i t i a l l e n g t h o f  e f  i s d x i t s  c o n t r a c t io n  e q u a l s

dx
'

ó _ t p y l  d e p de _ y de

The  l o n gi t u di n a 1 n o r m a l  s t r a i n  m a y  n o w  be  e x p r e s s e d
,  

by d i v id i n g t he  p r e c e d i n g
w i1h the  i n i t i a l  l e n g th

,  
i n  t he  f o r m

P

Thi s s ta t e s  th a t  th e  n o r m a l  s t r a i n s  c .  
i n  th e  be a m  v a r y  l i n e o r ly  w i t h th e  d i s t a n c e

y  加  m  th e  r 1e u t r a l  s u d i] c e T h e  s i t u a t i o n  de s c r i be d is  a n a l o g o u s  t o  t h a t  fo u n d i n

the  to r s io n  p r o b l e m  (Se c t i o n  5 2) ,  
w he r e  t he  s h e a r  s t r a i n s  v a r y  l i n e a r l y f r o m  th e

a x i s o f  a  c i r c u l a r  ba r H o w e v e r 1 
i n  a  be a m  t h e  n o r m a l s t r a i n s  v a r y  l i n e a r l y f r o m

the  n e u t r a l  s u r f a c e N o t e  t ha t  a s  t he r e  a r e  n o  m a t e D a 1 p r o pe r t i e s  i n v o l v e d i n

de Dv in g Eq s (7 2 ) t h i s  r e l a t i o n  a p p 1i e s  t o  in e la s t i c  a s  w e l 1 a s  t o  e la s t i c

si tu a ti o n s

T he  s i gn  c o n v e n t i o n  f o r  t he  s t r a i n  ¬ x  
i s  t h e  s a m e  a s  t h a t  u s e d fo r  n o r m a l

s tr a in s  i n  C h a p t e r  3 A c c o r d in g l y ,  
i f  a  fi be r  i s  a bo v e  (be lo w ) t h e  n e u t r a l  s u r f a c e

,

thc  dis t a n c e  y  is  po s i t i v e  (n e g a t i v e ) F o r  a  po s i t i v e  c u r v a t u r e ,  
¬ ×  w i l l  r e p r e s e n t  a

n e ga t iv e  (po s i t i v e ) s t r a i n a n d  t h e r e  w i l l  b e  a  s ho r t e n i n g (e lo n g a t i o n ) a s  s e e n  i n

Fig 7 5b
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X

d r

口

(a )

(b)

F1G U RE 7 5 T h e  ge o m e t r y  o f  a n

e le m e n t  i n  p u r e  be n d i n g .  
Is o l a t e d  f r o m

t h e  b e a m  o f  F ig 7 3a  (a ) be f o r e

d e fo n n a t i o n  (b ) a f t e r  d e f o r m a t i o n

TRA N SV ERSE ST RA IN S

Re c a l l  f r o m  Se c t io n  3 I O t ha t  e l e m e n t s  i n  a  s t a t e  o f  u n i a x i a l  s t r e s s  n  (o
y  

=  o
.  

=  O)
a re  de fo r m e d i n  t he  t r a n s v e r s e  y  a n d z  d i r e c t i o n s

,  
a s  w e l l  a s  in  the  a x ia 1 di r e c t i o n

Be c a u s e  o f  t he  e f l e c t s  o f  p o i s s o n
'
s  r a t i o  u

,  
t h e  n o r m a l s t r a i n s  i n  t h e  y  a n d z

dir e c t io n s a r e  f y  
=  f z  

= v £x
T he  t r a n s v e r s e  s t r a i n s

,  
u s in g Eq (7 2 a ) ,  

a r e

the r e fo r e

り ー 名z
u x y 一

p
(7 2b )

The se  r e la t i o n s h i ps  i n di c a1t e  t h a t  t h e  c o m p r e s s e d r e g i o n  U >  o) o f  a  be a m  s u b je c t e d t o

Po s it iv e  be n d in s  m o m e n t  w i l 1 e x pa n d i n  b o th the  y  a n d z  d i r e c t i o n s  ; the  t e n s i 1e  z o n e
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FIG U RE 7 6 Se g m e n t  o f  r e c t a n g u 1a r  be a m

i n  p u r e  be n d in g (a ) d e f o n n c d s h a p e  s ho w in g

a n t ic l a s t ic  c u r v a t u r e  (b) d e fo r m e d c r o s s

s e c t io n

y

一
一
一
一
一
、
、
、
、

、
、

。

U <  O) c o n t r a c t s Su c h tr a n s v e r s e  de f o r m a t i o n  o f  a  s e g m e n t  o f  a  be n t r e c t a n g u la r  be a m  is
sh o w n  (h igh1y e x a g g e r a t e d ) in  F i g ? 6a

T h e  o r i g i n a 1 a n d d e f o r m e d s h a pe s  o f  t h e  c r o s s  s e c t i o n  a r e  d e p i c te d by  d a s h e d a n d so l id
l i n e s in  Fig 7 6b r e s p e c t i v e ly W e  o b s e r v e  t ha t  P o i s s o n s e f f e c t  d e f o r m s  t he  n e u t r a l a x i s  in t o
a c u r v e  o f l a r ge  r a d i u s p 1  a n d the  n p u t r a l s u r f a c e  b e c o m e s  c u r v e d i n  l w o  o pp o s i te  d i r e c t io n s
A s  a  r e s u 1t

,  
the  t o p s u r f a c e  o f  t he  s e g m e n t  b e c o m e s  s a d d l e s h a p e d C o m pa r i n g - uy p

a n d E
.

- y / p ,  
w e  c n n c 1u t l e  th a t  t he  t r a n s v e r s e  r a d i u s  o f  c u r v a t u r e  i s

P

T he  r e c i p r o c a l  o f  the  p r e c e d i n g r e p r e s e n t s  t h e  c u r v a t u r e  o f  t h e  c r o s s  s e c t i o n  a n d is  te r m ed
th e  a n t i c 1a s t i c  c u r v a t u r e

K 1 -

p 1 
(7 3b)

O n e  c a n  e a s i l y  de m o n s tr a te  a n t i c 1a s t i c  c u r v a t u r e  by  t a k i n g a n  o r d i n a r y  e r a s e r  o f
r e c t a n g u l a r  c r o s s  s e c t i o n  a n d be n d i n g i t  be t w e e n  th u m b a n d i n de x  fi n ge r N o te  tha t
a c c o r di n g to  a s s u m p1i o n  3 o f  Se c t io n  7 3

,  
t he  e f f e c t  o f  de f o r m a t i o n  i n  th e  p l a n e  o f  a

c r o s s  s e c t i o n  o n  the  d i s tDb u t io n  o f  the  n o r m a l  s t r a i n s  ó x  m a y  be  o m i t t e d Fo r t u n a te ly ,  
the

p r e se n c e  o f  a n t i c l a s t ic  c u r v a t u r e  i s n o t  o f  m u c h s i g n i fi c a n c e
,  a n d th u s  the  s o h 1t im n  o b t a in ed

p r o b le m s

by  be a m  (he o ry  is  i n  g o o d a g r e e m e n t  w i t h t h a t  o f  t h e  t he o r y  o f  e l a s t i c i t y  in  m o s t  p r a c t ic a】

EX A M PLE 7 1

Cu r v a t u r e  a n d D e f le c t io n  o f  a  Ca n t i1e v e r  B e a m  i n  p u r e  Be n d i n g
G i v e n  : A  be n d i n g m o m e n t  M  i s  a p p l i e d a t  the  f r e e  e n d o f  a  s t e e l  c a n t i l e v e rbe a m  o f  l e n g th  L _ 8 f t a n d  de p t h h _ 5 i n (F i g 7 7a )
F i n d T he  r ad i u s  o f  c u r v a t u r e

,  
th e  c u r v a t u r e

,  a n d th e  m a x im u m  de l l e c t i o n  o fth e  be a m
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一

二
一
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Ass u m p t i o n  T h e  l o a d i n g p r o d u c e s  a  1o n g i t u d i n a l n o r m a l s t r a i n  E.  
=  1 200  I 1

a t thc  bo t t o m  s u r f a c e  o f  th e  be a m  O = h 1 = 3 i n ) e q u a 1 to  t he  y i e ld s t r a i n  o f

the  s te e l

SOL UT I O N T he  be a m  i s  i n  p u r e  be n d i n g ,  
a n d t h e r e fo r e  th e  e l a s t i c  c u r v e  i s

a  c i r c u l a r  a r c  (F i g ? 7 b )

Ra d i u s  o f  C u r v a t u r e  a n d  C u r v a t u r e U po n  s u b s t i t u t i o n  o f  t h e  n u m e r ic a l

v a lu e s ,  
Eq s (7 2) g iv e s

y  3
p = = = 2500  i n 一 20 8 f t

c x  
0 00 12

a n d

K  = =  0 00 4 8 f t
1

M a x i m u m  D e f 1e c t i o n R e f e r r i n g t o  & g 7 7b w e  h a v e

l

P

s i n 一

2p
杉田 a x 一 P ( 1 c o s o)

In t r o du c in g th e  da l a w e  o b t a i n  0  =  0 0 192 r a d a n d t h e  】T1a lx i m u m  de fl e c t io n

o c c u r r i n g a t  the  m i d s p a n  i s

1 1  =  2 50 0 (1 0 999 8 15 ) =  0 4 6 1 i n

F1G U RE 7 7 (o ) C a n 1i

1e v e r  b e a m  i n  p u r e

b e n d i n g  (b ) d e f o r m e d

b e a m  a x is

Co m m e n t s  I n t e r e s t i n g l y ,

Um u

-

0 4 6 1
- 10 8 

U m 1 x

-

0 46 ]  
ー  20 8

Fo r  thc  s l e n de r  be a m  u n d e r  c o n s ide r a t io n ,  
i t  i s  c 1e a r  t ha t

,  
e v e n  fo r  r e l a t i v e l y

lu Be  s u a i n s
,  

the  d e ñ e c t i o n s  a r e  v e r y  s m a l1 i n  r e 1a t i o n  t o  be a m  de p th a n d sp a n

Figu r e  7 7b o bv io u s l y  e x a g g e r a t e s  t he  d e l l e c t i o n

2 7 9
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T he  s t re ss  a c t i n g n o r m a l to  a  be a m  c r o s s  s e c t i o r 1 i s  r e f e r r e d to  a s  the  be n d in g ,  o  r  ßeBu
s 1r e s s w he n  a  be a m  i s  be n t  by l r a n s v e r s e  lo a d s

,  
s u c h  a s  s ho w n  in  F ig 7 4

,  the r e  w jj j
be  bo th a  be n d in g m o m e n t  M  a n d a  s he a r  f o r c e  V a c t i n g o n  e a c h c r o s s  se c t io n

a n d the  l a t t e r  ar e  the  r e s u l t a n t s  o f  t he  n o r m a l  s t r e s s e s  a n ds  a n d t he  s he a r i n g s t r e s se s
,  r c  s pe c

O n the ba s i s o f a s s u m p t i o n 4 o f s e c t i o n 7 3
,  

w e s h a l l ign o r e th e s he a r i n g s t r e s/ s .

"

t i m e  be in g C a 1c u 1a t i o n  o f  the  a pp r o x i m a te  s he a r i n g  s t " " e  s  i .  a  be a m  w j j j bc . . . .  %
s e c t io n  7 7 I t  i s s ig n ió c a n t  t o  n o t e  tha t  the  n o r m a l .  Tr a i .  m  d t h . " " ] ' " e  rel at i on,

Eqs (7 2) a n d (7 7) to  be  de r i v e d n e x t
,  y ie l d th e  e x a c t  s o l u t i o n s  f o r  t he  spe c i a l c ase .

o f  the s e  e q u a t io n s  do  n o t  di f f e r  m a r ke d ly f r o m  t h o s e  g i v e n  by  t he  m o r e  e la bo r a te  the o ry of
e l a s t ic i ty ,  p r o v i de d th a t  s o l u t i o n s c lo s e  t o  t he  e n d s  a r e  n o t  r e q u i r e d

T h e  n o r m a l  s t r e s s e s  (a s  w e l l a s  s he a r  s t r e s s e s ) a r e  t o  be  u n i f o r m  a c r o s s  the  wi d  o f
n a r r o w  be a m s T h e  fo r m u l a s be c o m e  l e s s  a c c u r a te  a s  the  be a m  w id th i n c r ea se s
r e l a t i v e  t o  the  be a m  de p th

T he  di s t r i b u t io n  o f  t he  n o r m a 1 s t r e s s  cr ×  c a n  b e  o b t a i n e d by  c o m bi n i n g t he  s t r a i n  E.de l i n e d by Eq (7 2a ) w i t h t he  s t r e s s s t r a i n  r e l a t i o n  f o r  t he  m a t e Da l  a n d t he  c o n d i t io n s o f
e q u i l ib r i u m W e  a r e  he r e  concer ned o n l y  w i th l i n e a r l y e la s t i c  m a t e r i a l  be h a v i o r Thus

,a c c o r d i n g to  H o o k e
'

s  l a w

cí x
- E e x - E x y  (7 4)

T e  a bo v e  s ho w s  tha t  f o r  a n  e l a s t i c  be a m
,  

th e  f l e x u r e  s t r e s s  v a r i e s  l i n e a r l y  w i th thed i s t a n c e  y  fr o m  the  n e u t r a l a x i s  (Fi g 7 8a ) N o t e  th a t  the  s t r e s s e s  a r e  c o m p r e s s i v e  a bo v eth e  n e u t r a l  a x i s a n d  t e n s i l e  be lo w  t he  z  a x i s  w h e n  a  p o s i t i v e  (c o u n t e r c l o c k w j se ) be n din gm o m e n t  M  a c t s  a t  the  c r o s s  s e c t i o n  o f  a  be a m  a s  s h o w n  i n  th e  f ig u r e T h i s  m o m e n t  isde t e r m i n e d f r o m  th e  m e th o d  o f  s e c t io n s  a n d t h e  e q u i 1i b r i u m  c o n d i t i o n sA s i n d c a t e d i n  F i g 7 8a Th e r e s u l t a n t  f o r c e  p r o d u c e d  by  th e  s t r e s s  d i s t r ib u t i o n  o v e r  1hcc r o s s s e c t i o n a l a r e a  m i 1s t  b e  e q u a l  t o  z e r o A l s o
,  

t h e  b e n d i n g  m o m e n t  M  m u s t  be  e qu a l 1o  ther e s u l t a n t  i nt erna]  m o m e n t  p r o d u c e d  by  t h e  s t r e s s  d i s t r i b u t i o n  a bo u t  the  n e u tr a 】 ax isC o n s i de Dn g a n  e l e m e n t  o f  a r e a  dA o f  th e  c r o s s  s e c t i o n  a t  a  d i s t a n c e  y  f r o m  the  n e u t ra】a x i s  (F ig 7 8b) ,  
the s e  c o n d i t io n s  y i e l d

¡ .  dA _ O 
(a)
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w he re  A is  t he  c r o s s s e c t io n a 1 a r e a T he  n e g a t i v e  s ig n  i n  t he  s e c o n d e x p r e s s i o n  m e a n s  t ha t  a  2 8 1

t l v e  } In t r o du c i n g Eq (7 4 ) i n t o  t he  p r e c e di n g w e  ha v e

Ex  y  dA - o
(c )

E K  y  
2

罗
之d A 一 M

(d )

A s K a ï 1d E a r e  c o n s t a n t s ,  
E q (c ) i n d ic a t e s  t h a t  t h e  f i r s t  m o m e n t  o f  th e  c r o s s s e c t i o n a 1

ar e a  w i th r e s pe c t  t o  t he  z  a x i s  i s  z e r o f  y  dA =  0 T h i s  r e qu i r e s th a t  t he  n e u t r a l  a ut i s  z

pa s s  t h r o u gh t he  c e r1t r o i d  C  o f  t h e  c r o s s  s e c t i o n N o t e  th a t  s y m m e t r y  o f  the  c r o s s  s e c t io n

abo u t  the  y  a x i s  m e a n s  th a t  t h e  y  a n d h e n c e  z  a x e s  a r e  p r in c ip a l  c e n t r o id a l a x e s

T he  m o m e n t  o f  i n e r t i a  /  o f  t he  c r o s s  s e c t i o n  a bo u t  t he  c e n t r o id a l a x i s  i s  d e f i n e d a s

一 y  
2 d八 (7 5 )

T hu s  Eq (d) c a n  be  e x p r e s s e d i n  t he  f o r m

一 花 一 븝j (7 6)

w he r e  E1 i s  kn o w n  a s  t h e  n e x u r a 1 r i g i d i t y o f  t h e  be a m T h e  f o r e go i n g m o m e n t c u r v a l 1Br e

r e la t io n s h i p w i l l be  u s e d t o  d e t e r m i n e  be a m  d e f l e c t i o n s  i n  C h a p t e r  10 E q u a t i o n  (7 6)
in d ic a te s  th a t  w h e n  t he  be n d i n g m o m e n t  i s  po s i t i v e t h e  c u r v a t u r e  i s  p o s i t i v e a s  h a s

a l r e a dy be e n  o b s e r v e d i n  Se c t i o n  7 4

FLEX URE FO R M U LA

A n  equ a t i o n  fo r  th e  n o r m a l s t r e s s  i n  th e  be a m  c a n  n o w  be  w r i t t e n  by c o m b i n in g E q s (7 4 )
a n d (7 6)

(7 7 )

This is  u s u a l ly c a 1l e d t he  e l a s t i c  n e x u r e  f o r m u l a T h e  p r e c e d i n g i m po r t a n t  e x p r e s s io n

sho w s  tha t  the  s tr e s s e s  v a r y  l i n e a r ly  w i th t he  di s t a n c e  y  f r o m  the  n e u t r a l  a x i s W e  o bs e r v e

tha t  the  s t r e s s e s  a r e  p r o po r t i o n a l  t o  t he  be n d i n g m o m e n t  M  a t  t he  s e c t i o n  a n d  i n v e r s e ly

pr o po r t io n a】 t o  the  m o m e n t  o f  i n e r t i a  /  o f  the  c r o s s  s e c t io n I t  i s  c o m m o n  p r a c t i c e  t o  d r o p

the  s ign  in  Eq (7 7),  
a s  th e  s e n s e  o f  t he  s t r e s s  c a n  be  f o u n d b y i n s pe c t i o n  f r o m  th e  s e n se  o f

the  be n di n g m o m e n t T he  m o m e n t s  o f  i n e r t ia  ha v e  d im e n s i o n s  o f  l e n g th t o  t he  f o u r t h p o w e r

In  thc  f le x u r e  f o r m u l a
,  

i f  M  i s m e a s u r e d i n  n e w t o n m e t e r s ,  y  i n  m e t e r s a n d I  i n  m e t e r s
4

,  
the

r es Æ t in g n o r m a l  s t r e s s  o x  w i l l  be  e x p r e s s r d i n  p a s c a l s I f  M  i s  m e a s u r e d in  po u n d in c he s y

in  i nch a n d I  i n  i n c he s  
4

th e  u n i t s  o f  s tr e s s  b e c o m e  po u n d s  pe r  sq u a r e  i n c h

T he  n 1 a mu m s t r e s s  a m a x  «»c c u r s  a t  th e  o u t e n n o s t fi be r s  o f  th e  be a m Si n c e
,  

a t  a  gi v e n

se c t i o n M  a n d 1 a i e  c o n s t a n t E q (7 7 ) y i e l d s  (F i g 7 8b)

M c l 
(7 8)o m a x

w he r e  l} m 1 x  1 =  c I f  th e  c r o s s  s e c t i o n  i s  sy m m e t r i c  w i th  r e s pe c t  t o  th e  z  a x i s  (th a t  i s

i t  is a  do u b1y s y m m e t r i c  s e c t i o n s u c h a s  s h o w n  i n  F i g 7 9 ) th e n  t h e  p r e c e d i n g

See  Appe n di x  A  f o r  a  di sc u s s i o n  o f  m o m e n t s  o f  u ìc l s
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fo r m u l a  be c o m e s

r »iY i
L . j  0 9)

T he  qu a n t i t y s  =  1/c  i s  c a l l e d the  e l a s t ic  s e c k o n  m o d u l u s  o f  th e  be a m Se c t io n  n io duli
ha v e  d im e n s io n s  o f  1c n g th to  t he  thi r d po w e r W e  n o te  t ha t  f o r  a  g i v e n  se c t io n a l  ar e a A

,  s
be c o m e s  l a rg e r ,  

a s  m o r e  o F the  c r o s s s e c t i o n a l  a r e a  i s  p l a c e d a s j a r  a s  po s s ible  a w ay f1o m
the  n e u t r a l  a x i s T h i s  c o n s ide r a t i o n  r e s u l t s i n  s h a p e s s u c h a s  I be a 1n s a n d w ide f lange

be a m s  w i th 1a r ge  v a lu e s  o f  5 /A t o  p r o v i de  f o r  h i g h  e f f ic i e n c y

U s e fu 1 p r o pe r t i e s o f  c o m m o n  a r e a s  a r e  l i s te d  i n  T äbl e B 6 o f  A ppe n di x B Fo r  a be am or
r e c t a n gu 1a r  c r o ss  s e c t i o n  w i th  w id th b a n d he i g h t  h  (Pi g 7 9a ) ,  

the  m o m e n t  o f  in e r t i a  and
s e c t io n  m n d \ 1lu s a r e

Fo r  a  c i r c u 1a r  c r o s s  s e c t i o n  o f  r a d i u s  r  a n d d i a m e t e r  d  (Fi g 7 9b ) ,  w e  ha v e

n r
4  

n d4  
n r

3 
n d 5

T a b le s  B 7 thr o u gh B 13 (A p pe n d i x  B ) g i v e  c r o s s s e c t i o n  p r o pe r t i e s  fo r  s o m e  1n a n u fac t u r ed
s h a p e s Fo r  c r o s s s e c ti o n a l  f o r m s  n o t  l i s t e d

,  
w e  m u s t  de t e r 1n i n e  t h e  lo c a t io n  o f  the  n e u t ra】

a x i s  a n d the  m o m e n t  o f  i n e r t i a  by u s i n g t he  t e c h n i q u e s  de sc r i be d  i n  A p pe n d ×  A
B e c a u se  o f  i ts  s im p li c i t y ,  

Eq (7 8) i s w id e l y  e m p lo y e d i n  p r a c t i c e N o 1e  tha t  this
e x pr e s s io n  i s a n a lo go u s  t o  the  n o r m a l  s 1r e s s  (cr - P / A ) o f  a x i a l l y  l o a d e d  ba r s T he  s k e ss  in  ó
m o s t  r e m o te  l i be r s

,  c o m p u te d f r o m  E q (7 8) f o r  a n  e x p e Dm e n ta l l y o bt a i n e d  u 1l im a 1e  be n dingm o m e n t  M .  (to  be  d is c u s se d  in  Se c t io n  7 18) ,  
i s  t e r m e d t he  mo 1 u s  o í r 1 p t u r e  i n  b e n d in g
M

u
O r

-

T  (7 I I )
t h i s  i s  a  f i c t i t i o u s  s t r e s s a s  the  p r o po r t i o n a l  l im i t  o f  t he  m a te r i a l  i s  e x c e m e d h o w e v er

,  
iti s  o f  te n  u s e d a s  a  m e a s u r e  o f  the  be n d i n g s t r e n g t h  o f  m a te Da l s

EX A M PLE 7 2

N o r m a l St r e s s  a n d St r a i n  i n  a  Si m p ly  Su p p o r t e d  Be a m
G i v e n  A  s i m p l e  c a s t  (E  =  17 5 G p a ) be am  o f  r e c t a n gu l a r  c r o ss  se c k o nc a r r i e s  a  l o ad o f  w - 5 kN / m  (F i g 7 10 a )

10

F1G U RE 7 10  (a ) A  s i m p le  be a m  w i t h 

(a )

u n i f o r m  lo a d (b ) s t r e s s  c 1e m e n t s  a t  p o i n t s  D  a n d E
(b)

bh3 bh|

ちー

可可
S 一

飞 (7 10a)

X .  

M h

M P1

80 1n m
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A s su n 1p t io n  M a t e Da l  s t r e s s e s  r e m a i n  w i th i n  th e  e 1a s t ic  r a n ge

50 1 L I 1  I O N : T he  n e u t r a l  a x i s  z  p a s s e s  t h r o u gh th e  c e n t r o id c  a n d

bh3 0 0 8 (0 12 ) 3
歹= = 二 1 1 52 ×  10 6

m
4

12 12

T he  s e c t io n  m o du 1u s  o f  t he  c r o s s se c t i o n a l a r e a  i s  t he r e fo r e

1 1 54 ×  10 6

S =  | =

0 06
- 192 ×  10 6  

m
3

(鹰) 1a r ges t  S t r e s s e s A t  th e  m i d s pa n ,  
th e  be n di n g m o m e n t  i s  M  =  5 (4 ) 

2/8 =

10 kN   m B e c a u s e  M  i s  po s i t i v e t he  m a x i m u m  t e n s i le  a n d c o m p r e s s iv e

s t r e s s e s  o c c u r  a t  th e  bo t t o m  a n d to p fi be r s
,  

r e s pe c t iv e ly

M  10  ×  10 3 

=  /  52 I M P a( 「m a x
一

百
一

192 × トロ三る

T he s e  s t r e s s e s  a c t  o n  i n ñ n i t e s i m a 1 e l e m e n t s  a t  D  a n d E
,  

a s  s ho w n  i n

F i g 7 10b

(b ) St r ess  a n d  St r a i n  a t  A A t  a  s e c t i o n  t h r o u g h po i n t  A
,  

t he  be n d i n g

m o m e n t  i s  M  =  10 ( 1) 5 ( 1) 2/ 2 =  7 5 kN   m a n d w e  h a v e

M y A 7 5 ×  10 3 ( 0 02 ) 
=  13 ' Ap a

O A =

丁
=

I I 5川 0 6

T he  n o r m a l  s t r a i n  a t  p o i n t  A  i s  th u s

13 ×  106

· A 一 詈一

豆西 To9
- 7 4 3 。

(c ) R a di u s  o f  C u r v a t u r e E q u a t i o n  (7 2 a ) r e a d i l y  l e a d s  t o

0 0 2
y A =  269 m

P = 二 =

74 3 ×  10 6
EA

c o m m e n ts  A l [ e m a t i v e l y ,  
E q (7 6) a l s o  gi v e s  t he  a b o v e  r e s u l t C l e a r 1y ,  

the

c u r v a t u r e  in c r e a s e s  a l o n g  t hc  a x i s  o f  t he  be a m  t o w a r d th e  m id s pa n ,  
a t  w h i c h

p .  i .
- ( 175 ×  109) (11 52 ×  10

" y l o ×  103
.  202  m Obs e r v e  th a t  Pm i n  

i s

m an y  t im e s  la r ge r  th a n  t h e  s p a n
,  

a n d the  de ne c t i o n  c u r v e  o f  t he  be a m  i s

1her e f o r e  qu i t e  na t

n E X A MP  7 3

1 1  

Be n d in g s t r e s s e s  in  a  Be a m  w it h a n  O v e r h a n g

m  ¥
.  

°A n  o v e r ha n g i n g  b e a m  w i th a  T sha pe d c r o s s  s e c t io n  is  lo a de d as
t

sh o w n  m  & g 7 1 1a

n n d T he  m a x i m u m  t e n s i l e  a n d c o m p r e s s iv c  be n d i n g s u e s s c s

2 13
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女
-

峦
·

二
。

A s s u n t p l i o ï 1s  : T he  m a t e r i a l i s  l i n e a r l y  e l a s t i c T h e  m a x i m u m  s t re ss i$ I
s m a l l e r  th a n  th e  y ie l d s t r e n g th

SO I U T  I O N T he  a r e a  i s  d i v i de d i n t o  t w o  r e c t a n g u l a r  a r e a s  A , a n d 4 2 fi r
td 4 2 f

w hi c h the  c e n t r o i d s  a f e  k n o w n  (F i g 7 1 1 b ) A s  t h e  y  a x i s  i s  a n  a x is of
s y m m e tr y ,  

z  =  O a n d Eq (A 3 b ) r e s u l t s  i n

At r  +  A2 2 2 o (6 0 ) 7 0  +  60 (2 0 ) 30

y =  

A 1 + A 2 
2 0  (6 0 ) +  60  (20 ) = / v ' " 1 1 1

N o w  w e  c a n  u s e  the  ° a n s f e r  f o r m u la  ( A 9 a ) t o  c a l c u l a te  the  c e n t r o ida l m o m e11t

o f  in e r t i a  /
,  

=  I  o f  t h e  e n t i r e  c r o s s  s e c t i o n

T he  s he a r  d i a g r a m  (F i g 7 1 1 c ) i s  d r a w n  a pp l y i n g t h e  p r o c e d u r e  d e sc r ibed
i n  Se c t i o n  6 6 Se c t i o n s  o f  z e r o  s h e a r  o r  g r e a t e s t  m o m e n t s  a r e  a t  x  =  1 25 m
a n d x  =  3 m C a l c u l a t i n g t h e  a r e a s  o f  t h e  s h e a r  d i a g r a m w e  r e a di l y o bt a i n  the
b e n d i n g m o m e n t s  a t  th e s e  s e c t i o n s  : M D  =  3 125 k N   m  a n d M B  = 3 kN   m

T he  h igh e s t  s t r e s s  a t  a  s e c t i o n  o c c u r s  a t  t h e  d i s t a n c e  f a r the r  f r o m
t he  n e u t r a l s u r f a c e D u e  t o  th e  p o s i t i v e  m o m e n t  a t  x  =  1 25 m t he  to p li be rs
o f  th e  be a m  a r e  i n  c o m p r e s s i o n  a n d th e  b o t t o m  fi be r s  a r e  i n  t e n s i o n Th u s

,  
f r o m

cr  = M y / t th e  f l e x u r a l s t r e s s e s  a r e

3 125 ×  10  3  (0 0 3 )  c  
=

136 ×  10 8
- 6 8 9 M P a

c r 1

3

136 ×  10 8
- 1 14 9 M P a

S i m i 1a r l y the  h ig he s t  s t r e s s e s  a t  x  =  3 m  a r e  f o u n d to  be

cr t -
_ 66 2 M P a

O c -

- 1 10 3 M P a

C o m m e n t s  : A  c o m pa Ds o n  o f  th e  f o r e g o i n g  r e s u 1t s  s ho w s  t ha t  th e  m a xi m u m  t e n s i l e  s t r e s s  i s  1 14 9  M p a  a n d  o c c u r s  a l  [h e  b o t t o m  o f  t he  be a m  a tse c t io n  D T he  m a x i m u m  c o m p r e s s i v e  s t r e s s  e q u a l s 11o 3 M p a  a n d i sf o u n d  a t  th e  bo t t o m  o f  t he  b e a m  a t  s e c t i o n  B
,  w h i c h th e  b e n di n g m o m e n t  isn o t  the  l a qge s t w e  t hu s  c o n c l u d e  th a t  t o  d e t e r m i n e  t he  c r i t i c a l  be n d i n g s tr e ss

s e c t io n  f  z e r o  s he a r  a n d  s h e a r  d i s c o n t i n u i 1y  m u s t  be  i n v e s t i g a t e d T h is  i se spe c i a 1ty  i m p o r t a n t  f o r  m a t e r i a l s  w i th  d i f fe r e n t  s t r e n g th s  i n  t e n s io n  a n dc o m p r e s s i o nc o m p r e s s i o n

2 84
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.  
6 s SS CO NCEN T RA T IO N S 1N BEN D IN G

1n s i t11a 1io n s  i n v o 1v i n g be a m s o f  gr a d u a l l y  v a ry in g c r o s s

sec 1i o n ,  
t he  ñe x u r e  fo r m u 1a w h i c h w a s  de r i v e d f o r  a

u ni fo m l  o r  p r is m a r i r  be a m
,  

s l i l 1 p r o v ide s  s a t is f a c t o r y

so lu t io n s O n  th e  o t h e r  h a n d
,  

i f  t h e  c r o s s  s e c t i o n  o f  t he

be am  c ha n ge s  a b r u p t l y ,  
Eq (7 8) y ie ld s  s t r e s s  v a lu e s  t ha i

a  u su a l ly 1o o  ]o w Fo r  e x a m p l e
,  

i n  t he  &a l  ba r  o f  d e p th D

an d w idt h b ha v i n g g r o o v e s  w i t h r a d i u s  r  s e e n  i n  F ig 7 12

the  a c tu a l v a l u e  o f  s t r e s s  a t  t he  r e d u c e d s e c t i o n  i s  g r e a t e r

a n  tha t  pr e d ic t e d by  t he  be n d i n g t h e o r y T h e  c o n c e n t r a

t io n s o f  s u e s s  c a n  be  v e r y  i m po r t a n t  w h e n  a  m e m be r  i s

u n de r  dyn a m i c  1o a d s  o r  w he n  the  m a t e r i a 1 i s  b r i n le a s

pr c v io u s 1y d is c u s s e d i n  Se c t i o n s  3 13
,  

4 8
,  

a n d 5 9

St r e ss  c o n c e n t r a t i o n s i n  be n d i n g  a r e  s im i 1a r  t o  t ha t

t r ea te d e a r l ie r  fo r  s t r e s s  i n  a x i a 1 a n d Lo r s io n a 1 m e m be r s

The  h ighe s1 be n d in g st r ess a t  th e  n o t c h
,  

ho le
,  

o r  fi l l e t  o f  a

be a m  is  the r e f o r e  e x p r e s s e d i n  t he  f o r m

=  K O n o m  ( 7 12 )

He r e  K  i s t h e  s t r e s s  c o n c e n t r a t i o n  f a c t o r w h i c h d e pe n d s  o n  t he  g e o m e t r y  o f  t h e

m e m be r N o t e  th a t  t h e  n o m i n a 1 o r  a v e r a ge  s t r e s s  ( Tn o m  i s  b m e d u p o n  th e  r e d u c e d  s e c t i o n

& gu r e s  7 ] 3 a n d 7 ] 4 s h o w  th e  v a l u e s  o f  th e  f a c t o r  K  fo r  t w o  c a s e s  o f  i n te r e s t T h e s e  a r e

a  n a t  ba r  w i th a  s u dd e n  c h a n g e  i n  w i d t h a n d a  f l a t  b a r  w i th g r o o v e s A  s t u dy  o f  t h e  d a t a  i n

the s e  %gu r e s  de m o n s tr a t e s  t h e  i m p o r t a n c e  o f  u s i n g f i l l e ts  a n d g r o o v e s  o f  r a d i u s  r  t h a t  a r e

a s  1a r ge  a s  p r a c t i c a l

N o t e  th a t  a c c o r d i n g t o  Sa i n t V e n a n t
'
s  p r i n c i p l e th e  e f f e c t s  o f  s t r e s s  c o n c e n t r a t i o n s  a r e

c o n fin e d t o  s m a l l r e g i o n s  a r o u n d th e  n o t c he s A t  a  d i s t a n c e  e q u a l t o  o r  g r e a t e r  t h a n  t h e  d e p t h

o f  the  n o t c he s th e  s t r e s s  c o n c e n t r a t i o n  e f k c t  i s  n e g l i g i b 1e
,  

a n d th e  c o m m o n  e q u a t i o n s  f o r

st r e s se s  m a y  b e  a pp 1i e d & n a l 1y w e  a l s o  n o t e  t h a t  a s  w a s  t h e  c a s e  fo r  a x i a l l o a d i n g  a n d

to r s io n t he  v a l u e s  o f  t he  fa c t o r  K  h a v e  b e e n  d e t e r m i n e d u s i n g th e  l i n e a r  r e l a t i o n  b e t w e e n

s u e ss  a n d s t r a i n

K

; 
0

r ld

F1GU RE 7 13 St r e s s m n c e n t r a t i o n  fa c t o f  K  fo r  a  ñ l l e t c d f l a t

ba r  in  be n d i n g (R e fs ? S t o  7 7)

3 0
m ill

2 8
J d T
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F1G U R E 7 14  St r e s s  c o n c e n t r a t i o n  1inc t o r  K  fo r  a  g r o o v e d  fl a t

b a r  in  be n d i n g  (R e f s 7 5 t o  7 7)

2 8 5

m a x

F1G U RE 7 12 S t r e ss  d i s t r i b u t i o n  n e a r  g r o o v e s

i n  a  be a m  u n d e r  p u r e  b e n d i n g
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EXA M PLE 7 4

M a x i m u m  St r e s s  in  a  Be a m  w it h G r o o v e s

G i v e n  A  na [  ba r  o f  th ic k n e s s  b ha v i n g  t w o  g r o o v e s  is  s u b je c te d t o  be n din l
m o m e n t a t  the  e n d s M  =  300 N   m  ( F i g 7 12 ) T he  di m e n s io n s  ar e

b =  10 1n m  D  =  90 m m  d  =  60 m m  r - 6 m m

F i n d W n a t  i s  t he  v a lu e  o f  lhe  l a r g e s t  s t r e s s ?

A s s u m p t i o n  : A 1l s ° e s se s a r e  w i th i n  th e  e l a s t ic  r a n ge  o f  t he  m a 1e r i a l

5 0 l LIT I O N : Co r r e spo n d i n g t o  t h e  v a l u e s  g i v e n
,

D; - 0 I 
d

T h r o u gh the  u s e  o f  F ig 7 14
,  

w e  ha v e  K _ 2 1 T he  m o m e n t  o f  i n e r t ia  o f  the
c r i t i c a l  c r o s s  s e c t io n  a b o u t  it s  n e u t r a l  a x i s  i s  1 - bd 3l 12 a n d c  =  d f2 The
n o m i n a l  s t r e s s  e q u a l s

¡ m a x - 2 1 (5 0 ) =  1 05 M P a

EX A M PLE 7 5

D e s ig n  o f  a  St e p p e d Ca n t i le v e r  S p r i n g
G i v e n  A  f i l l e te d c an t i le v e r  spD n g  o r  be a m  i s  m a de  o f  he a t t r ea te ds t e e 1 ha v i n g a n  a l lo w a b l e  s t r e s s  ( Ta l 1 - 5o k s i  a n d i s  s u b je c t e d to  be n di n gm o m e n t  M _ 3 6 k i p  i n A t  i ts  f r e e  e n d
a r e  

a s  s ho w n  i n  & g 7 15 T he  d i m e n s i o n s

%  ° -]x'r/sroie】'
' ' " th "

F1GU RE 7 15 St r e 1 s

c o n c e n t r a t i o n  in  a  ñl1c t e d
be a m  in  p u r e  be n d i n g

SO L U T i o N  T he  n o n 1i n a 1 s t r ¢s s  i s  f o u n d to  be

o n n m -

6 M
-

)
b '  : 

o Sl i b - 27 65 k s i
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Equai on (7 12) t he n  y ie 1d s

o m u - K  a n o m  : 50 .  4 (27 65 )

fi o m  w h ic h K .  1 8

No w  fr o m  th e  c u r v e  o f  F ig 7 13 c o r r e s po n d i n g t o

D  2 5

d
- - 2 a n d  K _ 1 8

w e  li n d t h a t

d
一 0 1 1

He n c e ,

r

X H .  SC.  d
m i n i m u m  0 2 i n Ti l 1e t  r a d i u s  s ho u 1d

PRO BLEM S 1 ¢ l i ©? e w. u h # .  * N  y i q ¥ W H

Se c t io n s  7 1 t h r o u g h 7 6

7 1 A  c o pp e r  w i r e  o f  d i a m e t e r  d  a n d  m o d u l u s  o f  e 1a s t i c i t y  E  i s

c o i1e d a r o u n d a  s p o o 1 o f  r a d i u s  r C o m p u t e  t h e  m a x i m u m  s t r e s s  a n d

the  be n d i n g m o m e n t  i n  th e  w i r e

Gi v e n  d  =  1/32 i n r 6 i n E  17 ×  10 6
p s i

7 2 A n  a l u m i n u m  b a r  o f  m o d u l u s  o f  e l a s t i c i t y  E w i d t h  b d e p th

h an d  l m g th L  i s  a c t e d  u p o n  b y  be n d i n g m o m e n t s  M  a t  i t s  e n d s  s o

th1 t  thle  m id p o i n t  d e f1e c t i o n  i s  ô (& g P7 2 ) D e t e r m i n e  t h e  m a x

im u m  l o n g i t u d i n a l  s t r a i n  a n d  t h e  b e n d i n g m o m e n t  i n  t h c  b a r

G iN n  E  70  G Pa b  10  m m h  3 0  m m L  2  m

a =  I O m m

A s s w p l i o l 1 T he  d e f l e c t i o n  c u r v e  i s  n e a r 1y  f l a L  s o  t h a t  t h e

di s t an c e  b e t w e e n  t h e  e n d s  o f  t h e  b e n t  b a r  e q u a l s  th e  1e n g th  o f

tbe  be a m  a s  i n d i c a t e d  i n  t h e  f1gu r e

F i g u r e  P7 2

7 3 A  s 1e e 1 b e a m  h a v i n g  t h e  m o d u l u s  o f  e l a s t ic i t y  E  a n d  a l 1o w

1ble  n o lr m a l  st r e s s  <1 a l l  e x pe D e n c e s  p u r e  b e n d i n g (& g P7 3» 

C11c u 1a l c  the  m a x i m u m  m o m e n t  M  t h a t  m a y  be  a pp 1ie d a n d  th e

c o r r e sp o n d in g r a d i u s  o f  c u r v a t u r e  p  f o r  t he  t w o  c a s e s

(a ) T h e  c r o ss  s e c t i o n  i s  a  c i r c le  o f  d ia m c 1c r  d

(b ) T h c  c r o s s  se c t i o n  i s  a n  c q u i 1a t e r a 1 t r i a n g le  o f  s i de s  b

G i v e n  d  12 m m
,  

b  =  15 m m ,  
E - 200 G P a

t r .  I1 - 1 60  M Pa

て叵ニニニ コリ

b

Fi g u r e  P7 3

7 4  1f  a  c i r c u l a r  b e a m  a n d  e q u i l a t e r a l  t r i a n gu l a r  b e a m  a r e  o

r e s i s t  th e  s a m e  m a x i m u m  s t r e s s  a n d  b e n d i n g  m m e n t  (F ig n 3 )

w h a t  i s  t h e  r a t i o  o f  t h e i r  c r o ss se c t i o n a l a r e a s ?

7 5 A  s t e e 1 r o d w i t h  m o du l u s  o f  e l a s t i c i ty  E  a n d  se m i c i r c u l a r

c r o s s  s e c t i o n  w i th  r a d i u s  r  i s  a c t e d  u p o n  by  a  b e n d i n g  m o m ie n t  M B

(P ig P7 5) C a l c u l a t e

(a ) T h e  m a x i m u m  t e n s i l e  a n d  c o m p r e s s i v e  s t r a i n s  i n  th e  r o d

(b ) T he  r a d i u s  o f  c u r v a t u r e  o f  dbe  r o d
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Fig u r e  P7

7 6 A  br a ss  bu  ha v i n g a  m o du lu s o f  c la s 1ic i t y  E  a n d se m ic i r c u la r

c ro s s s e c t io n  o f  r a di u s  r  (Fig & 5) i s  be n 1 o v e r  a  c y 1in de r  o f

d ia m e t e r  D W ha 1 i s  the  be n d in g m o m e n t  M ,  
in  th e  ba r ?

G i v e n  E  =  ] 5 ×  106
ps i

,  
r - ] in D  =  36 f t

7 7 M o m e n t  M  a c t s  a bo u t  th e  ho r i z o n 1a ] (z ) a x i s  o f  a  sq u a r e  ba r

o f  s i de s  b in  t he  l w o  d i f fe r e n 1 po s i t i o n s  s h o w n  in  F+g P7 7

De t e r m i n e  the  m a x im u m  s u e ss  a n d t he  r a d i u s  o f  c u r v a t u re  o F

the  ba r In  t e r m s o f  the  m n d u l u s  n f  e 1a s t ic i ty  E
,  

d im e n s in n  b a n d

m  

Z

Fig u r e  P7 7

7 8 A n  a l u m i n u m  ba r  o f  r e c i a n g u 1a r  c r o s s  s e c t i o n  is  a c t e d u po n

by  a  be n di n g m o m e n t  M  a bo u t  thc  z  a x i s  a s  s ho w n  i n  & g P7 8
c a 1c u 1a t e

T he  r a d i u s  o f  c u r v a l u r e  p  o f  t he  be am

(b ) T h c r a d i u s  o f  c u r v a t u r c p 1 o f  a  1r a r 1s v c r s e  c r o ss  se c t io n  o f  the
be a m

T c

Fig u r e  P7 8

7 9  A n  5 8 ×  23 r o 11e d s 1c e 1 I b e a m  (s e e  Ta b 1e  B 7) c a r r i e s

:  二二 m ' "  M  ' " U' " C z  a x i s a s  s h o w n  i n  & g n 9 De t e r

(= ) T h e n d u s  o f  c u r v a t u m  p  o f  th e  be 1 m

2 88

p r o  f  a  u  a  n  s  v  e  n  c  c  m  «  a a  1 i o n o r a*

7 10 A  r e c t a n g u l a r  l u be  i s m a de  o f  a n  a l u m i n u m  a l lo y w i'  1n
a l l o w a b le  s t r e s s o f  c ' a l l  a n d i s  a c te d u po n  by  a  be n d i n g m o m e nt  M
a bo u t  the  z  a x i s (F i g P? 10) C a lc u 1a t e

(a ) T h e  be n din g  m o m e n t

(b ) T he  r a d iu s  o f  c u r v a t u r e  p  o f  the  be a m

Fi g u r e  p 7 1 0  

1

7 1 1 A n  a 1u m i n u m  be a n  w i th a  h o l lo w  c i r c u l a r  a D s s  se c k o n  is
a c t e d u po n  by  a  be n d i n g m o m e n t  M  a bo u t  t he  z  a x i s  (& g p7 I 1)C a 1c u ] a 1e

(a ) T h e  n o r m a l  s t r e s s  a t  po in t  A

(b ) T he  n o r m a 1 s t r e s s  a t  po i n t  B

i

M z  
= 1 5 ki p  i n E  =  30 ×  106 

p s i (b ) T hc  r a d i u s  o f  c u r v a l u r e  1

be a m

G i v e n  E  =  29 ×  10 6
p s i
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7 12 A n  a la r  c r o s s  7

sec t i o n  t & g !
. D e t e r

m in e

(1 ) 7l «  la r gc l \  be n d i n g  m o m e n t  M  a bo u t  1hc  z  a x i s  \ h a t  n 1F y  be  p

n pp1ic d bu i c d  o n  a  s a fe t y f a c t o r  n .  w i 1h r e s pe c t  t u  y ie l d i n g o f

the  a l u m in u m

(b) T hc  c o m spo n d i n g r a d i u h u f  c u r v a 1u r e  P o F t hc  be a m

Æ =  2 in ,  
d  =  1 5 in

,  
n .

- 1 9
Gi v e

7 13 A n  5 150 ×  26 s t e e l 1 b e a m  (s e e  Ta b le  B 9 ) i s  s i m p 1y

su ppo r t ed o n  a  s p a n  L  a n d c a r r i e s a  u n i f o r m  1o a d o f  i n te n s i t y rv

(1 ) Dc 1e r m in e  t hc  m a x i m u m  v a lu e  o f  w

(b ) Dc 1e r m in e  t he  w id th o r  a  s o 1id r e c t a n gu 1a r  s e c t i o n  o F l hc  s a m e

152 m m  de p1h  t o  r c p 1a c e  t h e  1 s ha pe

(c ) Co m pa r e  t he  a r c a s  o f  t h e  t w o  se c t io n s

Giv e n  L  =  1O i n
,  

a u l - 120 M Pa

7 14  A  s im p 1y s u p po n e d c h a n n e l A B  c a r r ie s  a  c o n c e n 1r a t c d

1o ad p  a t  th e  m idp o i n t a s  s h o w n  i n  & g & 14 C o m p u t e  t he

m ax i m u m  t e n s i le  s t r e s s  c r t  a n d  1a r g e s t  c o m p r e s s i v e  s t r e s s  ( Tr  i n  t he

m e m be r

Gi v e n  L  =  10 l t b 14  in ,  
h =  6 in 1 =  0 5 i n

,

P =  5 k ips

Fi g u r e  P7 14

7 15 A  s i m p le  be a m  A B  o f  a  c h a n n r 1 c m s s  w c t i o n  i s  a c t e d u po n

by a  c o n c e n t r a t e d l o a d P  a t  m i d po i n t  a s  s ho w n  i n  F i g P7 14

Dn 1e r m i n e  the  m a x i m u m  pe r m i s s ib le  l o a d P  b a se d u 1】o n  a n  a 11o w

ab1e  n o r m a l s u e s s  a .  n i n  th e  b e a m

Giv e n  L  =  2 m ,  
b  =  4 00 m m h =  150 m m ,  

r  =  25 m m ,

a d 1 ·  50 M Pa

7 16 A n  u n s y m m e u i c a l  W b e a m  i s  a c t e d u po n  by  a  be n d i n g

m o m e n t  M r As  sh o w n  i n  & g P7 16 F o r  a  r a t i o  o f  be n d i n g s u c ss e s

o r  a t  the  t o p a n d bo t t o m  o f  t h c  b e a m d e t e r m i n e  t h e  w id th b o f  th e

bo B1o m  han ge

Fi g u r e  P7 17

7 18 1l  a  be a m  o f  t h c  c r o s s  se c t io n  s h o w n  i n  & g & 18 i s

s u bje c t e d t o  t hc  be n d i n g  m o m e n t  M - 20  k N m w h a t  i s  l h e  1n t a 1
f o r c e  a c t i n g o n  t h e  l o w e r  na n ge  o f  t he  be a m ?

Fig u r e  P7 18

7 19 A  be a m  o f  t h e  c r o ss  s e c t i o n  de p i c t e d i n  & g P7 18 i s

s u b je c t e d t o  a  be n d i n g  m o m e n t  M .
Ca l c u 1a t e  th e  t o t a 】 f o r c e  a c t i n g

o n  th e  t o p  f1a n ge  o f  t h e  be a m

G i v e n  M ,  
=  1 0  k N m

7 2 0 A  s i m p l e  b e a m  A B  w i t h a  T  c r o ss  s e c t i o n  c a r r i e s  a

c o n c e n t r a t e d lo a d  P  a s  s ho w n  i n  Fi g & 20 D e t e r m i n e  t he  m a x

i m u m  t e n s i l e  s t r e s s  ( T,  a n d 1a r ge s t  c o m p n s s iv e  su e ss  ( T.  i n  t h e

m e m be r

G i v e n  P =  6 kN
,

b 1 - 2 5 m m ,  
h -

F ig u r e  p 7 16 
Fig u r e  P7 2 0

2 8 9

11u m in u m  a 1l o y  60 6 1 T 6 b e a m  o f  h o 11o w  c i r c tu l
p7 1 1 ) ha s  a n  a 11o w 1 b 1e  be n d i n g s t r e n g t h o a 11
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7 2 1 A be a m  w i th a T c ro s s

s ho w n  i n  Fig P7 20 D e te m 1in

b1 se d u p t n  a n  a 1lo w a blc  be n din p

G l u m  L  =  B f t
,  

a - 2 0
,  

b =  3 i n ,  
b l - l  i n

A =  4 i n
,  

h 1 =  3 in
,  1n - 15 k s i

7 22 A W ó ×  16 s te e l  be a m  (s e c  T a b1e  B 8) i s  1o a de d a s  s ho w n

in  & g p 7 22 0 n  I  se c t i o n  1o c a 1e d 3 6 f i  f r o m  A c a 1c u la t e

(a ) T he  be n d i n g s 1r e s s  a t  a  po in t  1 i n Abo v e  the  bo t t o m  o f  th e

be a m

(b ) T he  m a x im u m  be n d i n g s t r e ss  o n  the  se c t io n

4 k ips

Fi g u r e  P7 22

7 2 3 Ro do  Fin b 7 22 fo r  a n  5 6 ×  125  s e e l  be a m  (se e  Tab le  B 9)

7 24  A W  8 ×  35 s l c e 1 be a m  (s e e  Ta b1e  B 8) i s  lo a de d a s sho w n

in  Fig & 22 0 n  a  se c t io n  4 2 f t  to  the  r igh t  o f  C c a lc u la t e

T he  ñe x u r a l  s t r e s s  a t  a  po i n t  l o c a te d ãi n Be l o w  t he  to p o f
t he  be a m

(b) Th e  m a x i m u m  be n d i n g s t r e ss  o n  the  s e c t io n

7 2 5 A  r e c ta n gu 1u  be a m b - 80 m m  w ide  a n d h - 120 m m
de e p i s  l o ade d a s  de pic te d i n  & g P7 25 C a 1c u l a re  the  m a g n i t u ó
a n d lo c a t io n  o f  th e  m a x im u m  be n di n g s t r e s s i n  th e  be a m

Fig u r e  P7 2 5

7 26 Re do  Pr o b 7 25 fo r  th c  c a se  i n  w hi c h a n  a dd i t io n a l do w n
w a r  c o n c e n u a l e d fo m c  o f  4  kN  a c ts  a t C

7 2 7 A  be a m  o f  1hc  c r o ss  s e c t i o n  s ho w n  i n  & g P 7 27 i s  1o a de d
a s  sho w n  i n  & g & 25

F1g u r e  p 7 2

290

部

D

A t  t hc  c e n te r  s p a n c a l c u 1a t e

(a ) T hc  be n di n g s t r e s s  a t  po i n t E

(b) T he  be n d i n g s r r e s s  a 1 p o i n t  D

7 28 A s  de p ic 1e d  i n  F i g P 7 2 8 l w o  v e r t ic a 1 c o n c en u a t '

a r e  a p p l i e d t o  a n  5 3 8 0  ×  64  s t e e l  be a m  (s c e  Ta ble  B o \

" : o1u

t he  g r o u n d D e t e r m i n e  t h e  l u ge s t be n d i n g s tr e s s  i- H ,

120 k N  120 k N

. ,! 1
.

F ig u r e  P7 2 8

7 2 9 A  W  4 10 ×  6 0  w i d e Ra n g e  be a m  (s e e  Ta b1e  B 8)
r e i n fo r c e d  by t w o  2 4 0  ×  1o  m m  s l e e 1 c o v e r  pl a te s  o f  the  cn B
s e c t io n  s ho w n  i n  F i g P 7 29 T h e  be a m  c a n i e s  a  u n i fo r m ly dis
u i bu t e d l o a d w  o n  a  s i m p 1y  s u p p o n e d  sp a n  o f  I O m Fo r  a
a l lo w a b le  be n di n g s t r e s s  o f  1 20 M Pa

,  c a l c u la t e  the  l a r ge st  pe m 1i#
s i bl e  v a 1u e  o r  w

> - "

W e l 

10 m m

/  W F 4 I O X  60

F ig u r e  P7 2 9

7 3 0 Re pe a 1 P+o b 7 29 w i th w  =  o
,  

f o r  a  be a m  c an y in g
a  c o n c e n t r a te d 1o a d  P  a p p l i e d  o n  a  s e c t i o n  3 m  fi o m  the  leR
s u ppo r t

7 3 1 A n  o v e r ha n g i n g be a m  i s  l o a de d a s  s ho w n  in  Fi g n 3 1
T he  a l l o w a b1e  s t r e s s e s  i n  t e n s i o n  a n d  c o m p r e s s io n  a i e  (a . .  u a n d

o f  the  lo a d w

(cr
. .  II r e sp e c t i v e ly D e t e r m in e  t h e  m a x i m u m  pe r m i s s ible  v a lu e

G i v e n  (cTr )a】1 - 7 k s i
,  (a . )d 1 - 1 8 k s i

1 5 i n

, 
4 m

w t io n  is  s u ppo r l c d a n d 1o a dc d a s

e  t he  m u im u m  pe r m i s s ib1e  1o a d P

! s tr e s s a 1 1l  in  te n s io n  o r  c o m pir e s s io n

  1 1 i

3 .  7 5

] In

Fig u r e  P7 3 1
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7 32 Fo r  t he  be a m  l o a de d  a s  s n o w

UN dc 1c r m i n e o n  a  se c 1i o n  3 f t

(1 ) Thc  bc n d [n g s t r es s  a t  p o in t  E

(b) Thc  be n di n g s t re s s  a t  po i n t  F

7 33 A  s im p1y s u ppo r t e d be a m  L  =  15 f t  lo n g i s  c o n s t r u c t e d o f

rw o c  10 ×  20 s l e c 1 c h a n n e l s  (se e  T a b l e  B 10 ) bo 1t e d b a c k  to  ba c k

Usin g a n  a 1lo w a b1e  b e n d i n g s t r e s s  o f  22 k s i
,  

d e te r m i n e  rhc  c e n t r a 1

co n c e n 11a t c d lo a d P M a t  c a n  be  a pp l ie d f o r  t w o  c a s e s

(1 ) The  w e bs  a r e  hn r i z o n l a l (F i g P7 33a )

(b) The  w e bs  a r e  v e r t ic a l (F i g P 7 33b )

'  4
(a ) (b )

Fig u r e  P7 3 3

7 34  A n  5 200  ×  34  s t e e l  be a m  (s e e  T a b 1e  B 9 ) i s  l o a d e d a s

sho w n  i n  & g P7 34 D e t e r m i n e

(a ) The  be n i n g st r ess o n  s e c t i o n  C  a n d a t  a  po i n t  10  m m  be l o w

the  t o p o f  th e  b e a m

(b) T hc  m a x i m u m  be n d i n g s u e s s  i n  t h e  be a m

8 k N l m

四则쁘竺望姓址望如ヨ 。B

F ig u r e  P7 34

7 35 Re w o r k  Pr o b 7 34  f o r  th e  c a s e  i n  w h ic h e n d A  i s  f r e e  a n d

en d B  is  k x e d

7 36 A  1im p le  r e c ta n gu la r  be a m w i th t w o  v e r t i c a l  U s ha pe d

l z W dæ p gr o o v e s  o w s i t c  e a c h o the r  o n  i t s  ge s  a t c (u s e  & g

7 14) is  lo ade d as  s ho w n  i n  & g 7 36 D e t e r m i n e  t hc  m a gn i t u d e  a n d

1o c a1i o n  o f  the  m a x im 11m  d i n g  s u e s s  i n  t h e  be a m  f o r  1w o  c a se s

T he  g r a o v c s  h a v e  a  r a d i u s  o f  r - 5 m m

) T he  gr u o v e s  ha v e  a  r a d i u s  o f  r - I O m m

m  i n  & g & 3 1 u s i n g w  =  800
t o  t he  Dg h t  o f  A
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7 SH EA R ST RESSES IN BEA M S

the  s he a r  f o r c e  a t  1 c r a s s  s e c t i m T he  v e r t ic a l s t r e s s  di s bu t i l  n  i s  c a l le d th  sh
s t r es s  o r  s h e a r  s t r e s s

R e c a l l ' o m  Se c t io n s  5 3 a n d 7 5 tha t  i n  d e v e l o p in g the  t o r s i o n  a n d the  ne x ur efo r m u l a s
,  

the  s a m e  a pp r o a c h w a s e m p 1o y e d T hi s  m a y  be  o u t l in e d a s  fo l 1o w s  : li r s t
,  a  strai nd i s t r i bu t io n  w a s  a s s u m e d a c r o s s  t he  s e c t io n  ; th e n

,  
H o o k e

'

s  ]a w  w a s  a pp l i ed to  re la te  1l«s tr a i n s  t o  s t r e s se s  ; a n d fi n a l 1y ,  c o n d i t i o n s  o f  e q u i l i b r i u m  w e r e  e m p lo y e d [o  e s ta b1i sh thede s i r e d s u e s s  fo r m u 1a s C l e a r ly ,  
w he n  de te r m i n i n g  t h e  s h e a r  s t r e s s d i s t r i bu t io n

,  the  fir s t  tw os te ps  o f  the  p r e c e di n g p r o c e d u r e  c a n n o t  be  u s e d  b e c a u s e
,  

a c c o r d i n g t o  a s su m p t io n  2 o lSe c t io n  7 3
,  

the  s he a r  s tr a i n s  m a y  be  n e g l e c t e d

H o w e v e r a  r e 1a 1i o n x h i p f o r  t he  s he a r  s t r e s s  m a y  be  o bt a i n e d  f r o m  th e  e qu i l ibr im
c o n d i1io n  o f  ho Dz o n t a l ío r c e s

,  
c a u se d by  n o r m a l  s t r e s s  d s t r i bu t io n  gi v e n  by thef le x u r e  f n r m u l a

,  a l o n g th e  a x i s  o f  a  b e a m T h e  sh e a r  f o r m u l a  y ie ld s  r es u l ts  o f
a c c e p t a b l e  a c c u r a c y  f o r  be a m s o r  o r di n a r y  p r o p o r t i o n s  d e l i n e d  i n  Se c t io n  7 1

T he  v e n i c a l  s he a r i n g s t r e s s r .  y  a t  a n y  p o i n t  o n  t he  c r o ss  s e c ti o n  m u s t  be  e qu a 1 to  theh o D z o n 1a l  she a r  s t r e s s '
y r  a t  t h e  s a m e  po i n t  : ' - f j ×  (r e f e r  t o  Se c t i o n  2 10 ) We  thu sc o n c l u de  th a t  ho r i z o n t a l  s he a r  s tr e s s e s  m u s t a l s o  e x i s t  i n  a n y be a m  s u b je c te d t o  a  t r a n s v e rsel o a di n g T h i s  c a n  be  de m o n s tr a t e d by  c o n s ide r i n g a  s i m p l y  s u p po r t e d be a m  m a de  o í

s e p a r a t e  p l a n k s  a s  s ho w n  i n  F ig 7 1 6a W h e n  a  t r a n s v e r s e  1o a d p i s  a pp l i e d 1o  th is  c o m po s i1ebe a m
,  

th e  p l a n k s  s l i de  r e l a t i v e  t o  o n e  a n o t he r
,  a n d  t h e  r e s u l t i n g de f o r m a t i o n  w i l 1 a ppe a r  ass e e n  i n  F i g 7 I ób T h e  f a c t  t h a t  a  s o l i d b e a m  d o e s  n o t  e x h i b i t  th i s  r e l a t iv e  m o v e m e n t  o f1o n g i t u d i n a l  e l e m e n t s de m o n s t r a t e s  t he  e x i s t e n c e  o f  s he a r  s tr e s s e s  o n  ho Dz o n [a 1 (1o n gi tu d i n a l ) p l a n e s  a s  w e 11 a s  o n  v e r t ic a l  (t r a n s v e r s e ) p l a n e s

(b) 

Æ  D ET ERM IN A T 1o N O F T H E SH EA R ST R ESSES
FIG u RE 7 16 Be n d i n g o f  f o u r  

C o n s ide r  a  c a n t i 1e v e r  be a m  w i th a  v e r t i c a l  p1a n e  o f  s y m m e t r y  th a t  s u ppo r t s  c o n c e n m ted a】1d
n o n b o n d e d  p 1a n k s Di s tr ib u te d 1o a d s  (F ig 7 17 a ) A t  a  d is ta n c e  x  f r o m  t he  f l e e  e n d

,  a  s e gm e n t  o f  le n g1h d r  isi so 1a te d by  t w o  a d jo i n i n g se c t io n s  t a k e n  pe r p e n d i c u l a r  to  the  a x i s  o f  thc  be a m Su c h an
e le m e n t  is  s ho w n  a s  a  fr e e  b o dy  in  Fi g 7 17b A l l  i nt ernal  f o r c e s  a n d m o m e n t s  in d c at ed
a c t i n g o n  th i s  e le m e n t  ha v e  a  po s i t iv e  s e n s e I t  c a n  be  a s s u m e d tha t  the  sh e a r  s1r esseshPa r a 1l e l  t o  t h e  s h e a r  ro r c e  V  N o  v a r i a t i o n  o f  s he a r  f o r c e  v o c c u r s  w iu1in  d r

,  
bu t  a  c ha n ge  inbe n d n  g m  or nent  M do e s  t ak e  l a c e f r o m  o n e  s e c  io n  o  the  n e x t N o te  t ha t  o n  the Dgh t s ide  thc

m o m e n t is de s i m a t e d M  +  d M T he  d is t r i bu t io n  o f  n o r m a l  st r esses o r  o n  the  e x p o  f a c e s o f
th e  se gm e n t th e  s t r e s se s  p r o d u c e d by  t he  be n d in g  m o m e n 1s is  a l so  s ho w n  in  the  l igu r eF r o 1D th e  s e gm e n t  o f  F i g 7 17b

,  
w e  i s o l a t e  e l e m e n t  n 1n m

' d  (F ig 7 17c ) T ' e  ñbe ï s  o f
th i s  f r e e  bo dy  n e a r e s t  to  th e  n e u u a l  s u r f a c e  a r e  l o c a t e d a t  a n  a r b i t r a r y  d i s t a n c e y 1 I t s bo 1t o mf a c e  i s  a c t e d u po n  by  the  ho Dz o n t a l  s he a r i n g  s t r e s s e s  Ty r  (the  m a gn i tu ó  o f  w hic h  i s  t o  be
d e t e r 1n i n e d ) p r e s e n t  a t  th i s  l e v e l  o f  t he  be a m WWl e  the  e n d  f a c e s  o f  the  s e gm e n t  a ï e

Z SA
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SH EA R STRESSES 1N  BEA M S

l- d r

y

-

g
(c ) (e ) e 1c m m t ; (d) c r o ss  se c t io n  (e ) she a r

s t r e ss  d is t r i b u t i o n  in  be a m  c 1e m e n t

su bje c tr d to  n o r m a 1 s t r e s s e s  a s  w e l l  a s  t o  t he  v e r t i c a l  she a r  s t r e s s e s
,  

i t s  t o p f a c e  i s  th e

u pper  fa c e  o f  the  be a m  a n d i s  f r e e  o f  s t r e s s A s  a l r e ady po i n t e d o u t  in  Se c t i o n  7 5
,  

the

dist r ibu t i o n  o f  s h e a r  s t r e s s e s  (a s  w e l l  a s  n o r m a l s t r e s s e s ) i s  a s s u m e d t o  bc  1Jm jb r m  a c n o s s

t l1e  t h  o f  th e  be a m  (& gs 7 17d  a n d e ) A l tho u gh n o t  s tr i c t l y c o m t
,  

th i s a s s u m p t i o n  i s

re a so n a bly a c c u r a te  f o r  be a m s  w i t h c r o s s  se c t i o n s w h o s e  w id th i s  le s s  th a n  th e i r  d e p th

The  v a r i a t io n  o f  s t r e s s d i s t r i b u t i o n  a c r o s s  th e  w id th  o f  a  be a m  i s  t r e a te d i n  Re fe r e n c e  7 4

No 1e  tha t  a l 1 she a r  s tr e s s e s  a r e  s ho w n  a s  po s i t i v e  i n  F ig 7 17e

The  ho Dz o n ta l  sh e a r i n g s t r e s s  T y ×  
di s tr i b u te d o v e r  a r e a  b d r  m a y  bc  de te n 11i n e d  o n  th c

ba sis o f  e qu a lbD 11r 11 o f  th e  h o r i z o n t a 1 f o r c e s  a c t i n g o n  the  be a m  s c gm e n L w he r e  b i s  th e

w idth o f  the  be a m  a t  a  d i s ta n c e  y 1 f r o m  t he  n e u t r a l  a x i s T he  n o r m a l  fo r c e  di s tr i bu t e d o v e r

e  le f t  fa c e  m m
'

o n  s ha de d a r e a  A  *  
o f  t he  c r o s s  s e c t io n

,  
f r o m  Eq (7 7 ) ,  

i s

尤l
1

( r x 勿 dz 一

.

竽DA

(n ) y
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s i m i 1a r l y ,  a n  e x p r e s s io n  f o r  t he  n o r m a l  fo r c e  o n  t h e  r i g h t  f a c e  n n
'

m a y  be  w r i tt en  11

R e fe r r i n g t o & g s 7 17 c  a n d d ,  
w e  fin d 1h a t t he  r e q u i r e m e n t  o f  e qu i l i b r i u m  EF

. °  OU

w h i c h r e d u c e s  t o

. - j ,

O bs e r v e  tha t t hc  v e r t i c a l o r  t r a n s v e r s e  s he a r  s t r e s s e s  r w  a c t i n g o n  the  s ide  f a c e s o f  the  be am

e le m e n t  de v e l o p o p po s i t e ly  d i r e c t e d v e r t i c a l s he a r  f o r c e s  þ T h u s  the  c o n d i t io n  EF
y - O is

a l s o  s a t i s fie d

I n te r e s t in g 1y ,  
c o n s id e r  a n  e le m e n t  u n de r  t h e  d i s t r i b u te d lo a di n g w he r e  the  s he a r

JOr c e  V  v a r i e s
,  

r a th e r  th a n  m n 1n
'
n

' (& g 7 17 a ) I n  t h i s  c a s e t he r e  w j j 1 be  V  +  d v  an d

w  (x ) o n  the  f r e e bo dy  d ia g r a m  (F ig 7 1 7b ) H o w e v e r
,  

t he s e  l o a d i n g s  a r e  v e r t ic a l  a n d w 1ll

the r e f o r e  n o 1 be  i n v o 1v e d i n  a  h o r i z o n ta l fo r c e  s u m m a t io n  ; t he  s a i 1i e  r e s u l t  w i l l bc

o b t a \m d So
,  

ìh e  de r iv e d fo r m u 1a
,  

E q (a ) ,  
a 1s o  a p p l i e s  Jo r  c o s e s  i n  w h i c h t he  s he a r fo pct

v  v a r i e s

T H E SH EA R FO RM U LA

R e c a l 1 f r o m  Se c t i o n s  6 5 a n d 2 ] O t h a t  s he a r  a n d  m o m e n t  a r e  r e 1a t e d by  o M l d r - V an d

e q u a 1 s he a r i n g s t r e s s e s  a c t  o n  m u t u a l l y pe r p e n d i c u l a r  p 1a n e s  o f  a  s t r e s s  e l e m e n t  T} ï
- f 17   

Su b s t i t u t i o n  o f  t he s e  i n t o  E q (a ) ,  
t he  h o r i z o n t a l  a n d  v e r t i c a 1 s h e a r i n g  s t r e s s e s  a t  a n y po i n t

o f  t he  be a m  s e c t i o n
,  

a r e  e x p r e s s e d i n  th e  f o r m

r x y
- 石上D4  =  i  (7 13)

丁田 s  i s  c a l l e d  the  s h e a r  f o r m u 1a H e r e  V  i s  t he  t o t a l s h e a r  f o r c e  a t a  s e c t i o n
,  

/  r e p r e s e n ts

t h e  m o m e n t  o f  i n e r t i a  o f  t he  e n 1i r e  c r o s s  s e c t io n  a b o u t  t he  n e u t r a l  a x i s
,  a n d b  de n o t e s  1hc

w i d th o f  t he  be a m  a t  th e  l e v e l a t  w h i c h '  i s  i n v e s t i g a t e d T h e  i nt er nal  r e s u l ta n t  s he ar

f o r c e  V  j s  de t e r m i n e d f r o m  t h e  m e t ho d o f  s e c t i o n s  a n d  t h e  c o n d i t i o n s  o f  e qu i l i bDu m

s in c e  Eq (7 ] 3) w a s  d e r i v e d  i n d i r e c t l y  f r o m  t h e  f 1e x u r e  f o r m u l a
,  

i t  i s  v a l id o n l y fo r

be a m s  o f  1i n e a r l y  e l a s t i c  m a te D a l s  w i th s m a l l d e f l e c t i o n s

T he  i n t e g r a 1 r ep r e s e n t e d  by  Q i s  th e  f i r s t  m o m e n t  o f  the  s ha d e d c r o s s s e c t io n a l  a r e a

A '
w i th r e spe c t  t o  th e  n e u t r a l  a x i s T he  p r e c e d i n g  c a n  be  e x p r e s s e d a s

B y  de f i n i t i o n ,  
i s  t he  d i s t a n c e  f r o m  t he  n e u tr a l  a x i s  z  t o  the  c e n t r o i d  o f  A ' (se e

Se c 1i o n  A 2) I n  th e  c a s e  o f  s e c t i o n s  o f  r e gu l a r  g e o m e t r y ,  
A '

p r o v ide s  a  c o n v e n ie n t

m e a n s  o f  c a l c u l a t in g Q

SH EA R FLO W

T he  s he a r  fo r c e  a c t in g a c r o s s  t h e  w id th o f  a  be a 111 pe r  u n i t  l e n g th a l o n g t he  be a n 1 a x i s

i s  ó t e r m i n e d by  m u 1t i p ly i n g  h  o f  Eq (7 13 ) by  th e  w i d t h b  (& g 7 ] 7d) T his

q u 1 n t i ty  (i n  n e w t o n s  p e r  m e t e r  o r  po u n d s  pe r  i n c h) is  dc s i gn a 1e d q  a n d i s  c a l le d
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(7 15 )

Equ a t io n  (7 15 ) i s  u s e f u 1 i n  t he  s t u dy o f  c o n n e c t i o n s  in  s e c t io n s  o f  a  b u i l t u p  b e a m s

fo r m ed b y j o in i n g t w o  o r  m o r e  m a t e r i a l s

SHEA R O F T H 1N W A LL ED M EM B ERS

Ex pr e s s io n s  (7 1 3) a n d (7 15 ) m a y  be  u se d t o  o b t a i n  the  s he a r in g s t r e s s  a n d t he  s h e a r  f1o w

be t w e e n  a  po r t io n  s u c h a s  c d e f  (F ig 7 18a ) a n d the  r e m a i n de r  o f  a  t h i n w a l l e d  b e a m

l thou g h the  co n t ac t  su r f ac e  c-  is ve r t i ca l . h e  pr oc e d u r e i s the  sa me  as  be f or e an d  i nc l ud es

the  c o m pu t a t io n  o f  Q a b o u t  t he  n e u t r a l  a x i s  o f  a r e a  A '
s h o w n  sha de d in  the  fi gu r e I m a g in e

tha t  se gm e n t  c d e f ,  
b e c a u s e  o f  p u s h  o r  p u 11 a c t i n g o n  i t a t te m p t s  t o  s l i p r e la t i v e  to  t h e  e n t i r e

be a m N o w t he  sh e a r i n g s t r e s s  T u  
i s  e x e r t e d i n  a  v e r t i c a 1 p la n e  o r c u t

"
a n d  d i r e c t e d

pc r pc n dic u 1a r  1o  t h e  p 1a n e  o f  t he  pa pe r S i n c e  t h e  t h i c k n e s s  b o f  th e  &a n ge  i s  s m a l l Th e r e  i s

l iu l e  v a r i a t i o n  o f  t u  a c r o s s  th e  c u t T he r e f o r e
,  

th e  s he a r i n g s t r e s s  T j : z  a c ts  ho r i z o n t a l l y

t 1 z
- Ta ,  (F i g 7 18b ) D e t e r m i n a t i o n  o f  the  s e n s e  o f  th i s  s t r e s s  w i l 1 b e  d e s c r i be d i n  d e t a i l  i n

Se c t io n  7 10 I t  i s  c l e a r  th a t  T x z  r e p r e se n ts  the  a v e r a ge  v a lu e  o f  the  ho r i z o n t a l s he a r  s t r e s s  a t

a n y po i n t  o f  a  t r a n s v e r s e  s e c t i o n  o f  th e  Ra n ge

Eq u a t i o n s  (7 13) a n d  (7 15 ) m a y  a l s o  be  e m p l o y e d t o  d e t e r m in e  th e  s he a r  s t r e s s  a n d

she a r  flo w  i n  o th e r  t h in w a l 1e d m e m be r s  w he r e  th e  c u t t i n g p l a n e s  c c  a r e  in c l i n e d (F i g 7 18c

a n d d ) She a r  s t r e s s  e l e m e n t s  f o r  t he s e  c a s e s  c a n  be  se p a r a t e d a n d ó a w n  s i m i l a r  t o  th a t

sho w n  i n  F i g 7 18b H o w e v e r
,  

t h e  u se  o f  i n c l i n e d c u t t i n g p l a n e s  sho u ld b e  a v o i d e d  u n le s s

the  s ec t io n  i s  m a d e  a c r o s s  a  s m a l l  t h i c k n e s s R e f e r r i n g t o  F i g 7 1 8d w e  n o t e  th a t  t h e  s l i p

be t w e e n  A
'

a n d th e  s o l id a r e a  i s  r e s i s t e d b y  b o th w a 1l s  o f  t h e  t u b e
,  

t hu s  b  =  2 1

F1G U RE 7 18 Sh e a r  s t r e ss e s  i n  v a r i o u s

t h i n w a 11e d  hear ns

(a ) (b)

EX A M PLE 7 6

D e s ig n  f o r  Sh e a r  o f  a  Bu i lt u p Be a m

Gi e n  p o u r w o o d e n  p l a n k s  a r e j o i n e d w i t l 1 n a i l s  t o  fo r m  the  be a m  sh o w n  i n

& B 7 19a (D im e n s i o n s  a r e  in  m i l l i m e te r s ) T he  a l l o w a b1e  she a r  fo r c e  i n  e a c h

n a i l  is F ,
- 16 kN

,  
a n d  t h e  v e r t i c a l  sh e a r  f o r c e  i n  the  be a m  e qu a l s  V =  4  kN

Fin d

(1 ) T he  n e c e s s a r y  s p a c i n g  s l  o f  the  n a i l s  fo r  th e  u ppe r  po r t i o n
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(a )

(b ) T he  n e c e s s a r y s p a c i n g 5 2 o f  t he  n a i l s  f o r  t h e  lo w e r  p a r t

(c ) T h e  s he a r i n g s tr e s s e s  i n  j o i n t s  a Q  a n d  b b  i f  th e  p l a n k s  a r e  g l u e d t o ge the r

i n s t e a d o f  be i n g j o i n e d b y n a i 1s

A s s u m p 1i o n  T he  n a i l s  a n d g l u e  h a v e  a d e q u a t e  s i z e  a n d s t r e n g th r e spec t

iv e ly ,  
t o  r e s i s t  s he a r  f l o w  a t t h e  j o i n t s   

s O L U T I O N T he  m o m e n t  o f  i n e r t i a  o f  t he  e n t i r e  a r e a  i s  c a l c u l a t e d as

/  =  9 I ×  10 6
m m

4 T he  ho r i z o n t a l s h e a r  f o r c e s  t r a n s m i t t e d by t he  thr ee

f la n ge s  a n d t h e  w e b c a n  be  fo u n d f r o m  t h e  s h e a r  fl o w  fo r m u l a

(a ) N a i 1s  f o r  Up p e r  P a r t In  th is  c a s e
,  Q ] i s th e  f i r s t  m o m e n t  o f  a r e a  o f  the

u ppe r  na n ge  a b o u t  th e  n e u t r a l a x i s R e fe 1T i n g t o  F ig 7 19a w e  fi n d

l  =  A ;y 1 
=  100( 20X42 9 ) =  85 8 ×  10 3

m m
3 

(b)

(b)

FIGU RE 7 19 (Q ) C r o s s  s e c t i o n  o f  a
bu i l t u p  be a m  (b) be a m  se g m e n t

(b )

T he  s h e a r  n o w  a t  t he  s e c t io n  a l o n g  l i n e  a a  i s t hu s

V Q1 4 000 (85 8  ×  10  3 )
q l  =  

T  
=  

9 I ×  10 6
37 7 N / m m

w h ic h i s  r e s i s t e d by th e  s e c t i o n  w i t h  t h e  n a i l s Si n c e  th e  l o a d c a p a c i t y o f
the  n a i l s pe r  u n i t  le n g th (F

. .  
/  s l ) i s  e q u a l t o  t he  s h e a r  fl o w  q 1 w e  w Dt e

F
,  1 

16 0 0
s l = 二 4 2 4 m 田

qr l  3 7 7

C o m m e n t  T h is  v a ] u e o r  a s  a  p r a c t i c a l ma t t e  4 0 m m r e pr e se n t s
th e  m a x i m u m  a 11o w a b l e  s p a c i n g o f  n a i l s a t  t h e  u pp e r  f1a n ge  (Fi g 7 19b)
N a i 1s  f o r  L o w e r  P a r t T h e  s e c t i o n  i s  n o w  c u t  a l o n g l i n e  b b a n d t he
c o n t a c t  s u r f a c e  i s  v e r t i c a 1 Fo r  t h e  d i m e n s i o n s  s ho w n  i n  F i g 7 19a w e
o b t a i n

Q2 - A y 2 - 20( 15x57 I ) =  ] 7 1 ×  ] 0 3
m m

3 
(c )

T he n

C o m m e n t  Fo r  c o n v e n i e n c e  i n  c o n s t r u c t j o n
,  t h e  n a i l s  w o u ld p r o ba b lybe  s pa c e d a t  2 10 m m  i n t e r v a l s T h i s  a pp l ie s  t o  bo t h  l o w e r  &a n g e s(c ) G 1u e d j o i n t s T h  e  w  i d t  h s  o f  t h e g 1u e d j o i n t s a r e b 1 - o o 3 m a n d b2 -X n '  %XTXZ ' " ' " E q . (b ) a n d (c ) in t o the

( ·  . )
.

- _

4000 (8 5 8 ×  ] 0 6 )
t b r 9 1 ×  10 6  m - 1 2 6 M P a

(r ) b -

YQ2
_

4000 (17 1 ×  12 6 )
1b2 9 1 ×  10 6 - 376 kp a

L c o m m e n t  T he  r eq u i r e d  s he a r  s t r e n g th  o f  the  g l u e  i s  th u s  l 26 M p a

296
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F 1e  she a r in g s t r e s s e s  a t  a n y  d i s t a n c e  f ro m  t he  z a x i s  a r e  o b 1a i n e d s im i l a r l y a s
i1lu s u a te d fo r  so m e  c o m m o n 1y  u s e d c r o s s s e c t io n a l  a r e a s  i n  t he  fo l 1o w i n g t w o  s e c t i o n s

2 97

s HEA R sTRESS D 1ST RIBUT 1O N

1N RECTA NG U LA R BEA M S

)
.  
8 SHEA R ST RESS D 1ST R1BUT 1o N 1N RECTA NG U LA R B EA M s

The she ar i n s  s t r e s s e s  a t  a n y po i n t  i n  a  t r a n s v e r s e 1y lo a d e d be a m  m a y be  de t e r m i n e d  f r o m  t he

she a r  fo r 1n u 1a  T - v Q/1b Fo r  a  d e t e r m i n a t io n  o f  th e  v ar i a t i o n  o f  s t r e s s  o v e r  t he  be a m  d e p t h
i l  is n e c e s s a r y  t o  e x a m i n e  t he  v a r i a t io n  o f  9 / b be c a u s e  V a n d 1 a r e  c o n s t a n t s  fo r  a  g i v e n  c r o s s

se c t io n I n  o u r  a n a l y s i s w e  s ha l l  a s s u m e  t he  s he a r  s tr e s s  t o  be  u n i f o r m  a c r o s s t he  w i d t h  o f  t he

be a m   

Co n s ide r  a  be a m  o f  r e c t a n g u l a r  s e c t io n  o f  w id t h b a n d de p t h h t r a n s m i t t i n g a

v e r t ic  Æ sbe a r  f o r c e  V  (F i g 7 2 0 u ) T h e  s he a r i n g s t r e s s  a t  th e  d i s t a n c e  } t  f r o m  t h e  n e u t r a l

a x is is

r
。

一 署一 长
2

y dy ぜえ

o r

sho w i n g t h a t  t h e  s he a r  s t r e s s  d i s t r ib u t io n  i n  a  t r a n s v e r s e  s e c t i o n  o f  a  r e c t a n g u 1a r  b e a m  i s

pa r a bo l ic  (F i g 7 20 b ) T he  s h e a r  s t r e s s  i s  z e r o  a t  t h e  t o p a n d bo t t o m  o f  t h e  s e c t io n

U 1 =  / h12 ) a n d h a s  i t s  m a x i m u m  v a l u e  a t  t h e  n e u t r a l a x i s  t l  =  0 )

てm a 风
一 一

面百 一 (7 1フ)

w he r e  A =  bh i s  t he  c r o s s s e c t i o n a l a r e a  o f  t h e  b e a m

Al t ernat i vel y th e  r e s u l t  g i v e n  b y  E q (7 17 ) m a y  b e  o b t a i n e d r e a d i l y  b y c o m p u t i n g

the  fi r s t  m o m e n t  Q o f  o n e h a l f  t h e  c r o s s s e c t io n a 1 a r e a  a bo u t  t h e  n e u t r a l  a x i s  o f  t h e

be a m

T m a x  
=  

V  
A ·  

y  
V (bM 2 ) (h /4 ) 3 V

I b I b Z A

T he  m a x i m u m  s he a r i n g s t r e s s  i s  5 0 %  1a r ge r  t h a n  t h e  a v e r a g e  s he a r  s t r e s s  t 1 v g
V /A a s

in di c a t e d b y  th e  d a s he d l i n e s  i n  F i g 7 20 b

N o te  th a t  the  m a x i m u m  s h e a r  s t r e s s  d o e s  n o t  a l w a y s  m e u r  a t  th e  n e u t r a l a x i s z F o r

ex a m pl e
,  

fo r  a  c r o s s  se c t i o n  h a v i n g n o n pa r a l l e l s i d e s s u c h a s  a  t r i a n g u la r  s e c t i o n t h e

m a x im u m  v a 1u e  o f  Q/ b
,  

a n d he n c e  T m a x o c c u r s  a t  m i d he i gh t  (M 2) w hi le  the  z  a x i s i s  l o c a t e d

a t M 3 f r o m  th e  b a s e  (s e e  PT o b 7 66 )

Z

ム国国
リ 囱团团团 

(a )

(b )

F1G U R E 7 2 0  Sh e a r  s t r e s s e s  in

a  be a m  o f  r e c t a n g u l a r  c r o s s

s e c t io n

U M ITA T IO N S O N T H E U SE O F T H E SH EA R FO R M U LA

Fo r  n a r r o w  b e  (b [  0 52 ) E q (7 16 ) y i e ld s  s o l u t i o n s  th a t  a r e  i n  r e a s o n a b l y  g o o d

agr e e m e n t  w i th  the e x a c t
"

s t r e s s  d i s t r i bu t i o n s  f o u n d by  th e  m e th o d s  o f  the  th e o r y  o f

e las t ic i ty  (R e f 7 4
,  
Sæ t i o n  12 4 ) F o r  a  s q u a r e  s e c t io n  (b =  h) ,  

th e  m a x im u m  s he a r  s t r e s s  a s

c o m pu t e d by e la s t i c i ty  m e th o d s  i s  a b o u t  13 % g r e a t e r  t h a n  g iv e n  b y  E q (7 17 ) I f  b =  4 1 t h e

er r o r  i8 a l m o s t  1 00% C l e a r l y s h e a r  s t r e s s  e q u a t i o n s  ó v e l o pe d h e r e  a r e  a ppl i c a b l e  o n 1y  t o

n a r r o w  S o n s E q u a t io n  (7 17 ) i s  p a r t i c u l a r l y  u s e f u 1 a s  b e a m s  o f  s i n g l e  o r  c o m po s i t e

n a r r o w  r e c t a i 1g u l a r  c r o s s s e c t i o n a l  f o r m s  a r e  o f t e n  e m p l o y e d i n  p r a c t i c e
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A s s t 1m p t i «l n  T he  h i ghe s t  s t r e s s  i s  w i t h i n  t h e  e 1a s t i c  r a n g e  o f  the  m a le r ia】
SO L U T I O N : A f t e r  w e  h a v e  de t e r m i n e d t h e  r e a c t i o n s  by the  a pp l ic a t io n  o f
s t a t i c s t h e  s he a r  a n d be n d i n g m o m e n t  d i a g r a m s  a f e  d r a w n  a s  s ho w n  in  pig7 2 1c T he  a r e a  o f  t he  c r o s s  s e c t i o n  a b o v e  t h e  n e u t r a l a x i s  i s  r e s o l v e d i n to  three
r e c t a n g le s  (F i g 7 2 1d )

(a ) St r e s s e s  a t  E A t  t h e  t r a n s v e r s e  s e c t i o n  t h r o u g h po i n t  E w e  ha ve
VE  = 3 k N  a n d M E  =  4 5 k N m R e f e i T i n g t o  F ig 7 2 1d w e  ha v e

Q 1 =  A  ; ý ] = 0 0 8 (0 0 4 ) (0 0 3 6 7 ) =  117 4  ×  10 6 
m

3

RA 3 kN  R ß  11 kN

M kN   m  

B
A E 1 C 石

如 X

_ w
F1G U RE 7 2 1 (a ) A  be a m  w i t h a n  o v e r h a n g  a n d t w o

- 839 kp a

l o a d s  (b) b e a m  c r o ss  se c t io n  (c ) s h e a r  a n d  m o m e n t  
 1 l , 16 M Pa

d ia g r a m s  (d ) u p p E r  p a r t  o f t h e  c r o s s  se c t i o n  (e ) s t r e s s
c le m e n t  a t  p o i n t  E

佃)

4 .. J
m m

2 0  m m

4  4 o m m

20  m m

(b )

t
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The n

W
_

3000 ( 117 4 ×  10 6 )
t E -

1b 10 5 ×  10 6 (2 ×  0 02)
- 839 kp a

M E C E 4500 (0 0567 0 M )
( TE ° T

-

10 5 ×  I O ' 7 ] ó M Pa

The  s ta 1e  o f  s t r e s s a t  Po i n 1 E  i s  r e p r e s e n t e d i n  & g 7 2 1e

(b) 1a r ge s t  St n s s e s T he  m a x i m u m  s he a r  f o r c e  a n d t he  be n d i n g m o m e n t
in  the  b e a m  a r e  V c a - 7 kN  a n d M ß - 8 kN   m  (F ig 7 2 1 c ) Re fe r r i n g
to  Fig 7 2 1d

,  
w e  o bt a i n

Qm a x
- A ;ý 1 +  2A y 2 - 1 17 4  ×  10 6 

+  2 (0 0167X0 02X0 00 84 )
- ] 23 ×  10 6 

m
3

He n c e

_

Va c Q ©
_

7000 (12 3 ×  10 6 )
m ax 1b 10 5 ×  10 6  0 2  )

- 2 o 5 M P a

© 8000 ( 0 06 33 )
O m a x

-

T
-

10 5 ×  10 6
- 4 8 2 M Pa

w he r e  t he  m i n u s  s i g n  i n d i c a t e s  c o m p r e s s i o n

Co m m e n 1s  C 1e a r ly  r . " o c c u r s  a t  t h e  n e u t r a l a x i s  i n  th e  i n t e r v a l B C  w h i l e

o m u  a pp1i e s  t o  t h e  1】o u o m  f ibe r s  o f  t he  be a m  a t  s u ppo r t  B W e  n o t e  t h a t  i n  th e

c o m pu t a t io n  o f  Q,  
i t  i s  im m a t e r i a l  a s  t o  w he t he r  w e  t a k e  th e  a r e a  a b o v e  o r

be lo w  a  t r a n s v e r s e  l in e  s u c h a s  a a  (Fi g 7 2 1b ) Fo r  i n s t a n c e Q. . . .  u s i n g t he

u e a  be l o w  t h e  n e u t r a l a x i s  is

0 08(0 06 33 ) (0 06 33 / 2 ) 0 04 (0 04 33 ) (0 04 33 / 2 ) =  12 3 ×  106 
m

3

7 9 SH EA R ST RESSES IN B EA M S O F C1RCU LA R CRO SS SECT 1o N 1 =

Cn n s i t le r  a  c a n t i l e v e r  be a m  o f  c i r c u l a r  c r o s s  s e c t io n  o f  r a d i u s  c  s u ppo r t i n g a  c o n c e n t r a t e d

lo ad p a t  it s  f r e e  e n d (& g 7 2 2a ) T h e  s he a r  fo r c e  V in  t h i s  be a m  i s  c o n s t a n t  a n d e q u a l  t o  t he

m agn i tu de  o f  the  l o a d P - V F o r  th e  be a m  o f  c i r c u l a r  c mo s s  s r c t io n ,  
t h e  a s s u m p t i o n  th a t  a l 1

F1G U R E 7 2 2 A  c a n t i 1e v e r  w i t h
c i r c u l a r  c r o s s  se c t i o n  (a ) c a n t i
l e v e r  su b je c t e d t o  a  1o a d  P

(b) s he a r  s t r e s s  d i s t r ib u t i o n  o n  a

c i r c u 1a r  c r o ss  s e c t i o n

2 9 9
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c a n  e x i s t  o n  the  f r e e  s u r f a c e  o f  a  be a m  n o  s he a r  s t r e s s  c o m po n e n t  c a n  a c t  n o r m a l to  1I

b o u n da r y T he r e fo r e
,  

the  s he a r  s t r e s se s a t  l in e  a b  a c r o s s  the  c r o s s  s e c t io n  a r e  n o t pa r a llel

to  the  y  a x i s  a n d c a n n o t  be  d e re r m i n e d by t he  s h e a r  f o r m u l a
,  

T - v g / l b

T he  m a x i m u m  s h e a r  s t r e s s e s  o c c u r  a l o n g  t h e  n e u t r a l a x i s  z  a n d a c t pa r a ll e l To  1he }

a x is W e  m a y a s s u m e  t ha t  th e se  s t r e s s e s  a r e  u n i f o r m  a c r o s s  the  w id t h ¡ i n e  de ) o f  ó e

be a m T he y  a r e  w i th i n  a bo u t  5 pe r c e n t  o f  the i r  t r u e  v a l u e  (R e f 7 4 Se c t io n  ] 22) So
,  h e

s he a r  s t r e s s f o r m u l a  m a y  be  u s e d t o  c a l c u l a t e  w i t h  r e a s o n a b l e  a c c u r a c y  lhe  she a r  s t r esses

a t  the  n e u t r a l a x i s T he  a r e a  p r o pe r t ie s fo r  a  c i r c u l a r  c r o s s  s e c t i o n  o f  r a d i u s  c  (se e  Table

B 6 ) a r e

r r c
4 1 r c

2 {< 1 2 c
3

/  =  T  Q =  A '

y -

T
- (a)

a n d  b =  2c T he  m a x im u m  s he a r  s t r e s s  i s  the r e f o r e

i m a x
-i m a x
- "" 188)

w he r e  A  i s  the  c r o s s s e c t i n m \ ï a r e a  o r  t he  be a m T h e  p r e c e di n g e q u a t i o n  s ho w s tha t  the

1a r ge s t  s he a r  s tr e s s  i n  a  c i r c u la r  be a m  i s  a bo u t 4 / 3  t i m e s  th e  a v e r a ge  s he a r  s 1r e s s  r * v g
- Wl

I n  F i g 7 22b
,  

the  r e c t i o n  o f  the  s he a r  s t r e s se s  a r e  d e p i c t e d a c t in g do w n
,  

w hi c h a gr ees

w i t h th e  d i r e c t io n  o f  t he  s he a r  f o r c e  \

H O LLO W  C1RCU LA R B EA M S

Z

FIG U RE 7 2 3 H o l lo w  c i r c u l a r

c r o s s  s æ t i o n

Equ a t io n  (7 18) i s  a pp l i c a bl e  w i t h e qu a l r i g o r  t o  c i r c u l a r  t u b e s  a s  w e l l (F ig 7 23) ,  
s in c e  the

s a m e  a s s u m p t i o n s  a s i n  t he  p r e v io u s  de r i v a t i o n  a r e  v a l i d H o w e v e r i n  th i s  c a s e  by Eq (A 3),

w e  ha v e

Q =  : ( ·  c î) b =  2 (c 2 c j  ) A  =  7r  ( ·  ] c f)
a n d

H e n c e ,  
t he  m a x i m u m  s he a r  s 1r e s s  i s  e x p r e s s e d a s

v g  4 v
T m a x

- -

3l i (7 19)

W e  n o te  tha t
,  

f o r  c l - O
,  

t hi s  r e d u c e s  t o  E q (7 18) f o r  a  s o l id  c i r c u la r  be a m ,  
as

e x pe c t e d I n  t he  s pe c ia l c a s e  o f  a  t h i n w a 11e d t u b e
,  s pe c i f ic a l ly  w e  h a v e  r l t  I O

,  
r  a n d 1

r e p r e s e n t  the  m e a n  r a di u s  a n d th ic kn e s s
,  r e s pe c t i v e ly A s  a  the o r e t i c a l  l im i t i n g c a s e ,  

l e t ting
c 2 - c l - r

,  
the  & e c c d i n g f o r m u l a  g i v e s  i m a x - 2 V/A

7
.  
10  SH EA R STRESS D 1ST RIBUT 1O N  IN  FL A N G ED BEA M S

t h e  di s t r i bu t io n  o f  s he a r i n g s t r e s s e s  i n  be a m s  w i th  f l a n ge s  (w be a m s  a n d I be a m s ) m a y bc

de t e r 1n i n e d  by  a pp ly in g Eq (7 13) Th e  s a i 11e  p r o c e d u r e  p r e v i o u s ly  a pp l ie d t o  r e c ta n gu lar

be a m s  i s  e m p lo y e d he r e A s  be fo r e
,  

i t  is  a s s u m e d  t ha t  the  sh e a r i n g s t r e s s e s  a c t  pa r a l l e l 1o  thc

v e r t i c a l  a x i s  o f  s y n u n e t r y  b ) a n d a r e  u n i f o r m  a c r o s s  th e  w id t h o f  th e  be a m H o w c v a 1
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be c a u s e  o f  the  s ha pe ,  
th e  d i s t Db u t i o n

c a s e  o f  a  r e c ta n g u l a r  be a m

SHEA R ST R ESSES IN  W EB S

o f  t he  s he a r  s t r e s s is  m u c h m o r e  c o m p l ic a te d  t h a n  in 30 1

SH EA R STRESS D 1ST R1BUT 1O N

1N FL A N GED B EA M S

Co n s ide r  a  t1a n gc d be a m  s u  Æ c c t c d t o  a  v e r t i c a l  she a r  fo r c e  v (F ig 7 24 a ) T o  be g i n  w i t h
,  

w e
w i11 dcr mi ne 山 c  s h e a r  s tr e ss  a t  l o c a t i o n s  e f  i n  thc  w e b o f  the  be a m T he   a r e a  u s e d  i n
c a l c 1r la t i n g the  fi r s t  m o m e n t  Q be c o m e s t he  a r e a  be t w e e n  e f  a n d the  u ppe r  e dge  o f  t h e  c r o s s

'f

se c t io n  XW.  s ha d e d i n  t he  f ig u r e i T h is  c o n s i s ts ' " h e  Ha n ge  a n d the  w e b  a r e a s
/

re spe c t i v e ly,

A ンー b (c c l ) A 一 I . (c 1 y 1) (b )

The  di s 1a n c e s  f r o m  th e  z  a x i s  t o  the  c e n t r o id s  o f  t he  a r e a s  a n e

711e  she a r  s t r e s s  T j F   
is  t r e a t e d a s  a  c o n s t a n t  o v e r  t h e  w e b th i c k n e s s T h e n fo r  o [  } l  [  c l

v g  V
r  =  (A ý f  +  A y . ) (7 20)

Upo n  i n t r o d u c i n g E q s (b ) a n d (c ) a n d s im p l i f y i n g Eq (7 20) y ie 1d s  t he  f o l 1o w i n g
e x pr e s s io n  fo r  the  s h e a r  s t r e s s  i n  t h e  w e b o f  th e  be a m

t x y  
=  

n  [b (c  
2 c  +  t .  (c  d y +) ] (7 2 0

The  m o m e n t  o f  i n e r t i a  o f  t he  e n t i r e  c r o s s s e c t i o n a l a r e a  a bo u t  th e  n e u t r a l a x i s  i s

12 12 3

V

Equ a t io n  (7 2 1) s h o w s  th a t  T x y  
v a r i e s  p a r a b o l i c a l ly  t h r o u gho u t  t he  he i g h t  o f  t h e  w e b

(Fig 7 24b) T h e  m a x i m u m  s h e a r  s t r e s s  t a k e s  p l a c e  a t  th e  n e u t r a 1 a x i s  O 1 =  O) a n d

m i n i m u m  sh e a r  s t r e s s  i n  t h e  w e b  o c c u r s a t  t h e j u n c t u r e  w i t h the  f1a n ge  1  =  / c l ) S o f r o m

Eq (7 2 1) w e  o b t a i n

( r
砂 )

一 一
一 麦(b  c  

2 bc + 1. c f)
* i  B W (7 23 )

( ·  . . ) .  i .  
=  X (c  

2
c d)

L 1 : w

N o te  tha t w he n  t w  «  b t h e  v a l u e s  o f  t he s e  s t r e s s e s  do  n o t  di f r e r  a pp r e c i abl y E x a m p l e  7 8

w i 1l  c o m pa r e  t h e  n u m e r i c a 1 v a l u e s  o f  t h e  m a x i m u m  a n d m i n i m u m  s t r e s s e s  fo r  a n  o r d i n a r y

I be a n  s e c t io n

SHEA R ST RESSES 1N FL A N G ES

A n  e x pr e ss io n  fo r  sh e a r i n g  s t i e s s  i n  be a m  f l a n ge s  c a n  be  w Dt te n  s i m i l a r  t o  dia t  de s c r i be d i n

the  pr æ e d in g T he r e fo r e f o r  c l [  } i  [  c w e  ha v e

てx y
一 【b (· y 1)(} l 十

む ツり内]
Si m n l i f v i m m' "pl 1[ yi ng,

w hic h r e p n t s  a  p a r a b o l i c  v a r i a t i o n  o f  s t r es s ,  
a s i n d i c a te d in  & g 7 24 b

(7 24)
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Re fe r r in g a ga i n  t o  F ig 7 24 b
,  

w e  o b s e r v e  th a t  f o r  a  t h i n  n a n g e th e  s t r e s s  i s  v u y r m a 1l  as

3 
c o m pu e d w i th t he  s he a r  i n  t he  w e b T h u s  t he  a p p r o x i m a t e  m a x i m u m  o r  a v e r a g e  s h e a r

(7 25)

T h is sho w n  by the  do t t e d 1i n e s  in  t he  f i g u r e ,  
i s  o f t e n  u s e d i n  d e s i g n  w o r k

T he  m a g n i tu de  o f  t hc  h o r i z o n t a l s he a r in g s t r e s s  T x z  a c r o s s  a n y s e c t i o n  c c  o f  the  Han ge

(& g 7 24b m a y be  o b ta i n e d u s i n g Eq (7 13 ) AS W a s  i n d i c a t e d i n  Se c t io n  7 7 T he c u t c c is

l o c a t e d a  d i s ta n c e  s  ' o m  the  f r e e  e dge T h e  fi r s t  m o m e n t o f  a r e a  A
'

_ s rl  a bo u t  th e  z  a x is

Q =  s ry(c 1f / 2) T he  she a r in g s t r e s s a t  r c  i s  t h e n

(7 26)

T he  di s t r i bu ti o n  o r  s he a r  s t r e s s o n  t he  n a n ge  i s  l i n e a r  w i t h s ,  
a s  E q (7 26 ) i n d i c a te s

M a x i m u m  s he a r i n g  s t r e s s  o c c u r s  a l  s - b/ 2

(1 27)

SO M E U M IT A T IO N S O F T H E SH EA R ST R E S S FO R M U LA

T he  s he a Dn g  s t r e s s  e q u a t i o n s  de v e l o p e d i n  t h i s  s e c t i o n  a r e  q u i t e  a c c u r a t e  w he n  e m p l o ye d

fo r  c a l c u 1a t i n g s h e a r  s t r e s s e s  i n  t he  w e b H o w e v e r t h e  a s s u m p t i o n  t h a t  s h e a r  s t r e s s  is

c o n s t a n t  a c r o s s  the  w id th b o f  t he ß a n g e s  c a n n o t  b e  m a d e
,  s i n c e  a t  t h e  f 1a n ge w e b j u n c t io n

the r e  i s a  s u dde n  c r o s s s e c t i o n a l  c h a n ge  a n d  s o  a  s t r e s s  c o n c e n t r a t i o n  o c c u r s  he re

(F ig 7 24 a ) F u r the r m o r e Fo r  y 1 =  h , / 2 the  s t r e s s  d i s t r i b u t i o n  g i v e n  b y  E q (? 24 ) is

fi c t i t i o u s T hi s  i s  t r u e  d u e  t o  t h e  o b s e r v a t i o n  t h a t  t h e  i n n e r  s u r f a c e s  (a b  a n d Cd) o f  the

f l a n ge s  m u s t  b e j r e e  o f s f1e a r i n g  s t r e s s  (T  =  O) ,  
i n a s m u c h  a s  t h e y  a r e  to a d f r e e  b o u n d a r ie s

o f  the  be a m B u t  a c r o s s  j u n c t io n  c d
,  

t he  s he a r  s t r e s s  i s  a  m i n i m u m  (h ) m i .
T he  p r e c e d n g

c o n t r a di c t io n  c a n n o t  be  r e s o l v e d b y t e c h n i c a l  t h e o r y  ; th e  t h e o r y  o f  e l a s t i c i t y  o r  f in i t e

e 1e m e n t  a n a l y s i s  (F EA ) m u s t  be  a p p l i e d t o  o b t a i n  a  c o l T e c t  s o l u t i o n T h e  w e b c a r r i e s

a l m o s t  a 1l o f  t he  s he a r  fo r c e a n d s o  th e  v e r t i c a l  s h e a r  s t r e s s e s  i n  t h e  f l a n ge s a r e  s m a l l T he

di s tr i b u t i o n  o f  s he a r i n g s t r e s s e s  T n   
a t  th e  j u n c t i o n  o f  r l l e  w e b a n d  t h e  ß a n g e  i s  q u i te

c o m p le x a n d be a m  a r e  p r o v id e d  w i t h ß l l e l s  a t  t h e s e  p o i n t s  t o  r e d u c e  c o n c e n t r a t io n s

o f  s t r e ss

Z

F1G U RE 7 2 5 Sh e a r  no w  in  a

Ra i 1ge d be a m

SH EA R FLO W

T he  v a Da t i o n  o f  v e r t i c a l a n d h o r i  z o n t a l s he a Dn g s t r e s s e s
,  

o r  5 l i e o r j zo w  o v e r  th e  e n t i r e  c r o s s
s e c t i o n a l a r e a

,  m a y  be  de p i c t e d a s  in  F ig 7 25 T h e  s e l l s e  o f  th e  h o r i z o n t a l  s h e a r  s t r e s s  Tx z  m a y
e a sj ly  be  o b t a i n e d f r o m  the  s e n s e  f the  v e r t i c a l  s h e a r i n g s r e s ' w  I n  th e  w e b

,  
t h e l a t t e r is  the

s a m e  a s  t he  s e n s e  o f  the  s he a r  fo r c e  V N o te  th a t  th e v e r t i c a l  s h e a r  s t r e s s e s  T x y  
in  th e f1a n ge s  a r e

s m a l l  c o m p a r e d w i th the  ho r i z o n t a l s he a r  s t r e s s e s  T j rz  a n d a r e  n o t  s h o w n  i n  th e  f ig u r e

EXA M PLE 7 8

Sh e a r  St r e s s e s  i n  a  F l a n g e d Be a m

G i v e n  A  w ide fl a n ge  be am  i s  s u b je c t e d t o  a  c o n c e n t r a t e d l o a d p - 6o kNa c t i n g do w n w a r d a t  the  f r e e  e n d
.  As  sho w n  i n  Fi g 7 26 a D i m e n s io n s  o f  thec r o ss  se c t i o n  (in  m i l l i m e t e r s ) ar e  gi v e n  i n  F i g 7 26b



Scanned by CamScanner

?
F  

= l 73 M Pa "í  
12

1 l w

/
3 3 8

.

M Pa

29 5 M PÄ

(b) (c )

F in d

(a ) T he  m a x i m u m  a n d m i n i m u m  s h e a r i n g s t r e s s e s  i n  th e  w e b

(b) T he  m a x im u m  v e r t i c a l  s he a r  s t r e s s  i n  th e  f l a n ge s

(c ) T he  m a x i m u m  h o r i z o n t a l  s h e a r  s tr e s s  i n  th e  fl a n g e s

(d) T he  a v e r a g e  v e r t i c a l s h e a f i n g  s t r e s s  i n  t h e  be a m

A ss u m p t i o n  T he  be a m  i s  p r o v i d e d w i t h fi l l e t s  a t  the j u n c t i o n  o f t h e  w e b a n d

Ha n ge  t o  r e d u c e  the  s t r e s s  c o n c e n t r a t i o n s

SOL U 71 0 N Su b s t i t u t i o n  o f  th e  d a t a  g i v e n  i n t o  E q (7 22) y i e ld s

1 =  : [ 120  ( 12 7 ) 
3 120 ( ] 15 ) 3 

+  8 (115 ) 
3 ] =  50 3 ×  106 

m m
4

(a ) Th e  s t r e s s e s  I n  th e  w e b  a r e
,  

f r o m  E q s (7 23) ,

60 ×  10 3

(r ay ) m u
-

2 (50 3 ×  10 6 ) (0 00 8)

x  10 12 (0 127 ) 2 0 12 (0 115 ) 
2 

+  0 008(0 115) 2 ]

- 33 8 M Pa

60  ×  10 3 

[0 12(0 127 ) 2 0 12(0 115) 
2 ]

(' s ) m i .
-

2 (50 3 ×  ói i o 008i

- 26 lv1p a

3 0 3
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60  ×  ] 0 3

( ·   r y ). .
-

2 (50 3 ×  10 6 ) 
1(0 1 2 7 ) 2 (0 115 ) 2 ] =  1 73 M p a

N o t e  th a t  r 1y  + '
ï ï  fo r  t he  e l e m e n t s  s u c h a s  d  o r  e  s ho w n  i n  & gu r e  7 26a

T he r e fo r e b o u n d a r y  c o n di t io n s  a r e  n o t  s a t i s l i e d a t  the  l e v e l a b
(c ) T h e  u s e  o F E q s (7 27 ) r e s u l t s  i n  h o r i z o n t a l  s h e a r  s t r e s s  i n  t h e  ll a n gt

60  ×  ] 03

(r x z ). . .
-

2 (50 3 ×  1o 6 ) 
(0 1 2 7 0 006 ) (0 ] 2 ) - 8 69 M p a

(d ) A p p ly i n g Eq ' " '

- r
' " h ,  be a . . .

C O mme n t  A l l  s t r e ss e s  o b t a i n e d b y  v i r t u e  o f  s y m m e t r y  a r e  a l s o  a pp 1ic a ble
t o  the  1o w e r  h a l f  o f  t he  s e c t i o n T h e  r e s u 1t s  f o r  t h e  v e r t i c a l s t r e s s e s  r q  a r e
Plo t t e d i n  F i g 7 26 c O b s e r v e  l h a t  th e  a v e r a g e  s t r e s s  2 9 5 M p a  d i& e r s by a bo u t13 %  f r o m  t h e  m a x im u m  s t r e s s  o f  33 8  M P a  f o u n d by  t h e  a c c u r a t e  e q u a t io n  in
pa r t  (a )

7 1 1 CO M p A R ISO N  O F SH EA R A N D  B EN D 1N G ST RESSES
Th e  de f o r m a t in n a l  be h a v io r  o f  be a m s  w a s  i 1111s ï r a t e d th r o u g h t he  a s s u m p t i o n s  d i sc u s se d inSe c 1i o n  7 3 T he  s he a r i n g a c t io n  w a s  c o n s i d e r e d n e g l i g ib l e  a n d th e  t r a n s v e r s e  l o a d s  a ppl ie d

m a gn i t u de s  o f  th e  be a m  &e x u r a l  a n d s he a r i n g s t r e s s e s

to  a  s le n de r  be a m  w e r e  s u p po r t e d by  be n d i n g a c t i o n T h i s  m a y  be j u s t i f ie d  by  c o m pa r i n g thc

Co n s ide r f o r  e x am p1e th e  be n d i n g o f  a  s im p l y  s u p p o r t e d r e c t a n g u l a r  be a m  s u bje c tedt o  a  c e n t r a l  l o a d as  s h o w n  i n  F i g 7 27 T h e  s he a r  a n d m o m e n t  d i a g r a m s  (r e f e r  t o  F ig 6 I I )i n di c a te  th a t  the  m a x i m u m  be n d i n g m o m e n t  o c c u r r i n g a t  m i d s p a n  h a s  a  v a 1u e  o f  p U 4 a n dthe  s he a r  f o r c e  h a s  a  c o n s n t  v a l u e  o f  P / 2  be t w e e n  e a c h s u ppo r t  a n d l o a d p T h u s
,  

u s in gEq (7 17 ) ,  w e  h a v e

T m a x  =  

3 V  3 P / 2 3 P

1 B u 11 l  c q 1 1 o i w e  o b t a i n  th e  be n d i n g s t r e s s

¡ m a 孔
一

ヒ
ー

(P U 4 Kh12 ) 3 P
岫 丽 一

2 石 徇

乙w ぽ ' " · · · · · © ' '

304
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T he  r a t io  o f  the  m a x im u m  s he a r i n g s u e s s  t o  t he  m a x im u m  be n d i n g s t r e s s  pr o v i d e s  a

m e a s u r e  o f  be a m  s 1e n de m e s s

.  m "

-

'

z
'
\  

h 

A) (c )

1f
,  

fo r  i n s t a n c e
,  

L  =  100
,  

t he  q u o t i e n t  i s  o n ly  1/ 20 Fo r  a  s l e n d e r  be a m
,  

h «  L
,  

a n d  t h e

she a r i n g s t r es s r 1 y  
i s  the r e fo r e  m u c h s m a l l e r  t ha n  the  b e n di n g s t r e s s a .  

30 5
CO M PA RISO N O F SH EA R

A N D BEN D 1NG ST RESSES

T he  a pp l i e d 1o o d is  r e s i s t e d p r i m a r i ly b y t he  b e n d i n g s t r e s s e s  i n  a  s l e n de r  be a m W e

e m ph a s i z e  tha t  o n 1y  in  v e r y  s ho r t  b e a m s  a r e  the  she a r  s t r e s s e s  l i k e 1y t o  b e  o f

i m po r t a n c e  i n  c o m pa Ds o n  w i t h th e  be n d i n g s t r e s s e s

T he  f o r iego i n g c o n c l u s io n
,  

a p p l i e s
,  

i n  m o s t  c a s e s
,  

to  be a m s  o f  v a r i o u s  c r o s s s e c t i o n a 1

sha pe s  th a t  a r e  s u b j« t e d to  a n y ty p e  o f  l o a d i n g O f  c o u r s e
,  

t he  f a c t o r  o f  p r o po r t io n a l i t y  i n

Eq (c ) w i l l  be  di f r e r e n t  fo r  be a m s  o f  d i f r e r e n t  c r o s s s e c t i o n a l f o r m s  a n d fo r  di f ï c r e n t  k i n d s

o f  l o a ds  (s e e  Pr o bs 7 72 a n d 7 7 3 ) A  f i n a 1 po i n t  t o  be  n o t e d i s  t h a t  i t  i s  po s s i bl e  fo r  a  b e a m  t o

be  lo a de d n e a r  a  s u ppo r t  s u c h th a t  t h e  s h e a r i n g s t r e s s i s e v e n  g r e a t e r  t h a n  t h e  be n di n g  s t r e s s

l :
CA SE ST U D Y  1 B

St r e s s e s  i n  a  Lo a d e r  A r m

G i v e n  : T he  pa r t  o f  a  hy d r a u l i c a l l y  c o n t r o l le d l o a d e r  a r m  i s de p i c t e d i n

& g 7 28 G e o m e u y  a n d  l o a d in g a 【e  k n o w n  f r o m  Ca s e  St u d y I A T he  ar m  i s

m ade  o f  s te e l tu b in g ,  
f o r  w h ic h the  u l ti m a t e  s t r e s s e s  i n  t e n s i o n  a n d s he a r

a1e  o «
- 450 M Pa  a n d T *

- 290  M P a
.  

Re s pe c t i v e 1y T he  d i m e n s i o n s  o f  th e

m em be r  a l e

o 2 - 60  m m  c 1 - 4 5 m m  L  =  2 4 m

: 
m m  

Z  

·  3 98 M P1

FIGURE 7 28 (a ) p o r t i o n  o f  a r m  a 8  a  c a n t i l e v c r  be a m  (b) s t r e s s  d is 1r i bu t i o n  a t  a  c r o ss  sæ t io n
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t in d : T he  m a x i m u m  s t r e s s a n d f a c t o r  o f  s a f e t y

AUn1pt i ons : T he  m o s t  l i ke l y f a i l u r e  p o i n t  i s a t  t he  fi x e d e n d t hr o u gh H Tl*
e f fe c t  o l  she a r  in  the  s u e s s  d i s tr i bu t io n  i s  n e g l e c te d P a  r  t  H  D  o f  t he  a  r  m  m ay be
m o de 1e d a s a c a n t i le v e r  w i th t he  m o r e  m a s s i v e  po r t i o n  a t  i t s  1e f t a n d se r v ing aB
a

"

g r o u n d f r a m e
"

SO L UT 1O N Se e  Fig s 2 20
.  

2 2 1
,  

a n d 7 28

T he  1o c a t i o n  o r the  c r i t i c a l  po in t i s  a t  K
,  

w h e r e  th e  m a x i m u m  m o m e n t  a n d the
s he a r  fo r c e  a r e

M .  PL - 10  (2 4 ) =  24 kN   m

V _ P  =  I OKN

T he  c r o s s s e c t io n a l a r e a  p r o pe r t ie s a r e

A 一 n (ペ c f) 一 r r (602 4 5 2 ) 一 4 94 8 ×  】0 3m2

; (c  \ c n =  (604
4 5 4 ) =  6 9 58 ×  106  

m m
4

Eq (7 8) w e  t he n  ha v e

T he  m a x i m 11m  t e n s i 1e  s t r e s s  d u e  t o  t h e  be n d n g o c c u r s  a t  po i n t  K By

M c 2 2 4 ( 10 3) (0 06 )  m a x
一

丁 6 9 5 8 ( 10 6 )
=  207 M P a

w hi 1e  the  s he a r i n g s t r e s s  i s  z e r o
,  r  =  O a t  p o i n t  K T he  m a x i m 11ï 11 s h e a r i n gs t r es s  ta k e s  pl a c e  a t  t h e  n e u t r a l  a x i s  z  a n d  i s  p a r a l l e l t o  t he  y  a x i s  (F ig ? 29b)T hr o u gh th e  u s e  o f  E q (7 19)

てm a x 一

4 v 르十 c 1c 2 十 矸
3A  = e a

4 (10  ×  10 3 ) 60? +  (60) (4 5) +  (4 5 ) 2
3(4 94 8 ×  10 3 1 602 +  4 52

=  3 9 8 M Pa

T h i s  i s  a  v e r y  l o w  s t r e s s  fo r  the  spe c i f1e d  m a t e Da l T he  be n di n g s tn e s s  v a n i she sa t  t he  n e u t r a l  a x i s
,  c TH  =  0 T he  f a c t o r  o f  s a f e l y  i s  th e r e f o r e

4 50
n s  =  

zf i  =  2 17

T he  pr e c e d i n g i s  s a t i s f a c t o r y  be c a u s e  t h e  a r m  i s  m a d e  o f  a v e r a ge  m a te r i a l  a n di s  o pe r a t e d in  a n  o r d in a r y  e n v i r o n m e n t  a n d c a r r ie s  lm o w n  f o r ic e sCo m m e n t s  S t r e s s e s  a t j o in t s  o f a  l o a d e r  t r u c k  a r e  e x pe c t e d t o  be  qu i t e  1o w e rtha n  t he  u l t i m a te  s t r e n g th o f  th e  m a t e r i a l  (s e e  C a s e  s h 1d y  I A ) A  m o r ec o m pl e t e  a n a ly s i s  m a y  a ls o  be  d o n e  by  f i n i te  e l e m e n t  a n a ly s i s  t o  o b t a in  tbes t r e s s e s  a n d d e fo r m a t i o n s  a t  m a n y  o th e r  l o c a t i o n s  o n  t he  a r m

30 6
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EX A M PLE 7 9

St r e s s e s  i n  a  Lu g N u t  W r e n c h

W/ï/

A ss u m p t i o n  T he  lo a d F  a c t s  pe r pe n d i c u l a r  t o  th e  a x i s  o f  t he  w r e n c h i n  t he

v e r t ic a l ( ) p 1a n c

SO ï UT I O N

w r e n c h a r e

T h e  p r o pe r t ie s  o f  th e  c i r c u l a r  c r o s s s e c t io n a l a r e a  o f  the

d  20
C 一

2
-

了
一 10 m m

A  =  

1r  
d 2

_ (2 0 ) 
2

_ 3 14 159 m m
2

4  4

/ _

"

(2 0 ) 4 _ 7 854 ×  103 
m m

4

64 64

Fr o m  in spe c t i o n
,  

w e  s e e  t h a t  th e  m a x i m u m  t e n s i l e  s t r e s s  i s  a t  a  s t r e s s  e l e m e n t A

o n  the  to p s u r fa c e  a t  th e  l e f t  e n d
,  

w h i l e  th e  l a r ge s t  s he a r  s t r e s s  o c c u r s  a t  a n

e 1e m e n t  po i n t  B  a t  th e  n e u t r a l a x i s  a l o n g t h e  l o n gi t u d i n a l a x i s  o f  the  w r e n c h

(& g 7 30) M e  be n d i n g m o m e n t  M  a t  t he  l e f t  e n d a n d t he  s he a r  f o r c e  V a t  a n y

Cr o ss  se c t io n  a f e

M 一 下乞 一 500 (0 3) 一 150 N m

(a )

L u g w r e n c h

L=

M o de l

1  d
r=

(b)

F1G U RE 7 29 (Q ) T i gh t e n i n g t he  1u g n u t s

o n  a n  A T V  w i t h a  1u g n u t  w r e n c h

(b ) Sc h e m a t ic  1u g w r e n c h a n d i t s  m o d e 1 a s

a  b e a m

F

V - F  =  500  N

T he r e fo r e
,  

the  s tr e s s e s  a t A a n d B
,  

t h r o u gh t he  u se  o f  Eq s (7 8) a n d (7 18) ,

u e  r e spe c t i v e ly
M c  

4 V

a m a x
- T  

t m a x
-

3l

x  A
d - 2o  m m

3 0 7

o T
=  34 5 M Pa '

y  
=  2 I O M Pa  (f r o m  T a bl e B 4 )

Fin d T h  m a x i m u m  b e n d i n g s t r e s s  a n d t h e  m a x i m u m  s he a r  s t r e s s  i n  the

w r e n c h

F1G U RE 7 30 St r e ss  e 1e m e n t s  a t  A

a n d  B  o n  l hc  s u r f a c e  o f  t he  lu g w m 1c h
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u po n  s u bs t i t u t i n g th e  n u m e r i c a l  v a l u e s  i n t o  t h e  p r e c e d i n g e q u a t io n s w e

o bt a i n  t he  m a x i m u m  s t r e s s e s  in  t he  w r e n c h

150 (0 0 1
O m a A 77 885544  (10 9 )

199 1 M Pa

4  (50 0 )
2 ] 2 M Pa

i m a x  
=  

3(3 14 ] 59 ×  10 6

T he  f a c t o r  o f  s a f e ty a ga i n s t  y ie l d in g i n  b e n d in g i s

n s

心ソー 苎5
I 8 1

o m a x  
19 1

T he  m a x i m u m  s he a r  s t r e s s 2 ] 2 M P a
,  

i s  v e r y  l o w  c o m p a r e d w i t h t he  s ha r e

y i e l d s t r e n g th o f  th e  s t e e l

C o m n ] e n t  W e  sho u l d  b e  concer ned w i t h t h e  w r e n c h pe r m a n e n t l y d e f o r m i n g
w he n  s o m e o n e  s t e p s  o n  i t  t o  l o o s e n  o v e r t i g h t e n e d n u t s F o r  s u c h c a se s the

w r e n c h m u s t  be  r e de s i g n e d by s h o r t e n i n g  i t s  l e n g th L i n c r e a s i n g d i a m e t e r  d
,  

o r

u s in g a  c o ld r o 1l e d s t e e l  w i th h i gh y i e l d  s t r e n g th

* 7
.  
12 D Es IGN o F p R1s M A T Ic  BEA M S

u u r  c o n c e m i n  thi s  se c t i o n  w i l l  be  th e  e l a s t i c  d e s i g n  o f  p r i s m a [ i c  be a m s  f o r  s t r e n g t h W e  sha l l
s e l e c t  th e  d i m e n s i o n s  o f  a  be a m  s u c h t h a t  i t  s a f e l y  c a r r i e s  a p p l i e d l o a d s  w i th o u t  e x c e e d in g the

a 1l o w a ble  s u e s s e s  i n  bo th fle x u r e  a n d  s h e a r T h u s  t h e  d e s i g n  o f t h e  m e m b e r  w i l 1 be  c o n 1r o l l e d
by the  l a r ge s t  n o r m a l  a n d s he a r i n g s t r e s s e s  d e v e l o p e d a t  t h e  c r i t i c a l s e c t i o n s  w he r e  the

m a x i m u m  v a 1u e  o f  the  be n d i n g m o m e n t  a n d s he a r  f o r c e  o c c u r Sh e a r  a n d be n d in g m o m e n t
d i a g r a i 11s a i e he 1pf u l f o r l o c a t i n g th e s e c r i t i c  1 s e c t i o n s So m e t i m e s be a m d e s i g n  i s ba se d u po 1]

I n  he a v i 1y  1o a de d sho r t  be a m s
,  

d e s i gn  i s  u s u a l l y  gover ned b y s he a r I n  s l e n de r  be a m s
,

th e  &e x u r e  s t r e s s
,  

a s  d i sc u s s e d in  t he  p r e v i o u s s e c t i o n
,  g e n e r a l l y  p r e do m i n a t e s She a r i n g is

m o r e  s ig n i fi c a n t  i n  w o o d  th a n  i n  s t e e l  be a m s
,  a s  w o o d  h a s  r e l a t iv e l y  1o w  sh e a r  s 1r e n gth

pa r a l l e 1 t o  the  g r a i n

A pp l i c a t i o n  o f  the  r a 1i o n a ]  p r o c e d u r e  i n  d e s i g n
,  o u t l i n e d i n  Se c t i o n  1 4

,  
t o  a  be a m  o f

o rd in a r y  p r o po r t io n s  i s  o ' e n  a s  f o l l o w s

1 E v a l u a te  t he  m o d e s  o f  p o s s ib le  To i tu r e I t  i s  a s s u m e d  t h a t  f a i l u r e  r e s u l t s  f r o m
y i e ld in g o r  f r o m  fr a c t u r e

,  a n d f l e x u r a l  s t r e s s  i s  c o n s id e r e d to  b e  m o s t  c l o s e ly
a s s o c i a t e d  w i th s 1r u c t u r a l  d a m a ge

2 D Et e r m i n e  t he  r e la t io n sh ip s  b e 1w e e n  lo a d  a n d  s t r e s s T h e  s ig n i f i c a n t  v a lu e  o f  the
b e n d in g s t ï e s s  i s  a  =  M .  u /S

3 D u e r m in e  t he  m a x im u m  u s a b l e  v a l u e  o f s t r e s s T h e  m a x i m u m  u s a b l e  v a lu e  o f  t r
t o  a v o id fa i l u r e

,  ¡ m 1 x I s  th e  y i e ld  s t r e n g th t '
y  o r  t l1e  u 1t i m a t e  s tr e n g t h o u  4 Se te u  the  Ta a o r  o f  s d e ry A  f a c t o r  o f  s a f e t y  n

.  
Is  a pp l i e d to  o m 1x  t o  o b t a i n  the

a l l o w a b l e  s tr e s s  «Tm - a m 1 x / n . T he  r e q u i r e d  s e c « o n  m o d u l m  o f  a  b e a m i s  1he n

K =  I
(7 28)

O 1】l
、

3 0 8
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No 1e  t ha t  w h e n  t he  a l l o w a ble  s t r e s s i s  t he  s a m e  i n  t e n s io n  a n d c o m p r e s s io n a  d o u b ly 30 9

sy Æ小 c t r i c  s e c t io n  s h o u l d  be  c ho s e n H o w e v e r i r  ( T.  II d i Ff e r s  i n  t e n s io n  a n d c o m p r e s s i o n a  D ESIGN O F pRASM A T1C BEA M S

sin gly sy m m e t Dc  s e c 1io n  (f o r  e x a m p le a  T be a m ) sho u l d be  s e l e c t e d s u c h t ha i  t he  d i s t a n c e s

to  thc  e x 1r e m e  f ibe r s  i n  re n s i o n  a n u c o m p r e s s io n  a r e  I n  a  r a . io  n e a r ly  idc n t i c a 1 t o  the

re spe c t i v e  O 1Bl S

Go o d e n g i n e e r i n g de s ig n  s ho u l d 1e a d t o  a  be a m  o f  m i n i m u m  w e igh t t he r e b y  s a v i n g

m a te r ia l Th e r e  a r e  ge n e r a 1l y s e v e r a l d i& e r e n t  be a m  s i z e s w i th t he  r e q u i r e d v a l u e  o f  s I t  is

c o m m o n  p r a c t i c e  t o  s e l e c t  the  o n e  w i t h t he  l ig h t e s f  w e ig h r  pe r  u n i t  le n g th (o r  the  s m a l l e s t

se c t io n a l  a r e a ) f r o m  t hc  t a b le s  o f  be a m  p r o pe r t ie s

Wc  n e x t  c he c k  t he  s h e a r  r e s i s t a n c e  o f  the  be a m  t e n t a t iv e 1y s e le c te d A f t e r  s u b s t i t u t i n g

the  s u i t a b le  da t a  f o r  Q 1 b
,  a n d V

m a x  in t o  Eq s (7 ] 3 ) w e  o b t a in  t he  m a x i m u m  s h e a r i n g

su e ss i n  the  be a m  f r o m

T m a x  =  

b I ( 7 2 9)

1f  the  v a 1u e  c a 1c u l a l e d f o r  i m a x  
i s  s m a l l e r  t ha n  t h e  a 1lo w a b 1e  s h e a r i n g s t r e s s  T a 11 t h e  b e a m

is a c c e p t a b l e O t he r w i s e a  s t í o n g e r  be a m  s ho u ld be  c h o s e n  a n d t he  p r o c e s s  r e p e a t e d

EX A M PLE 7 10

Be a m  Se l e c t io n  Ba s e d o n  St r e n g t h

Gi v e n  A  s i m p 1y  s u p po r t e d w i d e fl a n ge  s t e e l  b e a m  i s  t o  be  s e l e c t e d t o  c a r r y

山 e  lo a d s  sh o w n  i n  F i g 7 3 1a T he  a l l o w a b le  be n d i n g a n d s he a r  s t r e s se s  a r e  24

an d ] 4 k s i r e s pe c t i v e l y

Fi n d Se l e c t  [ he  be a m

A ss u m p t i o n  : T he  e « e c t  o f  s t r e s s  c o n c p n r r a t io n s  a t  p o in t s  A B a n d C  c a n  b e

n e gl e c t e d

SOL T T I ON R e f e r r i n g t o  th e  s h e a r  a n d be n di n g m o m e n t  d i a g r a m s  (& g s

7 31b a n d c ) w e  d e t e r m i n e  th a t  M m a x
- 73 8 k ip  f t a n d V m a x

- 16 5 k ips

P  =  ] 0 k i ps

(a ) 

l ój
5 kips

V  k i - B
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Eq u a t i o n {7 28) t hu s y ie ld s  

7 3 8 ×  ] 2
S =  

24 
36 9 i n

3

U s i n g T a b1e  B 8 w e  s e l e c t  th e  l £g h1e s t  m e m be r  t ha t  ha s  a  s e c t io n  m o du ls

l a r ge r th a n th i s v a ]u e o f s a  12 i n W b e a m w c i gh i n g 35 lb / f t (S . 45 6 in

w i l ] o f t e n be t he c a se  the w e i gh t o f t h e  b e a m (35 ×  15 =  525 lb) i s v c ry sm d 1

c o m pa r e d w i th the  a pp l ie d 1o a d (3 1 k i p s ) ,  s o  i t i s  d i s r e ga r de d

F r o m  T a b le  B 8
,  

t he  a r e a  o f  t h e  w e b o f  a  W  12 ×  35 se c t io n  is
12 5 ×  0 3 =  3 75 in

2
,  

w hic h i s  s u b s t i t u t e d i n t o  Eq (7 25 )

16 5 ×  10 3

T a v g
-

3 7 5
- 4 4 k s i

C o m m e 11t  A s  th i s  s t r e s s i s  w e l l w i t h i n  t h e  a 1lo w a b l e  l i m i t o í  14 k s i
,  

the  be am

i s  s a ti s f a c t o r y

EX A M PLE 7 1 1

D e s ig n  o f  a  B e a m  f o r  Be n d i n g a n d Sh e a r  S t r e n g t h s

G i v e n  A  s i m p l y  s u ppo r t e d be a m  o f  r e c t a n g u l a r  c r o ss  s e c t i o n  (b ×  h) i s

s u bje c t e d to  a  c e n t r a l l o a d P  (s e e  & g 7 2 7 ) T h e  s he a r i n g a n d be n d in g s t r e sse s

r e a c h t he i r  v a l u e s
,  

T a 1l a n d G a 1l ,  
s im u l t a n e o u s l y U s e  a  s a k t y  fa c t o r  o f  n .

F i n d T he  c D t ic a ]  s p a n  l e n g th L  o f  t h e  be a m

/ -COTratiO i o n  

°

二二

a n d

T he r e f o r e

. ' " . . 一 ·
· 。

t h e  f o r e go i n g y i e ld s  t he  c r i t ic a l  1e n g t h

2 ' 1 l 1 
U 4 U l

C o m m e n t  I f  t he  le n g th i s  l a r ge r  th a n  th a t  s h o w n  i n  th e  p r e c e d i n g be n a n ggover ns the  de s i g n  ; fo r  s ho r t e r  v a l u e s
,  s h e a r  c o n t r o l s

310
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# 7.  
13 DES1G N O F B EA M S O F COs TAN ST RENGT H

1f  ev e ry e le m e n t  o f  a  be a m  i s s t r e s s e d t o  a  p r e s c r ibe d a 11o w a b le  v a l u e p r e s u m e d u n i f o r m
.  u t

,  
thc n c le a r 1y the be a m m a te r i a l w i 11be u s e d i n th e m o s t e r f ic i e n t m an n e r F o r a

g iv  c 11 m  a  te r i  s  u  c h a  d ,  s i gn i s  o f m i n i m  u  m  w .  i gh t W ha t i s s o u g h t i s a d e p th v a r i a t i o n h x

wh e  w idth b i s  c o n s ta n t
,  

s u c h t h a t  a - o a 1l e v e r y w he r e  i n  t h e  be a m A t  a n y  c r o s s  s e c  t i o n

th  re q1Bi r e d s e c t io n  m o d u l 1t s  / s  t he n  g i v e n  by

(7 3 ] )

in w hic h M  i s  th e  be n d i n g m o m e n t  o n  a n  a r bi t r a r y  s e c t io n N o n p r i s m a t i c  o r  t a p e r e d
bc a rn s  de s ign e d in  t hi s  w a y  a r e  c a 1l e d b e u m s  o f  c o I l sl a n t  s t r e n g th N o te  th a t  s h e a r

co n b o 1s the  de s i g n  a t  t ho s e  be a m  l o c a t io n s  w he r e  t he  m o m e n t  i s  s m a 1l a n d c o n c e n t r a te d
lo ads  u e  a pp1i e d (s e e  Se c t i o n  7 12 ) A s  a  r e s u l t

,  
t he  id e a 1 s h a pe  o f  t he  be a m  c a n n o t  be

obl 1in e d e n t i re ly by  u s i n g Eq (7 3 1) a 1o n e

Ex a m p le s  o f  be a m s o f  u n i fo n n  s t r e n g th i n c l u de  le a f  s p r i n g s  a n d c e r t a in  f o r ge d  o r  c a s t

m ac hi n e  c o m po n e n t s Fo r  a  s t r u c t u r a l  m e m b e r
,  

f a b r i c a t i o n  a n d  d e s i g n  c o n s t r a i n t s  m a k e  i t
im pr a c t i c a l  to  p r o du c e  a  be a m  o f  c o n s t a n t  s 1r e n g t h F o r  thi s  r e a s o n

,  
w e l d e d c o v e r  p l a t e s  a r e

o fte n  u se d fo r  p a r t s  o f  pD s m a t ic  be a m s  i n  w h i c h t h e  m o m e n 1 i s  la r ge f o r  e x a m p l e In  a

bDdgc  girde r

No te  tha t  w he n  the  a n g l e  be tw e e n  t h e  s id e s  o f  a  t a p e r e d b e a m  i s  s m a l l  (1e s s  t h a n  10  ° ) ,

the  lle x u r e  f o r m u l a  r e s u l t s  i n  l i t t le  e r r o r  (R e f 7 2) O n  th e  o t h e r  h a n d
,  

t he  r e s u l t s  o b t a i n e d  b y

1hc  u se  o f  the  s he a r  f o r m u l a
,  

E q s (7 13) ,  
m a y  n o t  be  s u f fi c i e n t l y  a c c u r a t e  f o r  n o n p D s m a t i c

be am s A  m o di fi e d f o r m  o f  t h i s  f o r m u l a  i s  o f t e n  e m pl o y e d f o r  d e s ign  pu r po s e s T h e  e x a c t

st r ess dis tr i bu t io n  i n  a  r e c t a n g u l a r  w e d ge  i s  f o u n d by  a p p ly in g t he  th e o r y  o f  e l a s t i c i t y

EX A M p LE 7 12 1 .

lm in  o f  u n i f o r m  s t r e n g t h a n d w i d t h t o  s u ppo r t  a

kB [r e e  e n d (F ig 7 32)

Fin d T he  be a m  de p th

Ass u m p t io n  T he  e f re c t  o f  s u e s s  c o n c e n t r a t io n s  a l  t h e  e n d s  c a n  be  d i s

re gu dc d

SOL UT I O N  A t  a  d i s t a n c e  x  f r o m  A
,  

w e  h a v e  M  =  P x  a n d S =  bh2/6

W io n  (7 3 ] ) i s  the r e f o r e

:  ¥- l  h )

o  

c o n s t a n t  s t r e n g t h

a n
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s i m i l a r l y a t  a  fi x e d e n d (x - L  a n d h  =  h o ),

bhB P L
。 O

= 。

6 0 a l l  (b)

D i v i s i o n  o f  Eq (a ) by Eq (b) r e s u l t s  i n  t h e  be a m  d e p t h

/ r - h o (7 32)

C u m 1n e 11t s  T hu s  [ he  d e p t h o f  t he  b e a m  v a r i e s  p a r a bo ] i c a ]1y  f r o m  the  fi t e
e n d A l t ho u g h Eq (7 32 ) i n d i c a te s  t h a t  x - O

,  
i t  i s  n e c e s s a r y  tha t  the  be am

r e s i s t s he a r  s t r e s s e s  a t  the  fr e e  e n d So Th e  c r o s s  s e c t io n  o f  t he  be a m  n ea r  e n dA
m u s t  be  d e s i g n e d t o  r e s is t  t h e  s h e a r  f o r c e

,  
a s  de p i c t e d by  th e  d as he d l in e s in

F ig 7 32

CA SE ST U D Y  4

D e s ig n  o f  a  T r a f f ic  L ig h t  Su p p o r t  S t r u c t u r e

A  n a «m a l  m 1l l i c  l i gh t  i s t o c kpho 1o

3 12

E v e n  d u r i n g ho r s e  a n d b u ggy  d a y s t r a f f r c  i n  b ig c i t i e s  w a s  o f t e n  he a v y Po lic e

o f f ic e r s  h a d t o  b e  s t a t i o n e d to  d i r e c t  t r a f f r c  a t  b u s y  i n t e r s æ t io n s T he  w o rw  s
fi r s t  t r a f fic  l i gh t  c a m e  i n t o  u s e  b e f o r e  a u t o m o b i l e s I n s t a l l e d a t  a n  i n t e r s ec t io n  in
L o n d o n  i n  1868 I t  w a s  a  r e v o l v i n g ] ant er n w i th  r e d a n d g r e e n  s iw a l s Ra i l r o a ds

w e r e  a l r e a dy  u t i l iz i n g a u t o m a t i c  c o n t r o l s W i th t h e  c o m i n g o f  a u t o m o b iles

D e t r o i t  h a d i n s t a l l e d a  t o t a l  o f  f i f t e e n  n e w  a u t o m a t i c  l i gh t s  b y  1920
A t  a bo u t  t he  s a m e  t i m e G a r r e t t  M o r g a n  o f  t h e  U n i t e d Sta t e s  r e a l iz e d ó

n e e d t o  c o n t r o l  th e  fl o w  o f  t r a f f ic M a n y  o t h e r s  ha d o b t a in e d U S p a te n t s  fo r

t r a f fi c  s ig n a l s s o m e  a s  e a r l y  a s  19 18 HOWe v e  M o rg a n
'
s  p a te n t  w a s  p u r c ha se d

by  G e n e r a l E l e c t r ic  C o r p o r a t i o n  a n d  p r o v id e d t h e  c o n c e p t  o n  w hi c h m o dem

fo u r w a y  t r a f f ic  1igh t s  a r e  b a s e d So m e  o f  t h e  l i g h ts  s u ppo r t e d by  t he  V i e n n a

c o n v e n t i o n  o f  196 8 a r e

 N o r ma l  t ra f f ic l i ght s

 H o D z o n t al  t r a f f ic l i gh t s

 T r a f l ic l i gh t s wi th ar r ow s

 S p ec i al  t raf f i c l i gh t s

 M o t or wa y  an d  l an e  co n t rol  si gna l s

 S i gn a l s a t  l ev e 1  cr os s i ng s

 O l de r  mf f i c r eg u l at i on  de v i ce s

m o  f o r m s  o f  n o r m a l  t r a f f ic  l i g h t s  (s e e  p ho t o ) a r e  m o s t  c o n u n o n l y  u sd
t h r e e  a n d f o u r  pha s e a n d a f e  s u ppo r t e d  b y  th e  V i e n n a  c o n v e n t i o n A l s o  i n  m o s t

c o u n t r i e s  th e  l ig l 1ts  a r e  v e r t i c a l 1y  a l i g n e d a n d i n  t h a t  c a s e th e  r e d l igbt  i s

a 1w a y s  o n  t o p t o  h e l p t h e  c o l o r b l i n d I n  th e  s ta n da r d t lu e e p ha s e  t r a f l i c  l ight

g r e e n  n 1e a n s  g o y e l l o w  m e a n s  s t o p  (u n l e s s  tha t  w o u ld be  d a n s e r o u s ) a r d f red
m e a n s  s t o p I n  the  f o u r ph a se  t r a f n c  l i g h t th e  a ddi t i o n a l  p h a s e  (r e d +  y e u o w )
m e a n s  p r e p a r e  t o  c o n t i n u e I n fo r m a t io n  r e l a t e d t o  t r a f l i c  l igh t s  i s  a v a i l a b1e  i t

w w w g o o g 1e c o m  (s e a r c h : t r a f fi c  l i g h t )
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o 2 15 in  o 111
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2  i 11

F i n d T he  sa f e ty  fa c t o r  n
.  

o f  t h e  be a m  w i th  r e s pe c t  t o  y ie ld i n g f o r  the

fo l1o w in g c ho ic e s  o f  th e  s a m e  n o m ri 11a l  d e p 1h be a m  ge o m e t r i e s (F i g 7 33c )
T he  c i r c 1r l a r  t u be

T' c  r e c t a 】1g u l a r  t u be

(c ) T he  5 3 ×  7 5 s e c t i o n

Ass 11m p t i o n s

1 Thc  w e i gh t  o f  the  be a m  w  p e r  u n i t  l e n g th a s  w e u as  e  w e i gh t  W o f  the

1r a f fic  1i 8h t  w i u be  c o n s id e r e d W i n d  1o a d i n g i s  o m i t t e d

2 The  1e f t  e n d o f  the  be a m  i s  t a k e n  a s  c la m pe d to  a  Dgid t a pe r ed p ipe T he

s tr e ss  c o n c e n t r a t io n  th a t  m a y  o c c u r  du e  t o  th e  c 1a m p in g i s  n e gl e c t ed

3
.  B as e d o n  1o a d i n g  a n d  s u ppo r t  c o n d i t io n s

,  
the  be u 11 de v e lo p s  a n  i nt er nal

r he a r  f o r c e  V an d be n d i n g m o m e n t  M  a t  e a c h  s e c t io n  a l o n g i t s  1e n g1h

Sin c e  the  r a t io  o f  the  1e n g th to  n o m i n a l  d e p t h o f  th e  be a m  i s  180 13 =  30
,

Oe  e k c c t  o f  s he a r  o n  b e n d i n g s Ä s s  c an  be  o m i t t e d pe r  Se c t i o n  7 3

SOLt JTON p r o m  F 1g 7 3 3b
,  w e  o bs e r v e  a t  1h e  m a x i m u m  be n d i n g s s s

oCc w s  a t  po i n t  A o n the  t o p s u r f a c e  o f  th e  1e f t  e n d  o f  the  be am T hu s ,  
A  i s the

c1i kc a l  po i n t  1o  be  i n v e s t i g a t e d T h e  w e i gh t  o f  th e  tr a f lic  l i gh t  W a n d  the  be a m

3 13
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w e i gh t  w  pe r  u n i t 1e n g t h p r o d u c e  a  b e n d i n g  m o m e n t M  (m  w e l l as  1  t he  ·
fo r ce  v ) in  thc  v e r t ic u 1 p la n e A t the  l e f t  e n d o f  t he  be a m ,  w e  ha v e

M  =  W L  +  
2 

w L 2 

(c )

(a ) Ci m 1l a r  p1pe  (3 in No m i n a 1 d i a m e t e r
,  w e  T a b1e  B 7)

w - 7 58 1b/ f1 - 0 63 2 1b / i n S - 1 72 i n  
3

Eq u a t io n  (c ) g iv e s

M  =  50 ( 180 ) +  (0 6 3 2 ) ( 180 ) 
2

_ 19 24 k ip  i n

T he  ße x u r c  f o r m u l a  (7 3 1 ) i s  th e r e f o r e

M  36 19 24
O a 11 =  

*  P1.  1 7 2 
n j  

=  3 22

(b ) R e c t a n s u 1a r  t u b e  (3 ×  2 in N o m i n a l  s i z e  a n d 3/ 16 i n Th ic k

s e e  T a b le  B 7)

w  =  5 59 1b/ f t  =  0 466  l b / i n S =  0 9 77 i n
3

B y Eq (c ) ,  
w e  o b t a i n

(c ) 1 b e a m  (5 3 ×  7 5 se c t io n 3 in N o m i n a l  d e p th se e  T a b le s  B 4  m d B 9)

W  =  p A  =  (0 284 ) ( 1 67) =  0 4 7 4  l b / i n  S =  1 68 i n
3

Eq u a t io n  (c ) n o w  r e s u l ts  i n

M  =  50  ( 180 ) +  (0 4 7 4 ) ( 180 ) 2 _ 16 6 8 k i p   i n

So

M  36 16 68
1 l l 一

了百 n
==

1 68
。。

_= 33 6633
«r

Co m m e n t s  T he  r e s u l t s  sho w  th a t  a l 1 I be a m  (o r  a  c i r c u l ar  pipe t  i s  v e 1y
e f f ic ie n t  f o r  be n di n g l o ads Re c t a n gu l a r  t u bi n g  w m s  t o  be  the  w e a k e s t  be 1 m   
H o w e v e r

,  a s  n o te d  i n  Se c t i o n  2 7
,  a  f a c t o r  o f  s a f e ty  n J - 2 12 i s  s a t is f a c to 1y

c h 1n ge s  w i th d1 on n m a t t  p i« l  f o r  th e  be a m
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Se c t io n s  7 7 t h r o u g h 7 13

7 4 1 A

sec t io n  d M

Del c ï m in c

(a) Thc  m a x im u m  s he a r  s t r e s s  r m m  i n  the  w e bs  o f  the  be a m

The  m i n im u m  s h e a r  s t r e s s  r .  I n  in  [h c  w e bs  o f  the  be a m

b =  100 m m ,  
h =  140 m m

,  t - 1o m m
,Gi v m  

V =  200 k N
t l .  15 m m ,

Fig u r e  P7 4 1 b

7 42 A  ho l 1o w  sq u a r e  s t e e l b o x  b e a m  w i t h the  c r o s s  s e c 1i o n  o f

u n i fo r m  thi c k n e s s  1 sh o w n  i n  F i g P 7 4 2 i s  a c t e d  u po n  by s he a r  f o r c e

V Ca lc u 1a t e

(a ) m c  m a x i m u m  s he a r  s t r e s s  r m - i n  t h e  w e b s  o f  t he  be a m

(b) 71 e  m i n im u m  s h e a r  s t r e s s  T .  in  
i n  th e  w e b s  o f  t he  be a m

Gi w n  a - 8 in ,  
1 - / in ,  

V  =  20  k ip s

Fig u r e  P7 4 2

7 43 A  s i m p l e  be a m  w i t h t w o  o v e r h a n gs  is  lo a de d a s  s ho w n  i n

Fig n 43 w i 1h w - 1 2 k ip l f t D e 1e r m in e

m e  she u i n g s t r e s s  a t  a  po i n .  1 5 f t  to  th e  l e f t o f  B  an d / in

be lo w  the  1o p o f  the  be a m

Fig u r e  P7 4 3

7 4 4 Ca 1c u la tc  th e  r a t i o  o l  t he  la r ge st  v e r t ic a l s he a r  fo r c e  Vr
1o  the  m a x i m 11m  v e r t i c a l  s he u  fo r c e  v z  rha t  c a n  bc  c an i c d
b y t hc  1 be a m  f o r  t h e  c a se s  o f  w e bs  po s i 1io n c d v c r t i c d ly
a n d hn Dz n n 1a l l y a s  s h o w n  in  Fi gs & 44 a  a n d & 44 b r e s pc c

1iv e 1y

A s s n m p l i o n  7h c  v e r t i c a l s h e a r  fo r e e  Vz  a c 1s  t hr o u gh a  po i n 1

(S) so  1h a 1 o n 1y  be n d i n g  o f  the  be a m  o c c u r s ,  
a s d i s c u d  in

Se c ti o n  7 16

(a )

(b )

F ig u r e  P7 44

7 4 5 A  be a m  o f  th e  c r o ss  se c t io n  sh o w n  in  & g P7 44a  i s  l o a de d

a s  s ho w n  i n  Fig P7 4 5 D e t e r m i n e

(a ) T he  she ar  sk e s s  a t  po i n t  E a n d 40  m m  f r o m  the  1a p o l  tbe

be a m

(b) T he  m ax i m u m  s he ar i n g st r ess in  the  be a m

)  o l1o w  a l u m i n u m  bo x  be a m  w i t h the  r e c t a n g u 1a r  c r o s s

t w n  in  F ig P7 4 1 i s  s u bj e c t e d I o  a  s he a r  fo r c e  V

Fig u r e  P7 4 5
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e e s 9
.  
1 INT RO D UCT IO N

T he  r e la t io n s hips fo r  de .e r m in i n g the  s t a te  o f  s tr e s s  a n d d e fo r m a t io n  i n  m e m be r s  du e   ·  

-

s t r e ss  o r  d ' ' " i ' ' " u æ u by . ' " l . ' " m w ' ' " Ac t i n g a t A s  e ' ' "

-

=
H o w e v e r

,  
s t r u c tu r a 1 a n d m a c hi n e  c o m po n e n t s  o f t e n  r e s i s t  m o r e  t ha n  o n e  l ypc  o f  lo x

o w n  w e igh t
,  

bc  s u bje c te d [o  be n d i n g I n  t h is  c h a p t e r  w e  s h a l l  c o n s i de r  the  c f r e c ts o f  such

a c [ i n g s i m u ] t a n e o u s l y Fo r e x a m p le A s ha f t : " = _ 二二,

'b c ' " 】sc Z
c o m b i n ed  1o a d i n gs A s  a  r e fe r e n c e  fb r  o u r  d i s c u s s i o n s

,  
T a bl e  9 ] l is t s  so m e  c  o  m m o n ly

e n c o u n t e r e d ba s ic  fo r m u 1a s  f o r  s t r e s s  a t  a  s e c t i o n  o f  a  ty p i c a l  ho m o g e n e o u s  a n d e  tas t i
m e m be r

T A BLE 9 1 So m e  Co m m o n  Fo r m u 1a s 1b r  S l n s s *

\ P r is n m 1i c  Ba r s  o ï  L in e a r 1y E lt u r i c  M a t e r ia i

- 1目 同一 · _ i a l  l o a d i n g ら コ

w he r e

o n o n n a l a x i a 1 s u e s s  A  c r o s s s e c t i o n a J a r e a

r  s he a r i n g  s t r e s s  d u c  I o  t o q u e  y z  c e n t r o i d a l  p r i n c ip a 1 a x e s  o f  th c  a r c a

T 1y  s h e a r i n g s 1r e s s  d u c  t o  v e r t i c a l  1 m o m e n t  o f  in e r t i a  a bo u t  n e u t r a 1 a x i s  (N A )
s h e a r  fo r c e  J  p o l a r  m o m e n t  o f  i n e r t i a  o f  c i r c u la r

P  a x i a l f a m e  
c M s s  s e c t io n

T t o q u e  b  w i d th  o f  b a r  a t  w h ic h  f 1 y  
i s  c a l c u 1a t c d

V  v e 1t ic a l  s he a r  fo r c e  
r  r a d i u s

M  b e n d i n g  m o m e n t  a b o u t  z  a x i s  Q f i r s t  m o m e n t  a b o u t  N A o f  t hc  a r e a  b ey o r d

t h e  & »i n t  a t  w h i c h T / p  
i s  c a l c u l a te d

Sph e r e  o e  (D
2 1

w he n

a , - u n ge n t i a l  s11e ss  i n  c y 1in dc r  w a 11 
p - i n 1c m a ] p r e s s u r eo in - 1 x i d  s u e s s  i n  c y 1i n d e r  w a l l  
t _ w a l l rhi c k n r s s¢r - m e m br 1 n e  l 1r e s s  i n  s phe 1e  w 1 l 1 
r - i n n e r  r a d i u s

 De t 1i b on  der i wt i om 1n d  Uï o1i o¢U 》 l ¢ or  1hc *  q1 》t i o1 u ue  f ou 1 1d i n sec t i on s  2. . . , . , . , n d  吕. .

4 2 0
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t O M E 1N ED  LO A  D 1 N  G 5 1n u 1v 1u u a 1 s t r e s s e s  i u  C " - - - a c n '

M I0  FA 1LU RE CRIT ER1A  c o m bi n e d s t r e s s Fo r  t he  c a s e  u n d e r  d i s c u s s io n .

P  4 P Tc  1ÓT

a r
- Ã

- d /  
T.  y  

= 7
-

1 d  
(a)

w he r e  d  is  t he  r o d d i a m e t e r

W c  c a n  n o w  p r o c e e d to  o b ta i n  t he  c r i t ic a l  s t r e s s e s  a c 1in g  a t  Po i n t A a 1 i n c l in ed
d i r e c t i o n s T he  p r i n c i pa 1 s t r e s se s  a n d the  m a x im u m  s he a r i n g s t r e s s Eqs (8 8) a n d (8 11)
fo r  m e m be r s  s u b je c t e d t o  c o m b1n e d n o r m a 1 a n d  s h e a r  s t r e s s e s  be c o m e

,  r  e  s  pe c [ i v c ly

r一 。

T ' c  p r i .  Ip u  d [- Uo " " . ' pp ly ,  n g Eq 6 ) .

l y  =

H e r e  th e  O
p s  a r e  m e a s u r e d f r o m  t he  lo n g i t u d i n a 1 a x i s  o f  (h e  r o d

T%e  e x a m p le s  tha t  fo l1o w  i n  th i s  c ha p te r  i l l u s t r a te  th e  de t e r m i n a t io n  o f  c o m bin ed

s t r e s s e s i n  v a r i o u s ly  l o a de d m e m be r s 1n  a l l c a s e s
,  

i t  i s  a s s u m e d  t ha t  t he  w e ight  o f  the

m e m be r s  c a n  be  ig n o r e d

EXA M PLE 9 1

St r e s s e s  in  a  p r o p e l le r  Sh a f t

G i v e n  A  s hip
'

s  p r o pe l 1e r  m o 11n te d o n  a  s o l i d s t e e l s h a f t  o f d i a m e te r  d - 2 in

p r o du c e s  t o r q u e  T  =  10 k i p i n a n d a x i a ] f o r c e  P  =  25 k i ps  (F ig 9 I a ) w he n

r o t a Dn g

F i n d Fo r  a  po i n t  A  o n  t he  s u r fa c e  o f  t h e  s h a f i
,  

c a lc u l a t e  t he  pr i n c ipa l s t r e sses

a n d the  m a x j m u m  s he a r  s t r e s s
,  

u s i n g

T he  1r a n s fo r m a t i o n  e q u a t i o n s

(b) M o hr
'

s c i r c l e

Silo .  U l .  IJL" " kH ,  h. ' "mper l y .  1i " " .  I, " "

SO L UT I O N  Su bs t i t u t in g l he  gi v e n  d a t a  i n t o  Eqs (a ) y i e ld s  (& g 9 I b)

r
-

4 W - 7 96 k s i

' - - 6 37 k s i
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m e  m in u s s ig n  i n di c a te s  a  n e ga t i v e  s he a r  s tr e s s  (s e e  s e c t i o n  2 1o ) T be

pre c e d i n g s u e s se s  a r e  s ho w n  i n  & g 9 2a

(Æ F qu 1 1i o 11s  o f  St r e ss  T r a 11s 1b r m a t 1o n F r o m  Eq s (9 1) ,  w c  ha v e

- 3 9 8 / 7 5 1
(a )

y

(b )

o r  
a 1 =  1 1 4 9 k s i  o 2 = 3 53 ks i

Eq u a t i o n  (9 2 ) g i v e s

t m 昆x
一 )

2

+ ( 6 37 )2
- 7 5 1 k s i

A s  a  c h e c k
,  

n o t e  t h a t  r m   ·  x  
=  (a 1 a z 12 y ie lds  the  s a m e  r e s u l t N o r m a 1

s u e s s e s  a c t i n 8 o n  t h e  p l a n e s  o f  t
m m  a r e  f o u n d by  E q (8 9)

口 X
O a v g 

=  c r  =  

2

7 9 6

2  
3 9 8 k s i

T he  p D n c i p a l  s t r e s s e s  o c c u r  o n  p l a n e s  d e fi n e d  by  E q (9 3)

2 ( 6 37 )
26 p

一 t a n
1

7 9 6
5 8 °  

o r  O
p

一 29。 
a n d 1 1 9 0

7 5 1 ks  

Ï

(b)

& G U RE 9 2  (Q ) A n  c 1e m m t  a t

p o in t  A  (F ig 9 1) in  p l a n e  s t r e s s

(b ) p r i n c i p a 1 a n d m a x i m u m  s he a r

s t r e s s e s  i n  t he  e 1e m e n t

I n s e r t i o n  o f  th e  f i r s t  o f  t h e s e  v a l u e s  i n t o  E q (8 4 a ) g i v e s  o .
' ' 11 4 9 k s i

W e  th u s  o b s e r v e  t h a t  th e  m a x i m u m  s tr e s s
,  

c r l  =  ü x
'

,  
o c c u r s  o n  a  p 1a n e

o r i e n t e d  2 9  °  (c l o c k w i s e ) w i th  r e s pe c t  t o  the  g e o m e t r i c  a x i s  o f  t he  s h a f t

T he  d i r e c t i o n  o f  th e  T m a x s  m a y  be  r e a d i l y  p r e d i c t e d by  r e c a l l i n g  f r o m

Se c t i o n  8 4  th a t  t h e y  a c t  t o w a r d t h e  s h e a r  d i a g o n a l T he  r e s u l t s  a r e

p i c t u r e d  i n  F i g 9 2b

M o h r
'
s  C l r d e  f o r  S t r e m  T h e  c e n t e r  o f  th e  c i r c l e  i s  a t  ü 1 v g o n  o  a x i s

(F ig 9 3 ) H e r e  
o a v g 

=  3 9 8 k s i

71) e  s he a r  s t r e s s e s  o n  t h e  x  f a c e s  o f  th e  e l e m e n t  t e n d  t o  r o t a te  th e  e l e m e n t

s ho w n  i n  F i g 9 2ü  c l o c k w i s e
,  

a n d w e  p lo t  th e  po i n t  A  o f  c o o r d i n a te s

( Tx  
=  7 96 k s i l 1 7  

=  6 37 k s i

a b o v e  t h c  h o r i z o n t a l  a x i s  ( i n  a c c o r d a n c e  w i th  t h e  s ig n  c o n v e n r h n  o f

Sæ t i o n  8 5 Si m i l a r l y th e  c o o r d i n a t e s  o f  p o i n t  B  r e p r e s e n t  th c  y  f a c e  o f

tb e  e l e m e n t
( ' y

一 O 与 一 6 37 k s i

T he  f o r e g o i n g d e f i n e  t h e  c i r c l e  o f  r a d i u s

R =  (3 9 8 ) 
2 

+  (6 37 ) 2 _ 7 5 1 k s i

7 ' e  p D n c i p a l  s t r e s s e s  a r e  r e p r e s e n t e d  b y  po i n t s  A  1 a n d B t o n  the

r r l e T he i r  v a l u e s  a r e  
+ R

( T l 2 - c r a v g

B  (0  

(k s i)

F1G U RE 9 3 M o h r
'
s  c i r c 1c  o f  s t r e ss
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o r

a 1 - 3 9 8 +  7 5 1 _ 1 1 4 9 k s i

o 2 - 3 98 7 5 1 - 3 5 3 k s i

a s  fo u n d by i n s pe c t io n T he  a n g 1e  2  f r o m  po i n t  A Io  A 1 r c

p la n e  o f  cr l W e  h a v e

6 37
2ß =  t a n

1 

33 i
- 5  8 o r  e _ 29 °

T he  c o o r di n a te s  o f  po i n t D  o r  E  o f  M o h r
'
s  c i r c l e  r e p r e se n t m  a x i1n 111ns he a r  s 1r e s s  a n d the  c o r r e s p o n d i n g  n o r m a l s t r e ss So

T m a x
- R =  1 7 5 1 k s i  c r a v g

- a
'

_ 3 98 k s i

p r e _e n i s  the

T he  m a x i m u m  n o r m a 1 a n d s he a r  s t r e s se s  a n d the  o r i e n t a t io n s  o f  the
c o r r e s po n d i n g p l a n e s  a r e  the  s a m e  a s  o b t a i n e d be fo r e  (s e e  F ig 9 2b)A n g ]e A CD i s 90  ° 5 8 °  

=  32 ° H e n c e ß =  16;itismeasuredcounter-
c lo c k w is e  t o  the  p la n e  o f r m a x A s  a  c he c k

,  
i r  20 '

_ 32 °

,  a 1 - 7 o 4  L .

a n d r r j

' « i 1

7 5 1 k s i
,  

a s  be f o r e

r r y
- 6 37 k s i a r e  s l 1h s t i t u t e d  i n t o  E q (8 4 b) w e  ha v e  r 1,  y   ·

C r i m m e n ts  A JI o f  t he  r e s u 11s  o b t a i n e d  i n  bo th p a r t s  a r e  the  s a m e H o w e v e r
o bs e r v e  f r o m  M o hr

'
s  s o l u t i o n  th a t  i t  i s  e a s ie r  [o  v i s u a l i z e  the  r e la t io n shipsbe t w e e n  n o r m a 1 a n d s he a r  s t r e s s e s  a n d  t h e  o r i e n 1a t io n s  o f  t he  s t r e s s  e le m e n t sN e e d 1e s s  to  s a y ,  

th is  e x a m p le  c o u 1d b e n e f i t  f r o m  a  c o m p u t e r  p r o gr a m

'

.  

i
(a ) s t r e s s  e ]e m e n 1 o n  th e  o u t s ide  o f

c y lin de r  w a l l

4 2 4

p RESSU R E V ESSELS U N D ER A x IA L A N D  T O RS1O N A L LO A D S
A s  n o t e d e a r l i e r

,  
a  s t a te  o f  c o m bi n e d s t r e s s e s  t h a t  ra ke s  p l a c e  i n  p r e s s u r e  v e s se ls  w as

c o n s i de r e d i n  Se c t io n s  8 8 a n d 8 9 H o w e v e r
,  

i n  t he  c a se  o f  l o n g s l e n de r  p r es s u r i z ed
c y l i n de r s ,  

f o r  e x a m p l e a d d i t i o n a l  n o r m a l s t r e s s e s  d u e  to  a x i a l  1o a d o r  be n d i n g ,  a n d she ar
s t r e s se s  d u e  t o  the  t r a n s v e r s e  s he a r  o r  t o r s i o n

,  
c a n  o c c u r A t  lo c a t i o n s  a w a y fi o m

c o n c e n ° a te d l o a d s  a n d s u ppo r t  r e a c t i o n s ,  
t he  b a s i c  s t r e s s  f o r m u 1a s  o f  m e c ha n i c s o f

m a te r i a l s  c a n  be  u se d (o  c a l c u l a t e  the s e  a dd i t i o n a l s t r e s s e s  a c t i n g o n  p l a n e s  pa r a l 1e l a n d
p e r p e n di c u l ar  t o  the  c y 1i n d e r  a x i s Th e  p r e c e d i n g  s t r e s s e s  c a n  be  c o m b i n e d w i th the
m e m h r a n e  s t r e s s e s  d u e  to  p r e s s u r e  to  o b t a i n  th e  t o t a l  s t r e s s e s  i n  t he  v e s s e l w a l l

ï t  w i l l  be  c o n v e n i e n t  t o  s ho w  the  v a r io u s  s t r e s s e s  a t  a  gi v e n  po i n t  i n  a  m e m be r
,  

a s  w e
h a v e  do n e  f o r  s e v e r a l p r e v i o u s  s i t u a t io n s C o n s i d e r

,  
fo r  i n s t a n c e

,  
a  t h i n w a l l e d c y l in d

Dc a ] v e s s e l  o f  r a di  u s  r a n d th i c k n e s s  1
,  u n d e r  p r e s s u r e p  t h a t  i s  a l s o  t w i s t e d by to r qu e s  T a t

bo t h e n d s  a n d c a r r i e s  a n  a x i a l  l o a d P
,  a s  s h o w n  i n  F i g 9 4 a R e c a l l th a t  f o r  a  t hi n w a l1e d
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T
' " 1-

w he r e  th e  a t 1b Bc r i p 11  ¢ a n d .  Dc n o l e  the  i n n e r  a n d o u t e r  r a d i u 1
4 2 5

n o r m a 1 s u e s s  o  1 n d  ta n g e n t i a l n o r m a l  a t r e &a e B rr

i m s = e s s  r .  y  
d u e  t o  t h e  a p p l ie d  c o u p1e

y  d u c  t o  i n t e m a 1 p r e s 1 u r c

m d 
F i g u r e  9 4 b  d e p i c t s  s u p e r i m p o s e d  Bt r e s s e s  1 c t i n B o n  a n  e l e m e n t  t a k e n  o n  t h e  o u t s id e

t h e  cyl i nder w a 11 T h e  i n d i v i d u a 1 s t r e s Be s  a r e  ( f r o m  T a b1e a  9 I a n d B 6 )

° ' - ' F  =  < -

(b )

T he  1n c 1h o d o f  Se c t i o n  8 3 o r  8 5 c a n  n o w  be  e m p 1o y e d t o  a s c e r t a i n  th c  m a x i m u m  n o r m a 1

a n d s he i l  s t r e s s e s  a t  po i n t  A  o n  i n c 1i n e d  p 1a n e s T he  c a s e  s t u d y  t h a t  f o 11o w s  i 11u s t r a t e s  t h e

c a lc u l a t i o n  o f  s t r e s s e s  i n  a  v e s s e l  u n d e r  c o m b i n e d  1o a d i n g

g s E ST U D Y  6 A
S t r e s s e s  i n  a  T w is t e d  H y d r a u 1i c  Cy 1i n d e r

H y d r 1 u 1i c  Hu 1d s  (1i q u i d s  o r  a i r ) a r e  c o n d u c t e d  i n  p i pe s t u be s o r  1l e x i b 1e  bo s e

H se  i s  e m p l o y e d w he n  t h e  1i n e s  m u s t  ne x  o r  i n  a pp l i c a t io n s  i n  w hi c 11 a

c y l i n d r i c a 】 v e s s e 1 i s  u n s u i t a b l e S t e e l  a n d s t a i n l e s s s t e e l  t u b i n g  a l e  u s e d  f o r

t he  1a r ge s t  a pp l i e d p r e s s u r e s  a l u m i n u m p l a s t i c A n d c o ppe r  t u b i n g u e  a l s o

c m p1o y e d  a s  a p p r o p r i a t e  f o r  v a r i o u s  o pe r a t i n g c o n d i t io n s p r e s s u Dz e d  hy d r a u

l i c  f l ui d,  
s u c h a s  s h o w n  i n  F 1g 9 5 a

,  c a n  p r o d u c e  s t r e s s e s  a n d ó f o r m a t i o n  o f  a

c y 1l n d e r H y d r a u l ic  s y s t e m s  a r e  w i d e l y  u s e d in  b r a k e s ,  c o n t r o l  m e c h a n i s m s

a n d a c t u a t o r s  f o r  po s i t i o n i n g  d e v i c e s A  h y d r a u 1i c  c y 1i n d e r  o f  a  l o a ó r  t r u c k  i s

i l l u s n a t ed  i n  & g 2 20  o f  C a s e  S t u d y  I A

G i v e n  A  】1y d r a u l i c  c y l i n d e r  o f  th i c k n e s s  t  =  10 m m  s ho w n  in  F i g 9 5a

s u s ta i n s  a n  i nt ernal  p r e s s u r e  p  c a u s e d  by  a x i a l  l o a d P - 70 0 k N  a p p l ie d t o  th e

p is t o n  o f  r a d i u s  r - 22 0  m m T h e  v e s se l  i s  in a d v e r t c n 1l y  s u b je c t e d  t o  a  t o n lu e

T  =  i SON   m  a t  i t s  m o u n t i n g

吕

p is ¢o n

(a ) (b)

FIGU RE 9 5 (a ) C y l i n d e r p i s t o n  a s s e m bly  (b ) c o m b in e d s t r e ss  e le m e n t
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3 D Ie c T SHF AND To RSIo N A L l o A Ds  H Eu CA L s P R 1N G

1n  the  c a s e  o f  a  c l o s e l y c o i l e d s p r i n g ,  a  s e c t io n  t a k e n  per pendi cul  t o  th e  a x i s  o f  t h c

: J ' r e  c a n  be  c o n s id e r e d t o  b c  n e a r 1y v e r t i c a 1 H e n c e ,  
l o a d p  a pp 1i e d I o  t h e  s p r i n g

b y  a  t r a n s v e r s e  s he a r  fo r c e  V _ P  a n d a  t o r q u e  T  =  P R 1 c t i n g o n  t h e  c r o s s

se c t io n  o f  t he  c o i 1 (& g 9 6 a ) T h e  d i r e c t  s he a r  s t r e s s  i s  c u s t o m a r i 1y  a s s u m e d  t o  be

u n i tb m 1 o v e r  t h e  c r o s s s e c t i o n a l  a r e a  A  =  r r d z /4 o f  th e  w i r e  : '
1f - 4 P / r r d z (F i g 9 6 b )

F 1e  t o r s io n a 1 she a r i n g s t r e s s ,  
n e B1e c t i n g t h e  i n i t i a 1 c u r v a t u r e  o f  t h c  r o d a n d u s i n g  j  =

&1 /32
,  

is  T t
- 1ó p Rj n d ]  (& g 9 6 c )

, -

: L 
T

(a ) (b) (c ) (d )

F1GURE 9 6  (a ) A  h c 1ic a l  t e n s i o n  s p r in g (b ) d i r e c t  s h e a r  d u e  t o  l o a d P  (c ) t o r s i o n a 1

she a r  s t r e s s  (d) c o m b i n e d s he a r  s t r e ss

Su pe r p o s i t i o n  o f  t h e  i n d i v i d u a l  s t r e s s e s  l e a d s  t o  the  c o m bi n e d s t a t e  o f  s tr e s s  s h o w n  i n

& g 9 6d O b s e r v e  i n  th e  l i g u r e  t h a t  th e  c r i t i c a l  s h e a r i n g s t r e s s  o c c u r s  o n  a n  e l e m e n t  a t  th e

in s ide  s u r f a c e  o f  t h e  c o i l a n d  i s  o f  m a g n i t u d e

P  T c  4 P  I óP R
i m a x

-

Ã + 7
- +  

n d 3 
(9 4 a )

M i s  111a y be  w r i t t e n

Fo r  a  s l e n de r  r o d
,  

t11e  r a t i o  c / R  i s  s m a l l
,  

a n d i t  i s  c l e a r  1h a t  th e  m a x i m u m  s h e a r i n g  s t r e s s

is  c a u se d pr im a r i 1y  by  t o r s i o n

I n  I  he a v y  s pDn g  ( fo r  e x a m p 1e ,  
a  r a i 1r o a d c a r  s pDn g) ,  

w h e r e  c l R i s  l a rg e ,  
t h e  l e n g 1h

di f fe r e n t i a l  o f  th e  l o n gi t u  山 n a l  s u r f a c e  e l e m e n t s  m u s t  be  c o n s ide r e d
,  

a n d the r e  i s  a  s t r e s s

c o n c e n m t i o n  a t  a  c Dt i c a l  p o i n t  o f  t h e  r o d I n  s u c h a  s p r i n g Th e  e f f e c t  o f  c r o s s  s he a r i n g s t r e s s

4 2 7

=
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L O A D  1 N G S
A N D FA Æ U RE CRITER1A

c a n n o t  be  d i m c g a n le d T he  f o l lo w in g m o r e  a c c u r a te  r e l a l i o n ah ip Kn o w nn r wl a ,  
ta ke s  i n t o  a c c o u n t thc  i n i t i a l  c u r v a t u r e  o f  the  n g w i r e  

as  rht
an d

, _ - 罗 ( 。 ©
\ F 5)

e r e m- 2 R/ d i s ca l 1ed  t he  sp r i ng  i ndex . h en  c / R_ 1 / I O. or  ex a mp l e. hc  &1 * i 111,-s t r e s s  c o m p u 1e d f ro m  Eq (9 5 ) i s  a pp r o x i m a t e l y  8% g r e a 1e r  tha n  thu  f ouxEq (9 4 ) u 1in1

E F LECT I ON

I n  de te r m i n i n g t he  de l l e c t i o n  o f  a  c lo s c 1y  c o i l e d s p r i n g ,  
i l  i s  c o m m o n  Dr 1 c t i . . .

e f f e c t  o f  d i r e c t  she a r T hu s  th e  t w i s t c a u s e s  o n e  e n d

r e l a t i v e  Io  the  o the r
,  

w h e r e ¢ =  TU I G (s e c  Se c t i o n  5  6 ) T hi . .  SP=  T  E m d+

a t  the  a x i s  o f  th e  s p r i n g :
' " ' " ' " l l e c t io n di

T  d L
d ö - R ü Q - R  

m

T he  t o M 1 d e l l e c t i o n  o f  a  sp r i n g o f  l e n g th L  =  2 r r r R N  i s  the r e f o r e

RT9  64 N P R 3 1
E i

-

o AG  (9 6)

T h e  q u a n t i ty  N  is  the  n u m b e r  o f  c o i l s  a n d G  r e p r e s e n rs  the  m o d u l u s  o f  r i g id i ty A n  a ddit ion

o f a bo u t 2 m u s t  be  m a de  t o  t he  n u m be r  o f  c o i l s N  t o  t a k e  c a r e  o r  the j o r m s  a l  t he  e n d r
,  w hich

do  n o t  a l f e c t  t he  de &e c t io n

SPRIN G RA T E

T h e  e la s t i c  be ha v i o r  o f  a  s p r i n g m a y  be  e x pr e s s e d  c o n v e n i e n t ly  by  the  s p Dn g r a te
,  a lso

k n o w n  a s  th e  s p r i n g c o n s t a n t  
p

k =  

4 (9 7)

F o r  the  c a s e  u n de r  c o n s i de r a t i o n ,  
w e  ha v e

k = (9 8)

7 e  s p r i n g c o n s ta n t  ha s  u n i ts  o f  N /m  in  SI  an d l b/ i n In  the  U S C u s to m a r y  sys te m

Sp R1N G D ESIGN

F o r  m a n y  a pp l i c a t io n s
,  

th e  [ w o  ba s ic  r e q u i r e m e n 1s  f o r  a  he l i c a l  s pr i n g de s i gn  fo r  sta t ic

lo a d in g a r c  a n  a l 1o w a ble  s he a r  s l n es s le v e l  t a 1l  a n d the  de s i r ed s p Dn g  r a l e  kre q
T he  s tr ess

re q u i r e m e n t  c a n  be  sat i si ed by  n u m e r o u s  c o m bi n a t io n s  o f  the  m e a n  c o i l r a ä u s R a n d thc

w i r e d i a m e 1e r  d A f t e r  R a n d d  a r e  se le c te d
,  

t he  n u m be r  o f  c o i 1s N is  de te r m i n e d o n  the bas is

o f  the  r eq u i r e d spr i n g r a te I n  a n y  c a s e
,  

sp r i n g de s ign  is  c s s e n t ia Jl y  a n  i te r a t i v e  pr o ble m   

ao m e  a s s u m p t io n s  m u s t  be  m a de  to  de l in o  the  v a l u e s  o f  e n o u gh v ar i a b le s  to  c a 1c u la te  the

st nesses a n d de l le c t io n s
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s u pp o r t s  a  s t a t i c  lo a d P  1 t  a  t o w  de fl e c t i o n  6 T he  s he a r  s 1n e n g \ h o f  the  w i r e

D e s ig n  o f  a  H e l i c a 1 s p r in g

i $ r m «
T he  d a t a  a l e  as  f o 11o w s

I I  = 4 m m  P  =  50 0  N a - 25  M m  r m m  =  600  M p a  G _ 79 0 p a

(a ) T he  m e a n  r a d i u s  R  o f  th e  s p r i n B

(b ) T h e  s p r i n g r a l e  k

(c ) m e  n u m b e r  o f  c o i 1s  N  o f  t he  s p r i n s

s ho w n  i n  F i g 9 6 d
A s s u m p t i o n  T h e  r e s u 1t a n 1 s t r e s s  d i s t r i b u t i o n  i n  th e  w i r e  c r o s s  se c t i o n  i s  a s

SO I U T 1O N

(a ) M e a n  R a d 1w  o f  t h e  Sp r i n s E q u a t i o n  (9 4 ) i s  u s e d t o  c a l c u l a t e  t he  t o t a ls h e a r  s t r e s s  o n  t h e  i n s id e  s u r f a c e  o f  t h e  c o i 1 H e n c e

T
4 P  16  P R

1 1昌X
一

五石 十
万 芦

So 1v i n g f o r  t h e  m e a n  r a d i u s  r e s u 1t s  i n

I n 1r o d u c i n g th e  g i v e n  n u m e n c a 1 v a l u e s w e  h a v e

(b ) Sp r i n g  R a t e T he  s p D n g c o n s t a n t b y  E q (9 7 ) e q u a l s

P  50 0
k 一

百 三亚厂
20  N / m 田

(c ) N u m b e r  o f  C o i 1s T h r o u g h  t h e  u s e  o f  E q (9 6 )

N
ôd G

6 4  P R

(2 5 ) (4 ) 4  (7 9
,  
00 0 )

5 64

C o m m e n t  T he  t o t a l  n u m b e r  o f  c o i l s  s h o u l d  b e  a b o u t  5 64  +  2 8 t o  t a k e

c ar e  o f  t he  t ur ns a t  th e  e n d s  o f  t he  s p D n g

4 2 9
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A n a ly s is o f  N e s t e d Sp r in g s

G i v e n  1w o  s t e e l hc l i c a l s p r in gs ,  
n e s t e d o n c  in s ide  lhe  o the r de l1e q

a m o  u n  t  o f  8 U n  de r  a  V  e r t i C a  1] o a d P a p p l i e d th r o  u gh r igj d e  n d PI 1 lc r  (Fi  1l1

The  a pp1i e d lo a d p  =  300 1b a n d ty p i c a l  p r o pe r t ie s  a r e  a s  fo 11o w s : 

1 & 9 ?)

O u t e r  1 p r 1n g I n n e r  r p r i n l

M e a n  d ia m e t e r 2R 6  i n 3 5 i n

W i r e  d i a m e te r d  0 7  i n 0 5 i n

N u m be r  o f  c o i 1s N  3 0 20

M o d u l u s o f  r i g id i ty G  12  ×  10PSi  12 ×  10 6 
ps i

1 i n d

(a ) 711e  sp r i n g r a te  a n d th e  de fr e c t i o n  o f  t he  s y s te m

(b ) 7 l i e  m a x i m u m  s he a r  s t r e s s  in  t h e  o u t e r  s p r i n g

A s s u l n p t i o n s  71) e  c n d pl a te s  r e m a i n  h o r i z o n t a l
,  

a n d s o  e a c h spir in g w i ]1

s u ppo r t  a  sha r e  o f  the  l o a d
P =  k i ö + k 

o  
ö

T h e  e qu i v a 1e n t  s p r i n g r a t e  o f  th i s  pa r a l l e l s y s t e m  \ s

4
- k

.
- K i  +  k o  (9 9)

7 e  q u a n t i t ie s  k i  a n d k o  r e p r e s e n t  th e  r a t e s  o f  th e  in n e r  a n d th e  o u t e r  spr in gs
,

r e spe c t i v e ly

SO I U T I O N

(a ) D e l l e c t io n A pp ly i n g Eq (9 8) ,  
w e  o b t a i n

k .
- Ki  +  k .  

=  55 6 +  109 3 =  164 9 1b / i n

T he  de fle c t i o n  i s the n

P  300

(b ) H 1e  L a r g e s t  Sh e a r  St r e s s A pp ly i n g E q (9 5) w i th m - 2R /d =  610 7 =

8 57 1 r e s u l ts  i n

C o m m e n t  Th i s  r e pr e se n ts  山e  e x a c t  V a l u e  o f the  she a r  s tr e s s  in  th e  o u te r spr i l 】g

4 30
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The  d i s c u s s io n  o f  s e c t io n  9 2 COncerni ng t he  pDn c i pa 1 s t r e s s e s

C o n s i de r f o r  e x a m p le u  s o 1id  c i r c u 1a r  c a n t i 1e v e r  b a r

s u  Æ e c t e d t o  a  u a n s v e r s e  f o r c e  R a  t o qq u e  T  a n d a  c e n t r i c

fo r c e  p  a t  i t s  f r e e  e n d (F ig 9 8a ) Ev e r y  s e c t io n  e x pe De n c e s  a n

a x i a l fo r c e  P  a  t o r q u e  T a  be n d i n g m o m e n t  M a n d  n  s he a r  fo r c e

R - V T h e  c o r r e s po n d i n g s t r e s s e s  m a y be  o b t a i n e d u s i n g t he

a pp l i c a b l e  b a s i c  s t r e s s  r e l a t i o n s h ip s  a s  fo l l o w s

p  T c  M c

ベ ー À 
r t -

丁 叮 =

丁 てd - 브

a n  e l e m e n t E  a t  t h e  t o p  o f  th e  b a r  a n d  a n  e l e m e n t A  o n  th e  s id e  n f  r d  +  T ,  
r ,

山 e  b a r  a t  th e  n e u t r a l a x i s C 1e a r 1y  t h e  ñc x u r a l  s t r e s s  i s  m a x (b) (c )

im u m  a t  t h e  g r e a t e s t  d i s t a n c e  f r o m  th e  c e n t r o id a l  a x i s  a t  a  FIG u RE 9 8  (a ) A  c a n t i le v c r  b a r  w i t h t h r e e  1 o a d

s e c t i o n  w h e r e  t h e  be n d i n g m o m e n t  i s  m a x i m u m A s  M  h a s  i t s  (b ) c o m b i n e d s t r e s s e s  d u c  t o  a x ia 1 1o a d d i r e c t  s h e a r

pe a k  v a l u e  (R L ) a t  th e  f i xed e n d Th e  n o r m a l s t r e s s e s  a r e  l a r ge s t  a n d t o r s io n  a t  p o i n t  A  (c ) c o m b i n e d s t r e ss e s  d u e  1o  t o r s i o n ,

fo r  e l e m e n t  B  l o c a t e d  a t  t h e  fi x e d e n d o F th e  ba r N o t e  t h a t  t he  
a x i a l 1o a d a n d  b e n d in g o n  a n  c 1c m e n t  a t  p o i n t  B

d i r e c t  s he a r i n g  s u e s s  i s  m a x i m i 1m  a t  th e  c e n t r o id a 1 z  a x i s  o f  t he

c r o ss  s e c t i o n ,  
a n d  t h e  t o r s i o n a l  s t r e s s  i s  m a x i m u m  a t  t he  o u t e r

l i be r s  o f  th e  b a r T h e  t o t a l s h e a r i n g s t r e s s  a c t i n g o n  e 1e m e n t  A  i s  t he  a l ge b r a i c  s u m  o F t he s e

t w o  s h e a r s H e n c e  B  ( l o c a t e d  a t  th e  s u p po r t ) a n d A  a r e  t h e  c r i t ic a l  po i n t s  a t  w h ic h  t h e  m o s t

se v e r e  s t r e s s e s  o c c u r T h e  m e t ho d  o f  Se c t io n  8 3 o r  8 5 c a n  n o w  be  u s e d t o  o b t a i n  t he

pr in c i p a l  s 【r e s s e s  a n d  t h e  m a x i m u m  s h e a r i n g s t r e s s  a t  a  c D t i c a l  po in t

=  EX A M PLE 9 4

C o m b i n e d Lo a d i n g C a p a c i t y  o f  a  C a n t i 1e v e r

G i v e n  A n  80 m m d i a m e t e r  c a n t i l e v e r  a l u m i n u m  ba r  i s  1o a de d a s  sho w n  i n

& g 9 8a A l l o w a b l e  s t r e s s e s  i n  t e n s io n  a n d i n  s h e a r  o n  a  s e c t i o n  1?n  m m  f r o m

the  f r e e  e n d a r e  90  M P a  a n d  50  M Pa r e s p e c t i v e l y L e t  T  =  0 2R N   m  a n d

P =  2 0 R N

F i n d : T he  1a r g e s t  v a l u e  o f  th e  v e r t i c a l  l o a d R

SO I UT ï O?  T h e  g e o m e t r i c  p r o pe r t i e s  o f  th e  s e c ti o n  a r e

T he  n o r m a l s t r e s s  a t  a l l  p o i n t s  o f  th e  ba r  i s

P  20R 12
,  
500 R

c r  =  -

16 Æ(10 4 )
-

.

4 3 1
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1 n d  the  t o r s i o n a ] s t r e s s  a l  the  o u te r  f i b e r s o f  the  bu  i s

m  m a x i m u m  te n s i lc  be n d i n g s t r e s s  o c c u r s  a t  p o i n t  B  o f  thes i d e r e d T he r e fo r e
,  

fo r  a - 320  m m
,  w e  ha v e  

se c t io n

I n a s m u c h  a s  Q =  A
,

d i r e c t  s h e a r i n g s t r e s

イ ー

丁
一

64 7 r ( 】0 8 )
一

2 0
,

。

岣

; s  a t  p o i n t  A  i s

Bý =  o r c  
2 /2 ) (4 c l 3 7 r ) =  2c

3/ 3 a n d b  =  2c the  m  axjmum
VQ 4 V  4 R

てぜ = = リ リ コバ

b 3A  3 ( 16 r r  x  10 园 n

s t r e s s  a t  po i n t  A  (F i g 9 8b ) u s i n g  E q s (8 8 ) (8 I I ) (a ) (b) a n d (d ) a r e

S t r e s s e s  u t  P o i n t  A T he  m a x im u m  p r i n c ip a l  s t r e s s  a n d m a x i m u m  she a r i ng

(。山 一 © + C气严 + 竽 )
'

十 一

15
,
696 R

万 万 万

(てm 巫x )A
一

94 4 6R

1r

S t r e s s e s  a t  P o i n t  B Si m i l a r ly a t  po i n t  B  (F ig 9 8c ) t h e  p Dn c i p a 1 s tr e s s  a n d

m a x i m u m  s h e a r  st ness a r e  f o u n d a s

(° l ),  
=  

3 2 ¥  +  ) 
2 

+ +
16

,  
2 50R  17

,  
4 1 I R 33

,  
66 I R

万 万 万

( i m a x ) B
17

,  
4 ]  I R

1r

N o t e  th a t  t he  s t r e s s e s  a f  B  a r e  m o r e  s e v e r e  t hû n  t h o s e  o l  A Su b s t i tu t i n g the

g i v e n  da ta  i n t o  th e  f o r e go i n g w e  h a v e

a n d

50 (106 ) =  

r  

©  
Or  R =  9 k N

c o m m e n t  T he  m a g n i t u d e  o f  the  l a r g e s t  pe r m i s s i b l e  lo a d i s  the r e fo r e

R =  8 4 k N

a a u
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Se c t 1o n s  9 1 t h r o u g h  9 4

F ig u r e  P9 1

9 6 D e t e r m i n e  t h e  m a x i m u m  s h e a r i n g  s u e s s  a n d i t s  o r i e n t a 1i o n

9 2 A  ho l 1o w  o u t bo a r d m o t o r  p r o pe 1l e r  s h a f t  w i t h o u t e r  d i a m e te r  
i n  t he  s t e p pe d s 1e e 1 s h a f t  s h o w n  i n  & 8 p 9 4

D  a n d in n e r  d i a m e t e r  d  i s  s i m u l t a n e o u s 1y  a c t e d u po n  by  a  to r q u e  T

a n d a n  a x i a l  th r u s t  P  (F i g P9 1) W n a t  i s  t h e  m a x i m u m  s he a r i n g G i v e n  P  30n  k N
,  

T  0 0 l P k N   m

s 1r es s  i n  t h c  s h a f t ?

G i v e  D  8 i n d  =  4  i n T  40 0  k i p   i n P  2 50  k ip s

9 3 A  s h a f t  o f  d i a m e t e r  d  i s  s u b je c t e d  t o  a n  a x i a 1 c o m p r e s s i v e

l o o d (P ) a n d t w o  t o q u  (T 1 T2 ) a s  s h o w n  i n  & g P9 3 W n a t  i s  t h e

m a x i m u m  s h e a r  s t r e s s  a l  p o i n t  A  o n  t h e  s u r f a c e  o f  t h e  s h a f t ?

口旧 1 d 一 120 m m P 5 0 0 k N
, 马 4 k N m T2 6 k N m

P

9 7  A  r e c t a n g u l a r  s h a f t  o f  d e p t h  a  a n d  w i d t h  b  i s  s u b j e c t e d  t o  a n

a x i a l t e n s i 1e  l o a d  P  a n d  a  t o rq u e  T a s  s h o w n  i n  F 1g P9 7 W n a t  i s

t h e  l a r g e s t  p e r m i s s i b l e  v a l u e  o f  T  i f  th e  a l l o w a b l e  t e 11s i 1e  s t r e s s  i n

t h e  s h a f t  i s  c í 1 l 1?

G i v e n  a 一 3 i n b 2 i n P 一 刃 k i p s ( r a l 1 2 0 k s i

 q-

.

Fig u r e  P9 7

Fig u r e  P9 3 
9 8  A  s ha f i  w i t h a n  a  x  b r e c 1a n g u l a r  c r o s s  s e c t i o n  is  a c t e d  u po n

by  a n  a x ia l t e n s i l e  1o a d  p  a n d a  t o n u e  T (F i g P9 7 ) D e t e r m i n e  t he

l a r g e s t  pe r m i s s i b l e  v a l u e  o f  P  i f  th e  a l 1o w a b l e  t e n s i l e  s 1r e s s  i n  th e

9 4  D e t e r m i n e  the  l a r g e s t  v a l u e  o f  t h e  a x i a l  l o a d P  th a t  c a n  be  
m e m b e r Is  1i m i te d  to  o a 11

c a n i e d by  the  s t e ppe d  s t e e 1 s h a l t  s h o w n  i n  & g P9 4  f o r  a l l o w a b l e

be n d in g a n d s he a r  s k ìes se s  £r u 1 a n d  r . 11 Re s p e c t i v e l y
G i v e n  a - 100 m m b  =  SO m m

,  
T 5 k N   m

,  l 1l - 12 0 M Pa

4 3 3

F i g u r e  P 9 4

9 5 R e pe a t  p t o b 9 4  f o r  th e  c a s e  i n  w h ic h t he  50 mmi a me t e r

h o 1e  i n  t h e  s h a f t i s  e l i m i n a 1e d
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9 9  A  t u r b i n e  s h a f t  o r  d l a m e 1e r  d  i s  11n ue r  a  thn 1a 1 1o a d P  a n d

1o q u e  r  (& l P9 9 ) C a 1c u l a t e  th e  1u s e s ¢ pe r m i s s l b1e  v a l u e  o f  t b 4

1o a d P  i r  1t1e  1 l lo w 1 b 1e  n o r m a 1 s t r e s s  II  n o l  I o  e x c e e d o a 1l   

0 11

9 10  A  tb in w a 11e d c y l i n d r i c a l  v e s s e l o f  r a d i u s  r a n d t h i c k n e s s  1

is  a c t e d  u p »n  by a n  i n 1e m a 1 p r e s s u r e  p  a s  w e l l a s  a n  a x i a l

c o m p r e s s i v e  1o a d P  a pp l i e d 1o  th e  v e s s e 1 t h r o u g h t h e  r i g i d e n d

p l a t e s  a s  s h o w n  i n  & g P9 10 W h a 1 i s  th e  m a g n i t u d e  o f  P  n e e d e d  1o

p r o d u c e  p 11r e  

p

j  a  9 13 A  th i n w a l l e d  c y l in de r  o f  r a d i u s  r

b e  a c t e d u po n  by a n  i nt er nal  p r e s s u r e  p  a n d  1

l u ge s 1 s he u i n g s 1r e s s  a n d  i ts  o r i e n t a t i o n  i n

e n d e d v e s s e l

G i v 1p n  r  =  250 m m
,  I  =  1O m m

,  p  =  3 M p a T a r  40 u

F ig u r e  P9 14

9 1 1 A  t h in w a 11e d c y l in d r i c a 1 t a n k  o f  r a d i u s  r  a n d  t h ic k n e s s  1 i s

s u w t e d  t o  a n  i n te m a 1 p r e s s u r e  p a x i a l  c o m pr e s s i o n  R  a n d a

t o n qu e  T  a p p l i e d to  th e  t a n k  t h r o u gh th e  r i g i d e n d p l a t e s  (Fig
P9 1 ] ) C a l c u 1a te  t he  m a x i111u m  p r i n c ip a l s t r e s s  i n  th e  c y l i n d e r  w a l l

9 12  A  c 1o s e d * n de d  c y l i n de r  o f  r a d i u s  r  a n d  w a l l t h ic k n e s s  r  i s

s u b je c t e d  l ¢» a n  i n te m a 1 p r e s s u r e p  a n d  a n  a x i a l  te n s i o n  P  D e t e r m i n e

fo r  th e  s h e l l  w a l l

(a ) T be  m a x i m u m  t e n s i l e  s t r e s s

(b ) T he  m a x i m u n 1 s h e a r i r 1g  s t r e s s e s  a n d  t h e  o r ie n ta t io n  o f  t he i r

p l a n e s

Æ m  r =  l o i n
,  

r  =  i n
,  p  =  50 0 p s i

,  
P  =  100 k ip s  s u

9 14  C a l c u 1a t e  t h e  n o r m a l  a n d  s he a r i n g  s 1r e s i e s  o n  thew e ld  o f  l he  s 1e e 1 s h a f t  o f  d ia m e t e r  d a c t e d  u po n  by  a n  u i T 1pbu
a n d a  to r qu e  T a s  s h o w n  i n  Fi g P9 ] 4 ' 1o1d p

G i v m  P  =  200 k N
,  T - 2 kN   m d _ 50  m m d

9 15 A  c a n t i l e v e r  s t e e l s h a f t  o f  d i a m e t e r  d  i s  s u bje c t e d Io  an
a x i a 1 lo a d P  a n d a  t o w u e  T a s  s h o w n  i n  F ig P9 14 D e t e r m i n e  the

p e r m i s s i b le  v a l u e  o f  T  T h e  a l l o w a bl e  n o r m a l a n d s h e a r  s t r e s se s o 11
t h e  s p i r a l  w e ld a r e  ( T a l i  a n d  t a 1l r e s p e c t i v e l y

G i v e n  ( Ta l 1 =  2 0 k s i
,  r a 1l  12 k s i d  =  4 i n

,  ¢  =  50 °

P  =  4 0 r r  k ip s

9 16 A  th i n w a l l e d  c y l i n d r i c a l  p r e s s u r e  v e s s e l  o f  r a di u s  r =

0 4  m  a n d w a 1l  t h i c k n e s s  r  =  8 m m  h a s  a  w e l d e d s p i r a l  s e a m  a t  a1】

a n g l e  o f  ¢  =  60  °  
w i t h  th e  a x i a l di r e c t i o n T he  s he l l  i s  s u bje c te d to

a n  i nt cr nal  p r c s s u r ie  o f  p  p a s c a l s  a n d  a n  a x i a l t e n si l e  lo a d P -

1 0 t r  k N  a pp l i e d  thr o u g h  r ig i d c n d  p 1a te s C a l c u l a te  the  pe r m i s s ib1e
v a 1u e  o f  p  j f  t h e  a 11o w a b l e  n o r m a l a n d sh e a r  s t r e s s e s  ac t ing
s i m u l m n e o u s l y  i n  t h e  p l a n e  o f  w e l d i n g  a r e  n o t  t o  e x c e e d a 1 11 -

25  a n d r a l 1 = 10 M P a r e s p e c t i v e l y

1 7 R e w o r k  Pt ìo b 9 16 f o r  thc  c a s e  i n  w hi c h  th e  v c s se 1 is

bje c te d t o  a n  a x i a l  c o n lp r e s s i o n  k x l d  p  = 101r  k N

4 3 4

m  Æ  ¢ól p
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9 29  A  s 1e e l s ha R ¢i - 2 in In  d i a m e 1e r  1 n d  r o t a Bi n g a t
1B - 240 0  r p m I¢ 1c 1e d u p o n  by 1  be n d i n B m o m e n t  M  =

5 k i p  in C 1 l c ï 1la t e  the  to r q u e  a n d  M e  h o r se po w e r  1h a t  c a n  1 1m
be  1 pp 1ie d  s im u 11a n c o u s ly  to  1l l c  a h1 R

C í p r n r .  I1 - 9 k s i
,  t r d 1 - 1 4 k s i

9 3 0  De i e r m i n c  the  m m i m u m  p r i n c i p 1 1 I s s  a n d  th e  m a x i m u m
sh e a r i n g  s 1r e s s  f o r  a  d - 50 m o d i a m e te r  s ha l l  in  e q u i l ib r i u m
s h o w n  in  F ig P9 30

A s s u n p t i o n  T he  be a r i n g s  · 1 A  n n d B  u e  1a k e n  1o  be  f r ic t io n 1e s s
1hc y  a c t  a s  s i m p l e  s u ppo r t s

Z 

B

9 3 1 A  s o l i d s h a f t o f  d i a m e t e r  d  =  4 0 n u n  i s  s u b j« t e d  t o  abe n d i n g m o m e n t  M  =  20o n N   m D e t e r 1n i n e  the  t o r q u e  T  tha t  c a na l so  a c t  i r  c r 1 i 1 =  ] 20 M Pa  a n d  f a 11 =  80  M p a

9 3 2  D e te r 1n i n e  t he  m a x im u m  s h e a r i n g s t r e s s  a t  p o i n t  E  o n  th es u r f a c e  a t  m i d s p a n  o f  the  D  =  3 i n Di a m re t e r  s h a f t  o f  t he  a s s e m b 1y

s i m p l e  s u pp o r t s

s ho w n  i n  F i g P9 32 B e a r i n g s  A  a n d B  a r e  t a k e n  t o  be  f r i c t i o n l e s s

y 3 5 R e s o l v e  Pr o b 9 34  f o r  t h e  c a s e  i n  w h c h then o r m a l  s t r e s s  i s  n o t  t o  e x c e e d  c r u 1  

G i v e n  a  =  
r  =  T

a 1 l 1 =  120  ]W a  
N   m

,

a ll o w 1óle

w h ic h de 1i v e r s  t h r o u g h  t h e  g e a r s  30  k w  a t  a  ©  o f  n  =  500 r pn 1 1o
a  m a c hi n e  c o n n e c t e d  t o  t h e  s h a f t  D E  C a l c u l a te  the  r e qu i r e d W

口
「夕m  

120 瞻 n r 一 】00 m m ' " 50  M p a

1200 1b  

Fig u r e  P9 3 2  

200.

w i th a  D  =  3 i n o u te r  d i a 1n e t e r  a n d  a  d  =  2 i n In n e r  a m e t e r

9 3 3 R e d o  Po b 9 32 fo r  the  c a s e  i n  w h i c h th e  s ha f t  i s  ho l l o w

l o a d e d a s  i l l u s t r a t e d  in  F rg P 9 34 w b a t  i s  the  s m a l l e s t  p e r m i s s i b 1e
G i v e } 1 a  =  6  i n r a 4 i n

,  T  =  5 kip   in
, ' 1 1l  =  I Oks i

4 3 6

9 3 7 A  c i n c u l a r  s h a f t  A B s i m p l y  s u pp o m  o n  be a Dn g s a t  i ts
e n d s i s  s u b je c t e d t o  t o rq u e  (7)  a n d  t w o  1o a d s  (F . F u  a c t in g as

D e t e r m i n e

(a ) T he  m a x i m u m  t e n s i 1e  s t r e s s
(b ) T h e  m a x i m u m  s h e a r  s t r e s s

60 0  ]b

z  

=  2 i n

30  in

I 

F i 

X

罗
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711e  f o r e g o i n g s t r e s s e s  a r e  d e p i c t e d i n  F i g 9 9 c  a s  a c t i n g o n  e le m e n t s  ha v i n g
h o Dz o n t a ] a n d  v e r t i c a l f a c e s

T h e  L a r g e s t  N o r m a 1 St r e s s e s Th e  p D n c i p a ] s t r e s s e s  a n d  t he i r  d i r e c t io n s  a t

po i n t s  B  a n d C  a r e
,  

f r o m  E q s (8 8) a n d  (8 6 )

(o ' 2 ) B  
= 25 2  M P a

(a l )c
一 3 M P a (a 2 )c

一 3 M P a

a n d

(e
p ) B -

2 
ta n

1 212 25 )
_ 5 1 °

2 5

Si m i l a r l y ,  
w e  o b t a i n  (c r  1) D - 25 7 M P a

,  (o 2 ) D - 0 2  M Pa A n d (û» D -

5 1 ° T he  r e s u 1t s  a r e  sh o w n  i n  Fig 9 9d

C o m n 1e n t s  W e  o b s e r v e  f r o m  t he  fig u r e  th a t  the  m a g n i t u d e  o f th e  a lge br a i c a】l y

bo « o m  o f  t he  be a m  to  z e r o  a t  the  t o p ,  w h i l e  i [ s  d i r e c t i o n  g r a d u a 1l y  r o ta te s  180 °

I de n t i c a l c o m m e n t s  a pp ly  t o  t he  c o m p r e s s i v e  pD n c ip a 1 s t r e s s  (cT2 ) I n te r e s t in g ly ,

w i th f o r e s ig h t  t he  s e c t i o n  o f  t he  c D t i c a ] po in t  m a y  be  p r e d i c t e d
,  

the re by
r e du c i n g t he  a m o u n t  o f  c a l c u l a t io n  e tf o r t  r e q u i r e d
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T he  st n s s cß  a t  m a n y c r o s s s e c t io n s  u f  the  be 1 m  m n y he  i n v e s t ig 1 t c d

po in t  i n  th e  d i r e c t i o n  o l  t he  p r i n c i pa l s t r c » li  a r e  k n o w n  a s  s t r e s a  1r d e c

i n  1  1ik c  1n a n n c r T Wo  s y Ems  o r  c u r v e x  d r a w n  w i th 1he i r l ld pe  a t e a c h

; o r 1e s Su c h 1r a j« t o r ie s  a r e  i 11u s t r a t c u i n  F IB 9 10  fu r  t he  be a m  u f
Fig 9 9a He r e  the  d i r e c l i 1)  n s  o f  1hc  t e n s i l c  s . r e s se s  a r e  r e p r e se n t e d by t hc

so l id l i n e s w h i1e  thc  c o m p r e s s i v c  s t r e s s e s  a r e  u e p ic te d by t hc  da s he d
1i n e s (N o t e  t ha i  F i g 9 1O n e g 1e c t s  t u  s ho w  the  e l ï e c t R n r  n n y  s t r e s s

c o n e c n u a t io n s ) O b v i o u s 1y the  t w o  t y pe s  o l  c u r v e s  a 1w a y s  in 1e r s e c 1 a 1

r igh t  a n g le s T h e  t r a j c c t o r ie s  be c o m e  e i the r  ho r i z o n t a l o r  v c r 1ic a l a t  t he  

F1G U R E 9 1o  p r i n c i p a 1 s 1r e s s  t r a j c c t o r ic s  fo r  a

to p a n d bo t to m  s u r f a c e s  o f  t he  be a 1n St r e s s  t r a j c c t u r i e s  a r e  pa r t i c u lu r 1y 
r e c 1a n g u 1a r  be a m

i m po r t a n t  i n  pho to e la s t i c  s t u d ie s

EX A M PLE 9 6

Co m b i n e d St r e s s e s  in  a  c a n t i 1e v e r  B e a m

G i v e 11 A c a n t i 1e v e r w  150 ×  24 s t e e l be a m is 1o a d e d a s s ho w n in F ig 9 I ] a

F i n d T he  m a x i m u m  n o r m a l s t r e s s  a n d t h e  m a x i m u m  s he a r i n g s t r e s s  a \  l h e
fl a n ge w e b  Ju n c t i o n  r o r  [ w o  c a s e s

s o L U T I O N  F r o m  T a b l e  B 8 w e  f in d t ha t  t he  c e n t r o iu a l m o m e n t  o f  i n e r t i a

o f  t he  s e c t i o n  i s  1 - 13 4  ×  ] 0 6 
m

4 T h e  fi r s t  m o m e n t  o f  th e  s e c t i o n a l a r e a s  a t
the  j u n c t i o n  o f  n a n g e w e b a n d t h e  n e u t r a l a x i s Re s pe c t i v e ly Ar e

QB - 10 2 (10 3 ) (74 85 ) =  78 6 ×  10 3 
m m

3

Qc - Qa  +  6 6 (6 9 7 ) (34 85 ) =  94 6 ×  10 3 
m m

3

The  s he a r  V - 60 kN  i s  c o n s t a n t  o v e r  t he  e n t i r e  be a m

(a ) F o r  L  =  3 00 m m T h e  be n d i n g  m o m e n t  M  a t  s e c t i o n A E i s  60  ×  10  3 
(0 3 )

- 18 k N   m  (& g 9 I l a ) T h e  n o r m a l  s t r e s s e s  a t  po i n t s  A  a n d B a r e  th u s

 :  - » c

4 3 9
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a a  1 ho w n  i n  Fi g 9 I l b T he  s h e a r i n  吕 s t r e s s e s  1 t  po ln t1 a(Pig 9 I l c ) a r e  M d C

v Qa  60  ( 103) (7 8 6  ×  10 6 )
「ß 一

丁
一

13 4 (1o国画(o o066 )
一 53 3 M Pa

Vi c  60 (103 ( 9 4 6  ×  10 6

r c  =  

I b 
=  

13 4 ( 1 0 6 ) (Ó 0066 ) 
=  64 2 M pa

s t r e s s  m a y  r e a d i ly be  e s t i m a t e d u s i n g Eq (7 25) '
1 v l  =

.

A s  n o te d IJ1 Se c t i o n  7 I O f o r  p r a c t i c a l  pu r p o se s The  m ax i n 1u m  s1le 1,

A pp1y i n g Eq s (8 8 ) a n d (8 1 1 ) w e  o b ta i n  t he  m a r iit ï u m  p  ri ncls t r e s s  a n d t he  m a r i m u m  s h e a r i n g  M r e s s  a t  the  j u n c t io n  o f  na n»a n d w e b

(a i ) B 
=  

9 y +  +  (5 3 3) 2 .  46 9 + 7 1 =  117 9 Mpa

( r n u x ) B  
=  7 1 M Pa

C o m m e n t  W e  s e c  t h a t  t he  m a x i m u m  n o r m a l  s t r e s s  do e s n o l o c c u r a l  lhe
e x t r e m e  fi be r s  o f  t he  be a m

(b ) F o r  L  =  5 00 m m T1i e  be n d i n g  m o m e n t  M a t  s e c t i o n A E  i s  60 ×  104(0 5)
o r  30  k N   m T he  fl e x u r a l s t r e s s e s  a r e  t hu s

M c  30 ×  ] 0  3  (0 0 8)
( TA

1 
=  

13 4 ×  10 6
179 1 M Pa

619 7
a B  =  ( 17 9 1) =  15 6 M Pa

w h i l e  th e  s h e a r i n g st nesses r e m a i n  c o n s t a n t N e x t a t  the  j u n c t u r e  o f  the

w e b  w i t h th e  fl a n ge s w e  o b ta i n  t h e  m a r i m BBm  p r fn c i p a l  s t r e ss  a n d

m a x i m u m  s he a r  s t r e s s

(a 1 ) B -

6
.  

6
'

.  (5 3 3 ) 2 
= " " " 172 5 M Pa

(T m a x ) B  
=  94 5 M Pa

C o m m e n t  I n  t h i s  c a s e the  m a x i m u m  n o r m a l s t r e s s  o c c u r s  a l  thJe

e x t r e m e  fi be r s  o f  t he  b e a m

I n  g c n e r a 】,  
o n l y  fo r  v e r y  sh o r t  w id e fl a n ge  be a m s  a n d u n u s u a l s i t u a t i o n s  n e ed tl1e

p r i n c i p a l  s t r e s s e s  be  a n a l y z e d O th e r w i s e
,  

t he  m a x im u m  ñ e x u r a l  s t m i s e s  a r e  a n  o rde r  o f

m a g n i t u d e  l a rg e r  th a n  the  m a x i m u m  s he a Dn g s t r e s s e s  tha t  a l e  f o u n d a t  t he  sa m e  po in t

9
.  
6 Ec CENTR1C A X IA  し Lo A D S

I n  th i s  se c t i o n  w e  s h a l 1 a n a ly z e  the  d s tDb u t io n  o f  s t r e s s e s  w he n  t he  l i n e  o f  a c t i o n  o f  a n  a x ia l

l o a d do e s  n o l  p a s s  t h r o u gh he  c e n t r o i d f  he  c  o s s  se c t i o n 丁 M s  o û c e n i t  o r  e c c e n l r ic a uy

to a ó d
,  

m e m be r  i s  s h o w n  i n  & g 9 12a  fo r  a n  a R i a l  te n s i le  fo r c e  P  a c t in g a t  d s ta n c es *

4 4 0
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44 2

CO M B1N ED  LO A D1N GS

A N D FA 1LU RE CRITER1A

z o n e  i s  c a l le d the  1: e r n  o r  c o r e  o f  thc  s e c t i o n

T he  c o r e  o f  a  r e c 1a n gu 11 r  c r o s s  s e c t io n  c a n  be  o

s u  Æ e c te d to  a  c o m p r e s s i o n  lo a d P  a s  s ho w n  in  F i g 9 13a W= ' 1£S*X °  

Eq u a t i o n  (9 10) is  the n  w r i t te n  a s

w he re  A =  bh
.  

1
z  

=  hb 3/ 12
,  

a n d 1
,

- bh 3l 12 T h e  f o r e g o i n g ,  
a f t e r  s i m p l i fy in g Re su l1s in

m i ,

(9 14)

T hi s  i s  a n  e qu a t i o n  o f  a  s tr a igh t  l i n e  g i v e n  by i n  F ig 9 13b T he  r e m a in i n g t hr ee  l in e s

o f  t he  s ha de d a r ea  (the  c o r e ) c a n  be  e s t a b l i she d  i n  a  s im i l a r  m a n n e r T he r e f o r e a  lo ad

a c t in g a n y w he r e  w i thi n  th c  k e m  w i l l n o t  pr o d u c e  t e n s i l e  s t r e s s  in  t he  m e m be r In  a  1ike

m a n n e r
,  

t he  c o r e  o f  o  由 e r  c r o s s se c t io n a l s h ape s  c a n  be  o b t a i n e d

Z

A

T he  c o r e  o f  a  r  ¬ r t a n g u l a r  se c t i o n

- i / .  WX' " c  m  s  s  s  æ  t  :. .

F in d

(a ) T he  m a x im u m  n o m i a l  s 1r e s s  o n  s e c t i o n  A B

(b ) T he  l o c a t io n  o f  th e  n e u t r a l a x i s

A s s u m p t i o n  L o a ds  p  a r e  c o pl a n e r  a n d t w o di m e n s i o n a l

FIG U RE 9 1 3
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P : - B

F1ó U RE 9 14  l a ) L o a d e d 1i n k  ; (b ) se c t i o n  A B
(b )

50 I U T ] O N  A  f r e e  b o d y  o f t h e  l e f t  p o r t i o n  o f t he  1in k  i a s ho w n  i n  & B 9 14 b
t h e  i nt ernal  f o r c e s  i n  th e  c r o s s  s e c t i o n  a r e  e q u i v a 1e n l  t o  a  c e n t r i c  f o r c e  p
48 kN a n d a  be n d i n g  m o m e n t  M  =  2 8 8 kN   m

(a ) L a r g e s t  N o r m a 1 S t r e s s T he  a x i a 1 s t r e s s
.  u n i f o r m ly  d i s t r ib u t e d  o n  a  c u t

A B  (F i g 9 ]  4 b ) ,  
i s

P  4 8 ×  10 3
c r a  

A  
=  

0 0 2  ×  0 0 8
30  M Pa

T he  s ù re s s  d i s t D b u t i o n  d u e  t o  b e n d i n g m o m e n t  M  i s  l i n e a r w i th i t s

m a x i m u m  v a l u e  a t  t h e  e d g e s  o f  s e c t i o n  A B  (F ig 9 14 b )

2 880 (0 0 4 )
c r b  =  =  

=  135 M P a
リ リ名久リ U ö P )ノ1ヱ

H e n c e u s i n g  E q (9 12 ) ,  
o r  s u p e r p o s i n g th e  t w o  d i s t D b u t i o n s w e  o b t a i n

th e  g r e a t e s t  t e n s i l e  a n d c o m p r e s s i v e  s t r e s s e s ,  r e s p e c t i v e l y f o r  t h e  e 1e

m e n t s  a t  t h e  e d g e s

( TA  =  ( Ta  +  c r b  =  30  + 135 _ 165 M P a

a B  =  c r a c r b  =  30 135 _ 105 M Pa

T he  r e s u l t a n t  s t r e s s  d i s t r i b u t i o n  f o r  s e c t i o n  A B  i s  d e p i c t e d  i n  F i g 9 15 c

(b ) 1 r o c a t i o n  o f  N e u t r a l  A x i s T h e  d i s t a n c e  } n  be t w e e n  t h e  c e n t r o i d a n d  t h e

n e u t r a l  a x i s  (F i g 9 15 c ) c a n  b e  o b t a i n e d  f r o m  E q (9 13 )

O =

P 竺 。
30 ( 10 6 )

1 

2 880y n

A  1 0 02 (0 0 8 3 )/ 12

T he  f o r e g o i n g  y i e l d s  y n  
=  8 9  m m

«b ) (c )

FIG U R E 9 1 5 St r e s s  d i s t r i b u t io n  i n  t h e  l i n k  o f  F i g 9 1 4a
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EX A MPLE 9 8

s t r e s s e s  D u e  t o  Ec c e n t r ic  Lo a d s

l
z  

=  4 (0 N (0 0 6 ) 3 _ 1 8 ×  10 6  
m

4

12

T he  s tr e s s  d u e  t o  t h e  c e n t r i c  a x i a l lo a d  P  i s

P P
一 \ 66 67 Pc r a A O 0 0 6

T he  m a x im u m  v a l u e s  o f  s t r e s s d u e  t o  be n d i n g m o m e n t s  M
y  a n d AI

.  a r e

r e s pe c t i v e l y

/
,  

H e n c e  Eq (9 10 ) y i e ld s  t h e  c o m b i n e d  n o r m a 1 s t r e s s e s  f o r  the  c o m e r

e 1e m e n ts : 
( Tx

- cr a  /  c r  /  0
'

(b) 
I n  the  f o r e go i n g  s i t u a t i o n

,  
th e  s ig n s  m u s t  b e  a s s ig n e d by  r e f e n i n g t o  the  s e m e

F1GU RE 9 16 (a ) Ec c e n t r ic a l ly  
o f  t he  m o m e n 1s  de p i c t e d i n  F i g 9 16b T h u s  th e  1a r ge s t  v a l u e s  o f  the

1o a d ed bm  (b ) e q u i v a le n t  a x ia l 
c o m p r e s s i v e  a n d t e n s i l e  s tr e s se s  a t  c o m e r s  A  a n d E  a r e

f o r c e  a n d be n d in g m o m e n ts

a bo u t  o e n t r o id a l a x e s

C o m m e n t  T be  m a gn i t u de  o f  the  m a x i m u m  a l l o w a b le  e c c e n l Dc  lo ad i s  d1e

s m a l l e s t  o f  the s e  v a l u e s ,  
P  =  24  k N

EX A M PLE 9
.  
9

St r e s s  in  Be a m s  o f  a  Ch a n n e l Se c t i o n

G i v e n  A  c a n t i l c v e r  be a m  ha v i n g a  c ha n n e ] s ha pe d c r o s s  se c t io n  i s  l o a ded as

sho w n  i n  Fig 9 17a

妈妈

G l v e r 1 A  r e c ta n g u 1a r  b1o c k is  s u b j e c t e d  to  a  v e r t ic a l lo a d p  1 1 i t1

a s  s ho w n  i n  & g 9 ] óa T he  a l lo w a b l e  s t r e s s e s  o n  p 1a n e  A BD E a1

80  M p a  in  c o m p r e s s i o n  a n d (cTr).  I 1 - 2 0  M Pa  i n  te n s i o n

F i n d w ha t  i s  t he  1a r gc s t v a lu e  o f  P  t h a t  c a n  be  s u ppo r t e d by ihe  b1w \ ?

s O L l  IT I O N  T he  e c c e n t r i c  l o a d i s  r e p l a c e d by  a  Ce n tr i c  f o r c e  P a11d t» o
m o m e n t s ,  

M y
- 0 05P N  m  a n d M z

- 0 0 3P N   m  (& g 9 I ób) The  a r  ea  and
the  m o m e n t s  o f  in e r t i a  o f  t he  c r o s s  s e c t i o n  a r e

A =  0 06 ×  0 1 - 0 0 06 m 2

/
y  

=  

l 2 
! 06 ) (0 1 ) 3  5 ×  ] 0 6

.  
4

\ 3  Q  i n 6 4

a
r

_

M J m a x 0 0 3 P (0 0 3 )

t Í A - 166 67p 50 0 p 500 p - 1166 67p

o E - 166 67 P  +  50 0 P  +  500 P  =  833 33P

Su bs t i t u t i o n  o f  the  pe r m is s i b l e  s t r e s s e s  i n t o  th e  a b o v e  e q u a t io n s  r es u lß  in

80 ×  106 20 ×  106

P -

1166 67
- j Ö o l m  P  =  

833 33 
1 4  K W
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FIGu RE 9 1 7 (a ) Be a m  o f  c h a n n e l se c t i o n  w 1t h a  c o n e c n l r ic  1o a d : (b ) r r e c bo d y

(b }

Æ

I i n d

(1 ) T h e  n o n n a 1 s tr e s s  a t  A  a n d ß

(b ) T he  pD n c i pa l s t r e s s e s  a n d t h e  m a x i m u m  s he a r  s t r e s s  a t  D
So L L IT 1O N W e  r e p 1a c e  t h e  2 5 kN  lo a d b y a n  e q u i v a le n t  I 5 kN  ho D z o n t a 1fo r c e  a n d 4 50 N   m  be n d i n g m o m e n t  a t th e  c e n t r o i d C  a n d a  20 k N  v e r t i c a 1

(F ig 9 17 b ) R e fe r r i n g t o  Se c t i o n s  A I a n d A 3

fo r c e  a t the  f r e e  e n d N e x t
,  

t h e  s t r e s s  r e s u l t a n t s  a r c  f o u n d a t  s e c t i o n  A B

o oo 24  m
2

,  w e  r e a d i l y  c a l c u 1a t e
A  =  4P =  50  m m  /  =  136 ×  10 8 

m
4

C o m m e n t  N o t e  t h a t  t h e  p r o p e r t i e s  o f  th i s  c ha n n e l s e c t io n  a b o u t t h e  z  a x i s
a r e  t h e  s a m e  a s  t h o s e  o f  th e  T  s e c t i o n  (s e e  F i g 7 1 1 b ) B o th s e c t i o n s  p o s s e s s  a n
a x i s  o f  s y m m e t r y

(a ) N o r 1n a 】 S t r e s s e s A p p 1y i n g  E q (9 12 ) w e  fi n d th a t  the  c o m b i n e d n o r m a l
s t r e s s e s  f o r  th e  c o m e r  e l e m e n t s  a r e

때  =  十 =  十

p  MyA 15 ×  ] 0 3 19 50 (0 0 3 )
A  /  0 00 2 4  136  ×  ] 0 8

6 2 5 + 4 3 0 1 一 36 8 M P a

a n d

a B

P ル印曾
6 2 5

】95 0 (0 0 5 )
A  1 136  ×  10 8

7 7 9 M Pa

(b ) L a r ge s t  St r e s s e s T h e  n o r m a l  a n d s he a r i n g s t r e s s e s  a l  p o i n t  D
(F r g 9 17 b ) a r e r e s p e c t i v e l y

a D 一

亓 厂
一 6 2 5 糌器兰 2o 6 M p a

V Q 2 0  ×  10  3 [2 (0 0 1) (0 04 ) (0 03 ) ]
r D  =  =  

13 6 ×  ] 0 8 (0 0 2 ) 
17 6 M P a

T he  p r i n c ip a l s t r e s s e s  a r e  d e t e r m i n e d f r o m  E q (9 1)

c r l 1  = 10 3 /  ( 10 3 ) 
2 

+  ( 17 6 ) 2 _ 10 3 /  2 0 4

T lm c l - . . - 10 .  l  M P '
.  o 2 - - 30 .  7 M M .  a n d , - - 20 .  

4 M P.

4 4 5

缸
冒
冒
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Se c t io n s  9 5 a n d 9 6

9 38 ] f  the  a 11o w a b1e  n o m 1al  s tr ess a t a  po in t D in  t he  s im p1e

bc 1m  o f  & g p9 38 is 1o M h  de te r m i n e  1hc  m a x im u m  pe n 11iss ib1e

x  z 

m m

9 39 A n  o v e r ha n gin g be a m  o f  r ec t a n gu 1ar  c r o s s  se c t io n ,  
6 in

ó e p by 4 in w ide
,  

c an ie s  a  u n i fo r m  lo ad o f  i n lc n s ity w - ] 0 k ips/ in

a s  sho w n  i n  F ig p9 39 D e te r m i n e  the pr in c ipa l  s k e sse s a t  po in t  D

Ske tc h the  r e s u l ts o n  a  pr o pc r 1y o De n t ed e le m e n t

Fig u r e  P9 39

9 40 Re pe a t  : T o b 9 39 fo r  a  be a m  o f  5 8 ×  23 c r o ss  s e c t i o n

(Re fe r  to  T a b1e  B 9 )

9 4 1 Fo r  a  be am  1o ade d a s  s ho w n  i n  Fig P9 4 1 By t aki n g i n to

a c c o u n t  the  be am
'
s  o w n  w e i ght  o f  500 N/m

,  
c a 1c t 11a 1e  th e  m a x im u m

n o m 1a】 a n d ó  m a x i m u m  s he a r i n g s t r e sse s  a t  po i n t  D  o f  t he  c r o s s

se c 1i m  m idspa n Sho w  the  r e s u l1s  o n  a  p ro pe r ly o r i e n te d e 1e m e n t

P - 20  kN

Fig u r e  P9 4 1

9 4 2 I f  1hc  a1lo w ab1e  s he a r i n g s tr e ss  a t  a  po in t E  i n  the  c a n 1i 1e v e r

be a m  s11o w n  in  & g P9 42 i s  80 M Pa
,  

ó 1e r m i n e  the  la rg e s t

pe r m i ss ib1e  m u e  o f  P

.

,  
4

F1g u r e  P9 4 2

4 4 8

po in t D ? 
S1re1B

G i v en  a - 0 4 m ,  
L  =  l 8 m

,  
w .  150 k N/ m

J

Fig u r e  P9 4 3

9 4 4  A  s i m p1e  m e t a 1l i c  be a m  h a v in g a  bo x  c +o ss  se c ko n o l

u n i fo r m  th ic kn e s s  1 - 20 m m  s u ppo r t s  a  c n n c e n 1r a te d lo ad P as

s ho w n  in  & g P9 4 4 D e t e m i n e  t h e  l a rge s t  pe r m is si ble  v a l u e  o f  if

t he  a 1l o w a bl e  c o m p r e s s io n  s tr e s s  a t  po i n t D  i s n o 1 to  e x c eed

a a l l - 250 M Pa

宇
Fig u r e  P9 4 4

' 9 4 5 A  s i m p1y  s u p po r t e d be a m  A B  c o n s u u c tc d o f  a  W  24 ×  84

w ide Ha n ge  se c t io n  (r e k r  t o  T a b1e  B 8) i s  a c t e d u po n  by 1ht ee

c o n c e n tr a ted 1o a d s  p - 40 k ips  (Fi g p9 45) Ca lc u l a te  the  m ax   

im u m  & i n c ipa l  s t r e s s  a t  the  j u n c t i o n  o f  a  il a n gc  a n d w eb o f  the

be a m

A s n Jm p l i o n  T he  m a x i m u m  sh c a r  ï ,
dis t r i bu te 41 o v e r  the  w e b a 1e a  a n d e st i m a te d
Eq (7 25)

 j

y

Fig u r e  P9 4 5
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9 4 6 A  s i r u c t u m l  m e m be r  i s  1a

D e 1e r m i m  Bh c  m u i m u m  re n s i 1c  1

(1 ) T b c  e c c e n 1r i c i t y  i s  a - 2 4

(b ) m c  e c c e n t r i c i 1y i s  a - M 4

し
· · · ·苡 .了ザ

9 4 7 A  c 1o se d « n d c d  c y l i n d e r  o f  r - 6  i n Ra d i u s  a n d 1 - / i n
w a l l th i c k n e s s  i s  s u b je c t e d to  a n  i n 1e m a 1 p r e s s u r e  p  =  5 {  p s i a n d
* n  e c e c n 1r i c i ¢y  e  =  4 i n o f f « e n t e r  a x ia 1 1o a d p  (F ig p9 4 7 )
De re r m i n e  th c  l a r g e s t  1】e r m i s s i b l e  v a l u e  o f  P  i r  (cr   ·  ) d l - 6 k s i
a n d (a , ) u 1

- 4 2 k s i

P  
P

Fig u r e  P9 4 7

9 4 8 A  1i n k  w i th a  T  c r o s s  s e c t i o n  i s  lo a d e d a s  s h o w n  i n  F ig
p9 4 8 D e t e r m i n e  a t  s e c t i o n  A B

(a ) T he  m a x i m u m  s 1r e s s

(b) T hc  In c a t i n n  o f  t h e  n e u t r a l a x i s

1 B

' " m  v

Fig u r e  P9 4 8 Se c t i o n  A B

9 49 A  c o l d r o l le d  be a m  o f  W 4 10  ×  60  s e c t i o n  (s e e  T a b le  B 8 )
as sho w n  i n  & g P9 49  s u p po r t s  a n  a x i a 1 [ e n s i l e  l o a d P  =  4 00  k N

w hic h do e s  n o t  p a ss  t ough t h e  c e n t r o i d W ha t  i s t h e  l a r g e s t

e c c e n t r i c i ty  q ?

g i n n   e z
- O

,  (a t ) a u
- 120  M Pa

,  ( c ).  U
- 80 M Pa

4 m  \ N  4 0 0  k N  
C

F1g u r e  P9 4 9

9 5 0  F o r  t h c  b r a c k e t  o Fb  ×  h r e c 1a n g u 1a r  c r o s s  s t c t i o n 1o a d e d  a s
Sh o w n  i n  & g 5 0 D e t e n n i n e

( a ) T h c  m a x i m u m  n o r m a 1 s 1r e s s

(b ) T h c  l û q a l Bo n  o f  t h e  n e u t r a 1 a x i s

G í v e n  

p

Fig u r e  P 9 5 0

9 5 1 D e t e r m i n e  t h e  l a r g e s t  l o a d  p  th a t  t h c  b r a c k e t  o f  & g P9 5 0
c n n  c m r y

G i v e n 1r - 6 0 6  i n c r u l - 18 k s i

9 5 2  A  t y p i c a l  c a n t i l c .  c r  s t e e l  b e a m  w i t h  m o d u 1u s  o f  e l a s t i c i t y
1r  2 0 0  G  Pa  i 5  l o a d e d  a s  s h o w n  i n  Fi g P9 5 2 C o m p u t e  t h e

m a g n i t u d e  o f  1o a d  P  a n d  d i s t a n c e  d

G i v e n  T h e  n o r m a l  s t r a i n s  eA - 6 0 0  a n d  E B - 2 0 0  1B  o c c u r  a t

t h e  e x u e m e  l i b e m  a t  p o i n t s  A  a n d  ß

F ig u r e  P9 5 2
.

° 一
一

9 5 3  F o r  t h c  b e a m  1o a d e d  a s  i l lu s t r a t e d  i n  & g P9 5 2 ó t e r

m i n e

(a ) T h e  m a x i m u m  be n d i n g  s t r e s s

(b ) T he  l o c a t i o n  o F t h c  n e u t r a l  a x i s

G i v e n  P  =  20  k N
,  

d  =  0 2 m

4 4 7

l11d e d   ·  s  i l 1u s t r 1 t e d  i n  n 1 p 9 4 61n t 1 c o m p r e s s i v e  s t r e s s e s  f o r  1w o
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9 54  F i l u r e  P9 54  s ho w s  a  c n s t i r o n  C c la m p W h a t  i s  thc

l ar ge pcr mi i bl c lo a d  P t l1i11 m a y  be  a p p l ie d ?

G i n n

9 5 5 T he  C c 1a m p  i n  & g P9 54  i s t i gh l c n e d u n t i l P - 4 k N i r

h =  1 6b - 80 m m ,  
c a 1c u la l e

(a ) T h e  m a x im u m  n o r m a 1 st r ess

(b )  T hc  lo c a t i o n  o f  t he  n e u u a l a x i s

9 5 6 F ig u r e  P9 5 4  s h o w s  a  s te e l C c l a m p D e t e r m i n e  the

r e q u i r e d d i m e n s i o n  b  o l  the  c r o ss  se c k o n

G i v e n  P  =  20 kN h  =  60 m m
,  t r d l - 14 0 M Pa

' 9 5 7 A  50 m m w ide  by  1 00 m m de e p  b r a c k e t  i s  a c te d u p o n  by
a  lo a d  o f  P  =  20 k N a s  s ho w n  i n  F ig P9 57 D e t e r m i n e  t h e

p r in c ip a l s 1ï e s s e s  a n d th e  m a x i m 11m  s he a r i n g s t r e ss  a t  p o in t  A
Sh o w  th c  r e s u l t s  o n  a  p r o pe r l y  o r i e n t e d  e 1e m e n 1

Fig u r e  P9 5 7

9 58  C a l c u l a t e  the  1a r ge s t  to a d  p  t ha t  c a n  be  a p p li e d  t o  th c
b r a c k e t  i n  F i g P9 57  i f  l hc  a l lo w a bl e  n o r m a l  s t r e s s  a t  p o i n t  B  i s
( T1 1i - 90  M Pa

9 5 9 M e m be r  A B C  o f  the  » a m e  s ho w n  i n  & g P9 59 i s  m a d e
o f  a  C 6  ×  8 2 s te c 1 c h a n n e l  (s c e  T a b l e  B ] 0 ) ha v i n g  - 36 k s i

c .

4 4 8

d1e c t  C

o f  the  s t r u c t u r e  h a w n  i n  F i g P9 59  f o r  p .  2 k i p&  a t

9 6 0  D c 1c r m i n e  t h c  n i a x i m u m  n o r m a 1 s t r e s s  in  the  n l e m b&

9 6 1 T h e  c a n t i 1e v e r  b e a m  w j th  a  r e c 1a n g u lu  c r o s ss u bje c 1e d 1o  lo a d s P Q a n d  R  a s  i 1l u s t r a tc d  i n  & g p9 6 i1 the  m a x i m u m  s he a r i n g  s t r e s s  t m u  a 1 po i n t  A ? n t  i1

G i l l e n  P  =  ] OOk N  Q =  ] 5 k N
,  R _ 1o kN

9 6 2  F o r  t he  c a n t i ï e v e r  be a m  d e sc r i he d  i n  p t o b 9 6 1 a n d s ho w n

r e s u l t  o n  a  p r o pe r ly  o r i e n t e d  e 1e m e n 1

in  Fi g P9 6 1 de 1e n n i n e  t h e  p r i n c i pa l  s t r e s se s  a t  p o in t  A Sho w  the

9 6 3 Re c o n s i d e r  th e  c a n t i l e v e r  be a m  i l l u s t r a t e d i n  Fi g p9 61a n d de s c Dbe d  i n  Pr o b 9 6 1 C a 1m i 1a t e  t he  m a x i m u m  s he a r  s1r e ss
t m a x  a t  po i n t  B

9 6 5 A  m e ta 1 be a m  A B c  w i t h a  w i d e Ha n ge  c r o ss  se c 1i o n  i s
s i m p l y  s u pp o r t e d a t  B  a n d c  a n d h a s  a n  o v e r h a n g A B  a s  s ho w n  i n

D e t e r m i n e  t h e  l a r ge s t  l o a d  P  tha t  c a n  be  s u ppo n 1
b a s e d u po n  11 f a c to r  o f  a a f e l y  o f  n i  =  1 2 N e 1
d i r e c 1 sh e a r
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1hc  m n x i m u n i  i s s i b l e  lo a d  p  b1 s c d  o nUr s s  o f  r d 1  

Gi 1v n / ,
5 4 6 4 i n

4 A 1 9 1 1 i n  
1

f 1 r1 ·  14 k s i

 . .
9 66 L n 1 1ls  P  a n d  R  u e  a p p 1i c d  a t  1h c  f r e e  c n d 1)  f  t he  po s t

b1 v i n g 1  d i1 m c t c r  d  s h o w n  in  F i g P9 66 C n 1c u 1a t e  th e  p r i n c i p a l

s k s se s  u t d  t he  m a x i m u m  s he a r i n g  s t r e s s

(1 ) A 1 po i n t  A

(b ) A 1 po i n t  B

In d ic 1 1c  th e  r es u 11s  o n  p r o pc r 1y  o r i e n 1e d  c le m e n t s

g i v e n  P  40 0 n N R 80 0 r r N d s o m m

F ig u r e  P 9 6 6

9 67 Re do  Pt o b 9 66  f o r  t h c  c a s e  i n  w h i c h th e  v e r t ic a l l y  a pp l i e d

1o 1d R i s  u r o

9 68 A  s i g n  o f  w e ig h t  W  i s  s u p po r t e d  b y  a  p ip e  h a v i n g o u t e r

di1 m e m r  D  a n d in n e r  1l i a m e 1c r  d  a s  s h o w n  i n  f f i g P9 6 8 F o r  a  w i n d

lo 1 d o r  P  o n  1h c  s i g n De re r m i n c  t h c  f a c t o r  o f  s a f e t y n ,  a ga in s t

fu 1u e  by  1x m » n c n i  ó fo r m a t i o n

Cb ,e 11 D  125 m m d 10 0  m m ,  ( Ty
2 50  M Pa

P 2 kN
,  

W - 1 5 k N

$ » w N W I  / L  \ A l  1 ? L » Æ] Wi l * »

y  
Ig u r e  P 9 6 8

9 6 9 T hc  s i g n  o f  F i g p 9 68  i s  s u p po n e d  by  a  s 1c e 1 p i pe  o f  o u t e r

Ui a m e 1e r  D  n n d  in n e r  d i a m e 1c r  d D e t e r m i n e  t hc  m a x 1m u m  s h e a r i n g

s t r e s s  i n  t hc  p ipe

G i n n  D _ 100  m m d  7 5 m m ,  
p  80 0  N W  =  5 00  N

9 7 0  Fo r  t hc  m e m b e r  1o a d e d  a s  s ho w n  i n  & g & 7 0 c a 1c u l a l e

9 7 1 T h e  l u 1x  s h o w n  i n  F i g P9 7 1 i s  o f  c o n s t a n t  t  2 0 m m

1h i c k n e s s D e t e r m i n e  t h e  m a x i m u m  w r m i s s ib l e  l o a d  P

9 7 2  T hc  l u be  s ho w n  i n  & g P9 7 1 i s

t h ic k n r qs  W n a t  i s  th e  m i n i m u m  11e r m i s s

G i v e n  P  2 50  k N
,  (o , )d l 90  M P I

G 1 v  

:

4 4 9

Fig u r e  P9 7 1

o f  t  =  20 m m  m i f o r m

i b le  d i s t a n c e  m

a (o c ) a 11 1 30  M P a
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4 52 
i ts 1 pp1i c n 1lo n T h is  t he o r y  pr e d i c ts  1ha 1 y ie l d i n g be g i n s  w he n  the  m 1 x im u 1n

s t r e ss  e q u n 1s  the  m M i m u m  s he a r i n g s t r e s s  a t  t h e  y ie ld Po i n t  i n  a  s i m p le  t e n a%
CO M B1N ED LOA D 1NGS 

lu gc s t  v a 1u e  o f  the  sb c a r  s t re s s is T m -
- It T 1 O

A N D FA ILURE CM TERIA  

r .  w
- a p T he r e fo r e a t thc  o n s e t  o f  : 1N

t m u
- t ' y  

o r  Ier i cí 3 l =  a y

(9 15)
In  the  c a s e  o f  p11 11¢  s t r e s s  (a ] - O) w he n  c r l  a  n  d a  2 a  r  e  o  f  o  pp o  s i te  s ig n  M a l i

1e n s i1e the  o the r  c o m p r e s s i v e ),  
the  y ie ld c o n d i t i o n  i s  gi v e n  by u

(9 Ih )

W he n  o 1 a n d o 2 c a r r y  thc  s a m e  s ign ,  
the  m a x i m u m  s h e  a  r  j  n  g 5  1 r  e  s s is  ha l f  the  n u n i q j

1a r ge r  pn n c ipa l s t r e s s  a l  o r  o 2 So the  c r i te D o n  c o r r e s po n din g to  thi s  s i t u a t io n  is  

¡ c all)

lcr  1l =  a y 
o r  l0 2 l =  a y  (9 1ób)

Eq u a t io n s (9 16 ) a r c  de pic t e d i n  F ig 9 19 N o te  th a 1 Eq (9 I óa ) a pp l i e s  to  the  se co nd

a n d fo u r t h qu a d r a n ts I n  the  fi r s t  a n d th ird q u a ó a n t s  th e  c r i te r i a  a r e  e x p r es se d by Eo ,

(9 ] ób ) T he  bo u n da r ie s o f  t he  he x a go n  m a r k t h e  o n se t

s ha de d r e g io n  r e pr e s e n t i n g the y ie 1de d s t a l e Tin e  m  a x  i
b a sed  o n  m a x i m u m  s h e a r  

u se d i n  m a c h i n e  de s ign  be c a u s e  i t  i s  s l igh11y  c o n s e r v a t i v e  a n d 1s  e a sy t o  app1y

s t r es s a g r e e m e n t  w i1h e x pe r i m c n ta 1 r e s u l t s ha s  be e n  r e a l i z e d f o r  du c t i le  m a te r i a ls

M A X IM U M  EN ERGY  O F D IST O RT I O N T H EO RY

T he  d i s t o r t i o n  e n e r8y  th e o r y a l s o  k n o w n  a s  th e  v o n  M is e s  t he o r y w a s  p r o po se d by M 1

H u be r  i n  1 ©  a n d fu r t he r  de v e 1o pe d by R v o n  M i s e s  ( 19 13) a n d H H e n c k y ( 1925) This

the o r y  s 【a t e s  t h a t y i e ld i n g o c c u r s w h e n  t he  r o o t  m e a n  sq u a r e  o f  the  d fk r e n c e  be t w e e n  e

pr i n c ipa l  s t r e s s es  f o r  a  th r e e d im e n s i o n a l s t a te  o f  s t r e s s  r e a c he s  the  s a m e  v a l u e  in  a  te ns i]e

t e s t T hu s  a t  the  be g i n n in g o f  y ie ld i n g

{ [þ  1 ( T2 )
2 

+  (o 2 cr 3 )
2 

+  (. . c r ] )
2 ] 

1/ 2

{ : [(o y
0 ) 

2 
+  (0 o ) 

2 
+  (o c'

y ) 
2 ] 

I / 2

_ y
"

.

o r

2 )2 
+  (( T2 ( T3 )2  

+  (a 3 O 1 )
2 

17)

e n 心r 吕歹

T he  p r ec e di n g r e s u l t  m a y a ls o  be  o b ta in e d by e q u a t i n g the  e n e r gy o f  di s t o r t io 1】 fo r  a ge n c r a】

s l a te  o f  s t r e s s  t o  the  l im i t i n g v a l u e  de te r m in e d f r o m  a  t e n s i le  l e s t T he se  r e 1a t i o n s  w i l l be

de v e l o pe d i n  a  de t a i l e d m a n n e r  a n d pr e s e n t e d by  Eq s ( 12 20) a n d ( 12 2 1 c ) in  Se c t io n  12 5

ï n  the  c a s e  o f  p la n e  s t r e ss  (cr 3
- 0) Eq (9 17) r e du c e s  to

a l a 2 +  0  =  4 1 (9 18)

Th is  eq u a t i o n  de l i n e s  the  e l l ip se  sh o w n  j n  F i g 9 20 Po i n ts  w i th i n  the  s u r f a c e  +e pre se nt

T he  v o n  M i se s  the o ry  a gr e e s  be s t  w i th th e  te s t  da t a  tb r  du c t i l e  m a t er i a ls  an d i s in

A  c o n v e n i e n t  c o m p a r i s o n  o f  y i e ld  t h e o r i e s m a y be  m a de  by m e a n s  o f  su per

the  s a m e  r e s u l t  w he n  the  p r i n c ip a l s 1r e s s e s  a r e  e qu a l o r  w he n  o n e  o f  the m  i s  z e r o  a n d the

o t he r  b a s  a  m a gn i t u de  o f  a y O n  the  o t he r  ha n d
,  

i f  the  m a t e r i a l a t  t he  o n s e t  o f  yi e ldi n g is

i n de r  p u r e  s h e a r  r - a l - o 2 (s e e  & g 8 1l b).  
Th e n  the  t he o r i e s  ha v e  the  lu gest
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EX A M PLE 9 10

P r e s s u r e  Lo a d i n g  C a p a c it y  o f  a  V e s s e 1

G i v e 1\  A  c 1o s e d e n d c y l i n de r  o f d i a m e t e r  d _ 2 r t  1u 1d w a 11 th i c k n e s s  1 - < i n

is  fa h r i c a t e d  o f  s 1e c 1 h a v i n g  t e n s i 1e  s t r e n g th a y
- 36  k s i

F i n d C a 1c u 1a [ e  t h e  a l l o w a b 1e  p r e s s u re  t he  s he l 1 c a n  c a r r y  b a s e d  u po n  a

fa c ro r  o f  s a fe t y  n .
- 2 A p p l y  th e  p r e c e d i n g y ie 1d i n g  t h e o r i e s  o f  ra i 1u r e

A ss u n \ p t i o n  T he  1a r ge s t  s t r e s s e s  o c c u r  o n  th e  e 1c m e n t s  o u t s ide  o f  the

c y l i n de r  w a l 1 a w a y  f r o m  t h e  e n d s

so L L IT I O N 7 e  c i r c u m f e r e n t i a l a x i a ] A n d r a d i a 1 s 1r c s s e s  a r e  g i v e n  b y

0 1 -

r
- 24 p  ( T2 - - 12 p  o 3 - 0

In se r t io n  o f  t h e s e  e x p r e s s i o n s  i n t o  E q s (9 15 ) a n d  (9 18) p r o v i de  t he  c r i t i c a l

pr e s su r e  s T hu s Fo r  t h e  Jm z r i m u m  s h e a r i n g  s 1r e s s  1h e o r y

24 p O - : (36 ×  1 0 3 )

p - 7 50  p s i

Fo r  117  m a x i m u n 1 e n e r g }  o ï  d i s l o n i o n  t he o r y

p (24  2 24  ×  12  +  122 ) " 2
_ : 0 6 ×  103 )

p - 86 6 ps i

Co m m e n t  T he  pe r m i s s ib 1e  v a l u e  o f  t he  i nt er nal  p r e s s u r e  i s  c o n s e r v a k v e ly

l im i te d to  7 50  p s i

lEX A M PLE 9 1 1

B e n d i n g  Lo a d C a p a c i t y  o f  a  Sh a f t

G i v e n  : A  c i r c u l a r  s ha f t  o f  d i a m e t e r  d  a n d  t e n s i 1e  y i e l d  s t r e n g t h a y  
i s

su  Æ e c 1e d to  c o m bi n e d  a x ia 1 t e n s i l e  f o r c e  P  a n d t o r q u e  T  (F 1g 9 22)

Fi n d T ' e  m o m e n t  M  t h a t  c a n  a l s o  be  a pp l ie d s i m u 1t a n e n u s 1y  to  t he  s h a f t

Em p1o y  t hc  m a x i m u m  e n e r 8 y  o f  d i s t o r t i o n  the o r y  o f  f a i 1u r e  w i th a  f a c t o r  o f

sa fe t y  n ,  to  c o m pu t e  th e  v a lu e  o f  M  f o r  th e  da t a

p  =  100 k N  T  =  5 k N   m  d  =  60  m m  c ' y
- 3 00  M Pa  n s

- 1 2

4 53

F1G U RE 9 2 2 A  c i r c u 1a r  b a r  w i t h

c o m b in e d  1o a d in g s
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R S

DEFLECT 1O N O F B EA M S 1 0
Ou t l in e

10 1 1n t r o d u io n  4 7 2

10 2 n *  Ela s t ic  Cu r v e  4 7 2

10 3 eo u n d a r y  Co n d it io n s  4 7 4

10 4 M e t h o d  o f  1n t e g r a t io n  4 76

p r o b 1e m s  4 8 4

10 5 Use  o f  D is c o n t i n u it y  Fu n c t io n s  4 87

p r o b1e m s  4 9 1

10 6 M e t h o d  o f  Su p e r p o s i t io n  4 9 3

p r o b 1e m s  4 9 5

10 7 St a t ic a 1ly  In d e t e r m i n a t e  Be a m s  4 9 6

1o 8 St a t ic a 1ly  In d e t e r m i n a t e  B e a m

M e t h o d  o f  1n t e g r a t i o n  4 9 7

Pr o b 1e m s  50 5

10 9 St a t ic a 11y  1n d e t e r m i n a t e  Be a m s

M e t h o d  o f  S u p e r p o s it io n  50 7

Pr o b 1e m s  5 12

10 10 M o m e n t A r e a  M e t h o d  5 14

Pr o b le m s  5 2 2

10 1 1 St a t ic a l l y  1n d e t e r m i n a t e  Be a m s

M o m e n t A r e a  M e t h o d  5 2 5

10 1 2 Co n t i n u o u s  Be a m s  5 2 7

Pr o b le m s  5 3 3

Ch a p t e r  S u m m a r y  5 3 5

Re f e r e n c e s  5 3 6

Wm z a n o  N a n o w s  B r i dge w h i c h

W  B ro o u yn  t o  St a 1e n  I s 1a n d
New  i l  s u p1x »r t e d by  f o u r

c 1bk s  36 in c 1ie s  i n  di amet e e a c h

fo n n e d by m a n y  s t r u 1ds V e h i c 1e s

C1' o1 o n  1w o  1i x 1a n e  1e v e l s B e a m s

in  the de c k o f  s u c h s t r u c t u r e s  m u s t be

des ign e d fo r  bo t h s t r e n g th a n d a

m u ic 1ed a m o u n t  o f  ó f1e c t i o n
The  11t 1e r  c 1 n  b e  a n a l y z e d  u s i n g
1be m e 1ho ds  o f  thi s  c ha p te r  a s  w e l l
a1 1h1t  o f  C1s m &  13 0 l e k sa n d r
G» 1¢ m l l s1 o

4 7 1
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4 74  

Fo r  s i m p l i c i ty w e  s o 1n e [ i m e s  w i l l  u se p r i m e J  to  d e n o t e  d i f fe r e n t i a 1iu n T h e  i n 1c m 1 l m o m eB«F L ECn On  o F I £ A M s  

M i nt crnal  s he a r  fo r c e  v  a n d app }ie d l o a d i n g i n t e n s i t y  w  a r e r e l a tc d y  Eqs (6 1) an d r6 31

T he s e c o m bi n e d w i lh Eq ( 1o 3) ,  
c o m po s e  t hc  u s e f u l s e q u e n c e  o f  e x pr e s s io n s

( 10 4 )

I n  a p p ly i n g the  p r e c e di n g r e la t io n s th e  s ig n  c o n v e n t io n  m u s 1 be  s t r i c t ly  adhe r e d 【o

(F ig 10 1) Fo r  a  be a m  o f  c o n s l ü n 1 ße x u r a 1 r i g i t l i 1y  E / w e  ha v e  (E l u
" ) '

_ Eh m  
a n d

(E l u   
·  ) "

_ E l u
" M e  d c  q u a t i o n s  f o r  th e  1 s  i c  c u r v e  f a  Io  d d be a m  the n  be c o m e

$   ·E  - ' "

.

( ] 0 5)

T he de ñe c t io n  s c a n  th u s  be  f o u n d by s u c c e s s i v e 1y  i n t e g r a t in g a n y  o n e  o f  Eqs ( 10 5) thr o u gh

w e  sho u l d po i n t  o u t  tha t  w i d e  be a m s  (h >  b / 2 ) ,  
w be r e  h a n d b r e p r e se n t  the  c r o ss

s e c t io n a l  d 即由 a n d w id th
,  

r e spe c t i v e ly ,  
a r e  s t i f f e r  a n d the  de fle c t i o n  i s  l e ss  th a n  tha t

o b ta i n e d by  the  p r e c e d i n g e q u a t io n s  f o r  n a r r o w  b e a m s  (h <  b/2) T he  l a r ge  c T o s s se c t io n a l

w i d th p r e v e n ts  l a te r a l e x pa n s i o n  a n d c o n 1r a c t io n  o f  the  m a te r i a l
,  

a n d de l le c t i o n  is  the n by

bc a m s i s fo u n d by m u l t ip ly in g the  r es u 1t g i v e n  by  th e  e q u a t io n  fo r  a n a r r o w be a m  by ( l y  
2),

in  w h i c h v  is  Po i s s o n
'
s  r a t io

. ·  h - Æ 4Æ   ©   ·  ©  ; l 》a ¢@r  10
.  
3 b o u n d a r y  c o n d it io n s

T he  r e s t r i c t io n s im po s e d o n  the  be a n  by i ts  s u ppo r t s  a r e  kn o w n  a s  bo u n da r y  c o n d1do m  b

o rde r  to  s o l v e  a  be a m de ße c t io n  pr o ble m ,  
i t  i s  n e c e s sa ry  to  pr e s c r i be  the  c o n di t io n s  a t  e ac h

s u ppo r t
,  

in  a dd i t io n  ro  u si n 8 thc  di f r c r e n t i a l e qu a t i o n s Te s e  c o n d i t i o n s  m a y bc  a  gi w n

ó tl æ t i o n  a n d s l o pe ,  o r  f o r c e  a n d m o m e n t
,  

o r  s o m e  c o m bi n a t i o n
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v u i a b l e a  u ,  
o  a r e  z e r o  f o r  c o n i m o n ly e n c n u n t e r e t l  c a s e s T he  ro r e gu i n g c o n d it 1u n *  1ppBy

4 76
to  bo th s t a t ic 1 l 1y de 1e r m i n a 1e  a n d i n dc t e r m i n 1 t c  b e a m s

k n o n  o F 1 EA M S 
M a n y  be a m s  a r c  s u bjc c 1c d 1o  c o n c e n t r a t e d  1o a d a r e a c 1i o n s o r  d i ac n n l i n u i l ie i  i n  1

d i s t r i b u t e d ¡o n  吕 i t u d i n a ! 1o a d i n g 1n  s u c h c a s e s .  
Th e  s o lu 1io n  r e q u i r e s

c o n d l t lo 1u  r e q u i r e  t ha t  bo 1h t he  s l o pe  a n d thc  de l l e c t i o n  be  th e  s a m e  a l  a n y j 1Bn c r l o n  o f  t w o

p a r t s  o f  the  be a m  thc  t l a s l i c  c U r v e  m u s l  bc + n 1 o o t h U s c  o f  d i s c o n 1i n u i ty  fu n c t i o n s  (see

s e c t io n  ] 0 5 ) s a t i s fi e s t he  c o n 1in u i t y c o n di t i o n s  o f  t h e  de l l e c t i o n  c u r v e

1O
.  
4  M ET H O D O F 1NT EG RA T1O N

T he  a pp r o a c h to  s o l v i n g d e f1e c t i o n  pr o b l e m s  b e g i n n i n g w i t h Eq ( 10 6 ) o r  ( 10 7) is

s o m e t im e s  c a 1le d t he  m u 1t 1p 1e i n 1e g r 1 t io n  m e t h o d A l s o  kn o w n  a s  t he  m e t ho d o f

s u c c e s s i v e  1n t e s m t i o n s i t  i s  i n i t ia te d by e x p e s s i n g  t he  [n i e m a ] s h e a r j o r c e  V o r  the  1o ad

i n te n s i ty w  in  te r m s  o f  th e  a pp 1ie d lo a d s  o n  the  b e a m T he n  t h e s e  e q u a t io n s  a r e  i n t e gr a te d

th r e e  o r  fo u r  t i m e s to  o b t a i n  u

T he  fi r s t  s t e p i n  c a lc u 1a t i n g t h e  de &e c t i o n  u s i n g Eq ( 10 5) i s  1o  e x p r es s  t he  [n t e m a ]

b e n d i n g  m o m e n 1 M  a s  a f h n c 1i o n  o f x  in  te r m s  o f  t h e  l o a d i n g N e x t Th e  mo me n 1 u r v a t u n

r e 1a t io n  m a y be  i n t e g r a t e d m  o h l a in  the  d c ne c t io n  a s  a  f u n c t io n  o f  po s i t io n  a l o n g t he  be a m

B e c a u se  t w o  i n te g r a t io n s  a r e  r e q u i r e d
,  

t h i s  i s  o f t e n  c a l1e d t h e  d o u b 1e i n t e g r a t i o n  m e t h o d

E a c h o F t he  p re c e d i n g p r o c e d u r e s r e pr e s e n t s  a  d i r e c t i n te g r a t io n  m e th o d  o r  s im p1y a

m e tho d o f  in t e g r a t i o n T he  c ho ic e  o f  w h ic h e q u a t i o n  t o  s t a r t  w i t h de pe n d s  o n  th e  p r o b1c m

T he  m u 1t ip le in t e gr a t io n  a ppr o a c h is he l p fu 1 i í t h e  e x p r e s s io n j o r  l o a d  w  (o r t he s he a r v ) a s a

Tu n u io n  o f x  is  s im p le  t o  w r i te  o r  th e  be n d i n g m o m e n t  d i f fic u l t  t o  p r e s e n t O t he r w i s e t he

do u b1e i n t e g r a t i o n  a pp r o a c h i s  m u c h e a s ie r  a n d  i s  p r e f e r r e d

W n e n  the r e  a r e  a b r u p t  c ha n ge s  i n  l o a di n g  o r  i n  E /  a l o n g the  be a m
,  

the r e  w i l l  be

s e pa r a t e  m o m e n t  e x p r e s s i o n s  f o r  e a c h s e gm e n t  o f  t h e  be a m  i n  w hi c h d i sc o n t i n u i t y o c c u r s

l n  thi s  c a se ,  
th e  s o lu t i o n  i s  fo u n d by s a t i s fy i n g  t h e  c o n t i n u i ty  c o n d i t io n s  a t  the  c o m m o n

bo u n d a r ie s o f  the  be a m  s e gm e n ts H o w e v e r
,  

th i s
"

m a t c hi n g p r o c e d u r e  m a y be  a v o ide d

the  do u bl e i n te g r a t io n  a pp r o a c h be c o m e s  o b v io u s  p a r t ic u l a r l y w he n  th e  l a t t e r  m e 1h o d is

e m p 1o ye d

B o th s t a t i c a l ly de t e r m in a t e  a n d in de t e r m in a t e  e 1a s t ic be a m  p r o b le m s  m a y be  tr e a t ed

u s in g the  s u c c e s s iv e  in t e g r a t i o n  pr o c e d u r e s  o u t l i n e d  i n  th e  p r e c e d i n g W e  sho u 1d e m pha s in c

th a t  i n  s o l v i n g be a m  d e fle c t i o n s
,  

the  th r e e  p r i n c i p l e s  o f  s o l i d m e c ha n i c s s e t  f o r th in

Se c t io n  1 3 a r e  u se d T he  eq u a t i o n s  o r  e qu i l ib r i u n 1 p r o v id e  t he  m o m e n t  in  E l u
t 1

_ M
.

w h ic h i t s e l f  i s a  Jor ceef onnar i on r e l a t i o n s h ip T h e  r e qu i r e m e n t s  o f  g e o m e t r i c  c o m

p a 1i b i l i ry  c o m ple te  the  so l u t io n  by fix in g the  c o n s t a n t s  o f  i n te gr a t i o n Eq u a t io n s (10 6) an d

(10 7) a r e  i n te rp r e te d s i m i l a r l y

T he  fo l lo w in g e x a m ple s  in  thi s c h a p t e r  de m o n s t r a t e  fi n d in g de fl e c t i o n s  a n d s1o pe s o f

v a r i o u s 1y lo a de d be am s  u s i n g the  c o m m o n  p r o c e d u r e s I n  a l l  c a s e s
,  

i t  i s  a s s u m ed tha t  the

be a m s  h a v e  c o n s ta n t  fle x u r a】 r igidi ty E l  u n l e s s  o t h e r w i s e  s t a t e d A l s o
,  

th e  w e igh t  o f  ' e

m e m be r s c a n  be  n e g le c te d

EXA M PLE 10 1

D e f 1e c t io n  o f  a  Sim p le  Be a m  w it h a  U n if o r m  Lo a d

G i v e n  : A  s im p ly s u ppo r te d be a m  A B  c a r r ie s  a  u n i f o f 1n  l o ad  w  per  u n i t
le n g th

,  
a s sho w n  in  Fig 10 3a
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f m m  w h i c h c , - w L 3/24 A 1t e m a t i v e 1y u
' (U 2 ) =  O c a n  a 1s o  be  u se d  1o

li n d th c  c o n s ta n t  c . s u b s t i t u t i n g  t h e  v a 1u c s  o f  C r a n d C z  i n t o  Eq s (a ) a n d

(b ) ,  
w c  o b1a i n  t h e  e x p r e s s io n s  f o r  t h e  s l o pe  a n d th c  c 1a a t i c  c u r v e

n s pc c t i v e 1y

-

2i Èi  
( L

( 1o 12)

)  M u 1d p 1e 1n' "  ° " Y W S u c c e s s i v e  i n t e g r a t i o n s  o f  Eq ( 1 0 7)
M u 1d p 1e 1n 1e g r a t i o n  M e th o d S u c c e s s i v e  i n t e g r a t i o n s  o f  Eq ( 10 7) ,

w i t h 1o a d  in te n s i ty w ,  
l e a d to

1
u

E l d
- w

d 3
u

d 2
u

ー

1 
w x

2 + C 1x + C 2
(C)

E l 
2

E l  
c向

一

1 
W ノ十 C l P 十 C 2 × + C 3

d i  6

E l u  = < w x
4 

+  C 1P  +  C 2/  +  C 3x  +  C4

T he  bo u n d a py  c o n d i t io n s  r eq u i r e  t h a t

t ì (0 ) 一 O u (L ) 一 O M (0 ) 一 O M (L ) 一 O

I n s e r t i o n  o f  t h e  fi r s t  a n d t he  th i r d  o f  t h e s e  e q u a t i o n s  i n t o  E q s (c ) y ie 1ds

C4 - C2 - 0 T he  r e m a i n i n g c o n d i t i o n s  t h e n  g i v e

E l u  
I /  (L ) =  O = : .  L

2 
+  C 1 L  o r  C 1 =  : . °

u  (L ) =  O = /  w L 4  
+  C l L

3 
+  C 3 L  o r

.
C3 一 警

C a 】r y i n g  t h e  v a l u e s  o f  C 1 ,  
C 2 ,  

C 3 a n d  C 4  i n t o  t he  l a s t  t w o  o f  E qs (c ) w e

o b t a i n  E q s ( 10 12 )

(c ) L a r ge s t  Di sp1acemen B e c a u s e  o f  s y m m e t r y ,  
th e  m a x i m u m  d e l l e c

t io n  o c c u r s  a t  th e  m i dd l e  o f  t h e  s p a n  w he r e  th e  s l o pe  i s  z e r o  (F i g 10 3c )

Se t t i n g x  =  Li 2 i n  th e  s e c o n d o f  E q s ( ] 0 12 ) ,  
w e  h a v e

5 w L 4 5 w L 4

u m M
一 1t c 一

玉昏玎リ 3 8i f i t ( 10 13)

T he  l a rg e s t  s l o p e s  o c c u r  a t  th e  s u p po r t s  o f  th e  be a m I n t r o d u c i n g x  =  O

a n d x  =  L  i n t o  the  fi r s t  o f  E qs ( 10 12 ) ,  
w e  f i n d th a t

ら ー 。
' (0 ) 一

w L  3
一 型 て ( 10 14 a )

24 E ï  24 E ï

478
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J i XAi PLE10 2
D e f le c t io n  o f  a  Ca n t i 1e v e r  Be a m  w i t h c o n c e n t r a t e d Lo a d s

y P

+ j   ·
(a )

'

AP  ·

u - l px 2  (3L ·  ) +  3M o J  
2  ]

(C )

FI G U RE 1 0 4  (a } A  c a n t i l e v e r  b e a m

( ] 0 15)  
u n d e r  t w o  l o a d s  ; (b ) f r e e b o dy  d i a g r a m  o f

p a r t  A O  (c ) d c l l c c t i o n  c u r v e

T he  deec1i on a n d  t h e  s l o p e  a t  B  a r e  f o u n d u po n  s u b s t i t u t io n  o f  x - t in t o

the  fo r e go i n g e x p r e s s i o n s

OB - u
' (L ) = (  P L  +  2M o )

u a - u  (L ) = (  2 P L  +  3M o )

( 10 16)

T he  r e s u 1t s  a r e  i n d i c a t e d i n  & g 10 4 c T h e  1a rg e s l  v a l u e s  o f  e a n d u  o c c u r

a t  the  f r e e  e n d B  o f  t h e  b e a m

Om a x
- [20 (2 ) +  2 (5 ) 1 = 0 005 r a d =  0 005 r a d X

u h 1 1
- h  [2 (20 ) 2 + 3 (5 ) 1- 6 3 m m - 6 3 m m  1

as  fo u n d by s u bs t i t u t in g t h e  g iv e n  da t a  i n t o  Eq s ( 10 16)

Co m m e n t s  T he  a n g1e  o f  r o t a t i o n  a n d de fl e c t io n  a t  th e  f r E e  e n d ha v e  th e

sam e  se n se  a s  the  m o m e n t  a n d fo r c e r e s pe c t i v e ly

« l v e n  A  f o r c e  P  a n d a  m o m e n t M o  a r e  a p p l i e d a 1 th c  f r e e  e n d o f  a  c a n t i le v e r
o f  u n i fo r 1n  c r o s s  s e c t i o n

,  a s  s ho w n  i n  F I B 10 4 a

t l n d D e æ r m i n c  th e  e q u a t i o n  o f  t h e  d e l l e c t i o n  C U r v e  a n d the  d e ne c t i o n  a n d
s lo p  a t  po i n t  B C a lc u l a t e  t h e  m a x im u m  a n s 1e s o f  r o ta t i o n  a n d de fl e c t io n  fo r

p  =  20 k N  M o  =  5 kN   m  L  =  2 m  U  =  1O M N   m
2

s o L UT 1o N R e f e r r i n g t o  the  f r e e b o d y  d i a g r a m  o f  F i g 1 o 4 b w e  li n d th a t

tbe  e qu i l ibD lu r 1 c o n d i t i o n  0 =  O y i e l d s

M  =  P x M o P L

In se r t in g th e  p r e c e d i n g i n t o  E q ( 10 5 ) a n d i n t e g r a t i n g t w i c e w e  o b t a i n

d 2
u

日
瓦

一 P x M o P L

f b  1
日

云
一

2 
P X

2
M o × P L x + C 1

E h ー Px
3 M 壮

2
P L x

2
+ C 1x + C 2
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D EFLEC N O N O F B EA M S

M U LT 1 1N T ERV A L p RO B LEM S

ë ©/
e v a 1u a l e d

A s  w c  w i l l se c  i n  the  fo 11o w i n g e x a m p le s  o f  t w o in t e r v a 1 p r o b1e m s
,  the  r equ i re d

a ddi t i o n a l m a t c h i n g c , m s c a n  bc  o b ta i n e d by  o b s e r v in g Tha t  the  de fle c t i o n  a n d s 1o pe  o f

t he  be a m  c a n n o t  be  d i sc o n t in u o u s a t  a n y po in t M u l t i [ n te r v a ] pr o b1e m s u s u a l l y  r e s u l t in g in

r a the r  le n g t hy fo r m u l a t io n s
,  

a r e  m o s t  o f te n  so l v e d  by  o n e  o f  th e  m e t ho d s  d is c u sse d in

Se c t i o n s  10 5 a n d 10 6

1 EX A M PLE 10 3 = ev

D e f le c t io n s  o f  a  Sim p le  Be a m  w i t h a  Co n c e n t r a t e d Lo a d

A  s i m p1y s u ppo r t e d be a m  i s  s u b j e c te d t o  a  c o n c e n t r a t e d lo a d P  as

F i 11d : U s in g the  do u bl e i n t e g r a t io n  p r o c e d u r e d e te r m i n e

(a ) T he  e x p r e s s io n  o f  th e  e l a s t i c  c u r v e
P L

(b ) T he  def l ect i on a n d s lo pe  a t  po in t C  a n d a n g l e s  o f  r o t a t io n  a t  the  s u ppo r t s

(a ) SO L U T I O N T ' e  r e a c t i o n s  a r e  sho w n  i n  & g ] 0 5a

(b) F o r  s e gm e n t  A C  F o r  s e gm e n t  CB

,  

Eïu : =  ×  E 1u  =  

ï  x P (x a )

1n s t w o  pa M cj  dei l t i o.

be e m a  : y

6L  6L

l i o n s T he  fu s t  c o n di Do n  is  tha t  the  s l o pe s  f o u n d fo r  bo th pa r ts  o f

T he  f o u r  c o n s ta n ts  o f  in t e gr a t io n  a ppe a r i n g i n  the  fo r e go in g e x pr e s

s io n s  a r e  de te r m in e d by  a pp ly in g f o u r  bo u n da r y  a n d  c o n t i n u i ty  c o n di
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(b )

t he  b e a m  m u s t  b e  e q u a l  a t  x  =  a

u  : (a ) =  u  (a )

o r

P b P b

Ë  
a

2 
+  C 1 =  a

2 
+ C 3

1n  a  1ike  m a n n e r ,  
t h e  r e m a i n i n g c o n d i t i o n s  g i v e

P a
3 b P a

< b
t ì 1(Q ) =  u z (a ) 

6 r
+ c 1 a  +  C 2 =  +C] a+C4;  C2 - C 4

t 11 (0 ) =  O : C2 = 0

p b 13 p b<

(幻 一 0
る 飞

+ C 3 L 一 0  C 3 一 差(L 2 b 2 )

W i th th c  fo r e g o i n g  v a l u e s t h e  e l a s t i c  c u r v e s  f o r  t he  l e f t a n d Dgh t

h a n d s e g m e n t s  t a k e  t he  fo r m

Pbx

叫 瓦画区
(L 2 b 2

×
2 ) (0 5 x [ a )

.  = (L 2 b 2
X  

2 )
P  

(a  Z  ×  Z  L ) 

( 10 17 )

Si m i l a r 1y t he  s l  ©  s  f o r  t he  t w o  p a r t s  o f  t h e  be a m  a r e  fo u n d I o  be

P b

u 一 (L 2 3 b 2 )
2日

(a  [  x 〈 L )

( 10 18)

To de t e r m i n e  t he  d e j l e c l i o n  a i 1d  s l o p e  a t  p o i n t  C s e t  r  =  a  i n  E q s ( 10 17 )

a n d ( 10 18) T h u s

P b a
u c ー

る画랸L
2

口
? 沪!

Qc 一 羞IL  2 30
2 b2 )

( 10 ] 9 )

Sl o p e s  a t  A  a n d Æ T h e  s l o p e s  u :(0 ) a n d  u (L ) a t  t he  e n d o r  1h e  be a m  a l e

eA -

P b tL 1 BZ )
_

P a b t L  +  b)
6E 1L  6E 1L  

( 10 20 )

o
P a b (L  +  a )

- U
-

6 E  歹し

w he r e  th e  n e g a t i v e  s ig n  i n d i c a t e s  a  c l o c k w i s e  r o t a t io n

N o te  tha t  i n a s m u c h a s  Bc  +  O,  
the  m a x im u m  de Ji e c r io n  o f  the  s pa n

do e s  n o 1 o c c u r  a t  C (F i g 10 5c ) F o r  a > b
,  

by  e q u a t i n g t o  z e r o  t he  s l o pe  u

f1o m  Eq ( 10 18) .  
w e  fi n d  th a t  t h e  la 1g e s t  de &e c t i o n  o c c u r s  i n  th e  l o n g e r

s e g m e n t  a t

a  po i n t  v e r y  c l o s e  t o  t h e  c e n t e r  o f  the  be a i 11 (s e e  T a b l e  B 14 )

4 8 1

C 1 - C ]
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: x" ' . .  
Yb 

=" H
,  

CXI b , . v ' ' " a t  l ' ' " qf l At

u m 1 x
- u c - t  Oc  =  O ( 10 22)

Si n c e  th e  be a m  a n d 1o a d i n g a r c  s y m m e t r i c  a b o u t  t h e  m id p o i n 1 Th e  e 1a s 1i c  c u r v e

i s  n o w  s y m m e t r i c  a b o u t  t he  be a m  c e n t e r

D e f le «

     1  团   EX A M p L E 1 0 4

c t io n  o f  a  Sh a f t  f o r  a n  ld le r  P u l 1e y

G i v e n  A  s ha f t p u 1l e y  a s s e m b 1y  w i t h  c o n s t a n t  o v e r h a n g i s  i l 1u s t r a t e d i n

F i 吕  10 6a N o t e  t ha t  th e  p u l le y w h i c h  r o t a t e s  f r e e 1y  a n d  d e l i v e r s  n o  t o r q u e  bu t

be 1t  t e n s io n  1o a d t o  i t s  s h a f t i s  c a l l e d a n  i d l e r  p u l l e y T h u s  th e  id l e r  s h a f t  m a y
be  u e a t e d a s  a n  o v e r h a n g i n g  b e a m  s u p p o r t i n g a  c o n c e n t r a t e d  t r a n s v e r s e

:o r c e  P

F i n d : D e D v e  t he  e q u a t io n  o f  t h e  e 1a s t i c  c u r v e  u s i n g

(a ) T h e  s e c o n d o r d e r  d i f f e r e n t ia l e q u a t i o n

(b ) T he  t h i rd o r d e r  d i f f e r e n t i a 1 e q u a t i o n

A w u m p t i o n  T h e  b e a r i n g s  a t  A  a n d  B  a c t  a s  s i m p l e  s u p p o r t s

SO L U T I O N  T h e  f r e e b o d y  d i a g r a m  o f  t h e  s h a f t  i s  s h o w n  i n  & g 10 6b
B e c a u s e  r e a c t i v e  fo r c e s  a c t  a t  s u p p o r t s  A  a n d  B s e p a r a t e  d i f r e r e n t i a l e q u a t i o n s

m u s t  b c  w r i t t e n  f o r  p a r t s  A B  a n d B C

伯)
F1G U RE 10 6  (a ) Sh a f t p u 1l c y  a s s e m b l y  (b) 1r e c b o d y d i a g r a m  o f  t h c  s h a f t

4 8 2
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D ou b 1e I n t e w a t i o  n  M e t h o d A pp ly i n g t he  c o n

DM 1,  
t he  fo l l o w in g e x p r e s s io n s  f o r  be n d i n g

o bm in e d

P x

M 1 - (O S × S L )

- Px  
2

ld i l i o n s  o f  e q u i l i b

m o m e n t  a t  x  a r e

(切

1n t e gr a t i n g t w i c e ,  
t h c  p r e c e d i n g  le a d s  t o  th e  f o 1lo w i n g e x p r e s s i o n s

F o f  s e g m e 11t  À B  P o r  s e g m e n t  B C

P x  3P L
日イ ー

下
Eイ ー Px

丁

PJ? P J? 3P L x

日 u 丁
+ c 1 E I哒 丁 2

+ C 3

p x
3 p p  3 P

E l u 1 一 十 C 1x + C2 日 的 十 C 3× +
12 6  4

E m p1o y i n g  th c  bo u n d a py  a n d  t l i e  c o n t i n u i ty  c o n d i t i o n s  i n  c o n n e c t i o n

w i th  th e  a bo v e w e  o b t a i n

P L Z

비 (0 ) 一  O C 2 0 미 (L ) 0  Q  一  

百

t ì :(L ) =  u (L ) : C  3 -

5 P L 2 

t l z (L ) 0 : C4 =

T he  r e s u l t i n g e l o s t i c  c u r v e s  o f  t h e  b e a m  a r e

6

u 1 - ( L  2 / ) (O « x [ L )

P 
( 3L 3 

+  1oL 2
x 91/  4  z p )u z - ' e i

( 1o 2 3)

T he  ó l l e c t i o n  a t  t h e  f r e e  e n d o f  t h e  b e a m  i s  r e a d i l y  o b t a i n e d b y

i n t r o du c in g x  =  3L / 2 i n t o  th e  s e c o n d o f  Eq s ( 10 2 3 )

一

P L  
1 ( 10 24 )

8E /  8E /

Co m m e n t  W c  o b s e Tv e  t h a t  t h e  de n e c t i o n  o f  th e  s h a f t  i s  d o w n w a r d

be t w e e n  B a n d C  a n d u p w a r d  be t w e e n  A  a n d B

M e t h o d  o f  Su c c e s s i v e  I n t e g r a t i o n s A pp l y i n g t h e  e q u i l ib r i u m

c o n d i t i o n s t o  p a r t s  A B  a n d B C  o f  t h e  be a m  y i e 1d s  i nt er nal  s h e a r

f o r c e s

4 8 3
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T h e  bo u n d a r y a n d c o t ï t i n u i t y c o n d i t i o n s  y i e l d

u
'
(0 ) C l - 0 C 4 = T

5 P L 2

u :(L ) =  u (L ) : C 5 -

6

P L 2

u l (0 ) =  O : C 3 - 0 u 1 (L ) =  O : C2 -

T 2

P L 3

o 2 (L ) =  O : C6 -

T

Su b s t i t u t i n g t he  v a l u e s  o f  C , th r o u gh  C .  i n t o  Eq s (e ) w e  o b t a i n  t h e  e x p r e s

s i o n s  f o r  t he  e l a s t i c  c u r v e s g i v e n  by  E q ( 10 24 )

PRO  B L E M  S 낳 . i .  3 4 4 R . 1 ©  W j #  ? w= < i

H o l e  U s e  a  m e th o d o f  i n t e g r a t i o n  t o  s o l v e  th e  f o l lo w i n g p r o b l e m s U n l e s s  o t h e r w i s e  s p e c i f 1e d a ss u m e  t ha t  l he  n e x u r a 1 r ig i d i t y E 1 o f

e a c h be a m  i s  c o n s t a n t

Se c t io n s  10 1 t h r o u g h 10 4

10 1 t h r o u g h 10 4  A  c a n 1i l e v e r  be a m  i s  l o a d e d  a s  s ho w n  i n

F ig s p 1O 1 th r o u gh P 10 4 U s i n g  t he  do u b le i n t e g r a t i o n  m e th o d

de 1e r m i n e

(a ) T he  e q u a t i o n  o l  th e  e l a s t ic  c u r v e

U 2 r  B 
X

F ig u r e  P10 2

(b ) T he  s lo pe  a t  thc  f r e e  e n d

(c ) Th e  dc ñ c c t i o n  a t  the  fr e e  e n d 〒。 门 丁二亡ご
A

- x  

Fig u r e  p 10 3

T "

Fig u r e  P10 4

4 8 4

E Ï 飞)
号l ¢

一 p

E 1飞) 一 P x キ C 么

(e )

P x
2

E /  川 一  十 디  x + C5

P x
3

E れ 2的 一 十 C4ノ 十 C 5× + C 6
6 2

2

2
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10 S a n d 10 6 So l v e  Pr o be 10 1  ·  n d 10 2 u s in g t hc  m u 1l ip le

i n 1c gr a t io n  m e t ho d

10 7 a n d 10 8 Re do  Pï o bs ] 0 3 a n d  10 4  u s i n g 1hc  m u l \ ip1e

i ngrat i on m e t h o d

10 9 Ca lc u l a 1e  the  m a x i m u m  s lo 1n  a n d m a x i m 11m  dc ne c 1io n  o f

the  be a m  in  Figu r e  P L0 1 T h e  be a m  i s  a n  5 100 ×  14  s l e c 1 s ha pe

(se c  Ta b1c  B 9 )

.  I 2 KN/ m ,  
L  =  2 m ,  

E - 200  G Pa
Gi « n  W

10 10 a n d 1 0 1 1 A  c a n t i 1e v e r  be a m  i s lo a de d a s  de p iu e d  i n

Figs p I O I O a n d P I 0 11 U s i n g the  d o u b 1e i n t e g r a t i o n  a pp r o a c h

ó t e r m i n e

(a ) T he  e q u a t io n  o f  th e  dc l l e c t i o n  c u r v e

(b) m e  s 1 ©  a t th e  f1e e  e n d

(c ) Thc  de &e c t i o n  a t  t he  f r e e  e n d

' A - B

T .  

Fig u r e  P10 1 

0 2 Fig u r e  P10 10

10 12 C a l c u l a t e  t he  d e ñ e c 1i o n  a t  t he  c e n t e r  o f  1hc  be a m  s ho w n

in  Fig p 1O I O i f  t h e  hcar n S  a  s o l i d  r o d o f  di a m e t e r  d

Gi v e n  d  =  2 i n ,  
P  =  80  1b

,  
L =  3 n

,  
E  =  10  ×  10 6 

p s i

10 13 a n d  10 14  So 1v e  Pr o b s 10 I O a n d  10 1 1 u s in g th e

m  Æ 1i p1e in 1c g+a t i o n  a pp r o a c h

10 15 A  c a n k 1e v e r  be a m  i s  1o a ó d  a s  s ho w n  i n  F ig P10 15

Us in g the  m u l t ip 1e i n t e g r a t io n  m e th o d ó t e r m i n e

T he  e q u a ti o m  o f  th e  e l a s t i c  c u r v e

T he  de l1e c t io n  a t  t he  k e e  e n d

T hc  m a c t io n s  a t  th e  f1x e d s u ppo r t

19 - W o CO 1

亘更亘亟1

Y ,

H  M d ,  ,  9 .

4 8 5

10 2 2 a n d 10 2 3 R e do  PT o b s 10

m u 1t i p le i n t e gr a t io n  m e 1ho d
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10 25 a n d 10 2 6 Ib r  the  be am  a n d lo a d in g sho w n  in  & gs

p 1o 25 1 n d p I o 26 u s in g the  do u ble i ngrat i on m e tho d ó te r m i n e

The  e q u a t io n  o f  thc  dc l l e c t io n  c u r v e

(b) The s lo pc a t e n d A

(c ) Th e  de l l e c f i o n  a t  the  m i dspa n

F i g  

: 
r e  p 10 2 5 

A

Fig u r e  P10 26

10 2 7 a n d  10 2 8 So l v e  Pr o bs ] 0 25 a n d ] 0 26 u s in g the

m u l t ip1c in t e gr a t i o n  a pp r o a c h

10 29 & n d  th e  s lo pe  a t A  o f  the  be a m  i n  & g P I 0 26 i f  the  be a m

i s  a  W  250  ×  80 s l e e t s ha pe  (s e e  Ta b1e  B 8)

G i v e n  w o - 50  k N / m ,  
L  =  4  m

,  
E  =  200 G Pa

10 3 0 t h r o u g h 10 3 3 Fo r  a  be a m  s u ppo r 1e d a n d 1o a de d a s

sho w n  i n  F 1g s P 10 30 th r o u gh P I 0 33 u s i n g a  d i r e c t in 1e g r a t io n

m e tho d de t e r m in e

T h c  e q u a t io n  o f  the  e l a s t i c  c u r v e

(b ) T he  dc l l e c t i o n  a t  m i ds pa n

(c ) Th c  m a gn i t u ó  a n d l o c a t io n  o f  the  m a x i m u m  dc lle c t i o n

(d ) T he  s 1o p c  a t  the  r i gh 1 e n d

Fig u r e  P10 30

枣 」歹

 

L /2 L /2 

1 

i f

Fig u r e  P10 3 1 G i

4 8 6

Fig u r e  P10 3 2

Fi g u r e  P10 3 3

10 34  a n d 10 3 5  A n  o v e r ha n g i n g be a m  i s  1o a de d as  shm m
i n  F ig s P I 0 34 a n d  P I 0 35 U s i n g a  d i r e c t i n t e gr a t io n  mc t h
de te r m in e

(a ) T he  e q u a t i o n  o f  t h e  e l a s t i c  c u r v e

(b ) T he  de &e c t i o n  a t  m i d s pa n

(c ) T he  m a g n i t u d e  a n d  l o c a t io n  o f  th e  m a x im u m  def l ect i on

(d ) T he  s 1o pc  a t  t h e  r i g h t  e n d

Fig u r e  P10 34

Fi g u r e  P10 3 5

0 3 6 Ca l c u l a 1e  the  s l o pe  a t A  o f  the  be a m  sho w n  in  & g P] 0 3]

LT the  be a m  is  a w  12 ×  72 s t ee l  s ha 1te  (se c  Ta b1c  B 8)

v e n  M - 400 k i p i n
,  L - 15 0

,  
E  =  30 × l ok

ps i
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0. 7  A  ca n t l lev e r  o f  va r i ab 1 e c r os s  s e c t i on  s u p po r t s 1  u n i -

y  d is u i bu t e d 1o a d w  (Fig P I 0 37 ) Ve r i f y u s in g t he  l a s i  o f

Eqs ( 10 4 ) th a t  t he  e x p r e s s i o n  fo r  th e  d e f1e c t io n  c u r v e  i s

u  =  

Eh .  ( J  +  33L 22
x 2L  3 3 ) ( P L0 3377 )

He t e  h r e p r e s e n t s  the  d e p t h o f  t h c  be a m  a n d bo  i s  the  w id th a t  t he

f1x c d e n d

a n d ß  (Pi 吕  P \ 0 38) D e t e r m i n e  t he  m 1 x lm u m  p c m s 1 l b 1e  l e n * 1h  L

f o r  th i s  s h a f i

R e q u i r e m e m  T he  d e f 1e c t i o n  o f  th e  s ha f t  d u c  1o  i t s  o w n  w e igh t

pe r  u n i t  1c n g th  w  a t  t h e  m i ds p a n  i s 1i m i 1e d t o   

G i v e n  u h11 x  =  5 I T u N d  =  7 5 m m g  =  9 8 1 k g/ s
2

y  =  7 860  k g/ m
3 E  =  2 0 0 G Pa  ( f r o m  T a b 1e  B 4 )

u m a 1  =  5w L 4 / 3840  ( f r o m  T a b l e  B 14 )

A s s u m p t i o n  T he  b e a r i n g s a c t  a s  s i m p l e  s u pp o r TS

10 5 U SE O F D ISCO NT IN U 1T Y  FU N CT 1O N S B= .   · - N

The in 1e gr a t io m p r o c ed u r e s  o f  t he p r e c e d i n g sæ t io n s  omequi t e c u m be r s o m e fo r  c a s e s  i n  w h i c h

the  be a m  c a r r ie s  c o n c e n 1r a t e d  fo r c e s  a n d  m o m e n t s  o r  di sc o n t in u o u s  d i s tr ibu t e d  l o a ds a n d  th u s

s ev e r a l in t er v a l s  a n d  s e v e r a l  s e t s  o f  c o n t in u it y  c o n d i t io n s  e x i s t Th e  u s e  o f  di s c o n t i n u iq ï  fu n c t i o n s

m a y s im p l i fy the  c o m p u ta t io n s  i n v o lv e d in  s o 1v i n g pr o b le m s  o f  thi s  k i m i  T he se  fu n c t i o n s  c a n  be

e f r ic ie n dy  a pp l ied to  o b ta i n  th e  de f le c t io n s  o f  s ta t i c a l l y  de te r m in a te  a n d  i n d e te r m i n a t e  be a m s  w i th

c o n s ta n t  fle x u r a l  Dg id i ty  E / H o w e v e r u s e  the y  d i f te r  s i gn i f ic a n t l y f r o m  o r d i n a r y  f u n c t io n s

dis c o n t in u iw  fu n c t io n s  m u s t  be  e m p lo y e d w i t h  c a r e  a n d c a u t io n

D is c o n t i n u i t y  ' u 1c d o n s  w e r e  d i s c u s s e d i n  s o m e  d e t a i l i n  Se c t io n  6 7 R e c a 1l  t h a t  t h e y

ha v e  be e n  u s e d  to  w r i t e  c o n c i s e  e x p r e s s i o n s  f o r  th e  e qu i v a l e n t  l o a d i n te n s i ty  w  (x ) s h e a r

fo r c e  V (x ) a n d b e n d i n g  m o m e n t  M  (x ) t h a t  a r e  v a 1i d  th r o u gho u t  th e  e n t i r e  be a m  le n g t h A s  a

r e s u l ;  the  n e e d fo r  c o n d i t i o n s  o f  c o n t i n u i ty  i 5  e l i m i n a t e d I n  th i s  s e c t io n
,  

w e  w i l l  i l l u s t r a t e

ho w  t jo  u s e  d i s c o n t i n u i ty  f u n c t i o n s  t o  o b t a i n  t h e  s o l u t i o n  o f  m u l t i i n t e r v a l s t a t i c a l l y
de te r m i n a t e  be a m  d e fl e c t i o n  p r o b l e m s

〒

T he  p r o c e d u r e  t o r  t h e  u s e  o f  d i s c o n t ln u i t y  1t1n c d o n s  i s  s t r a igh t fo r w a r d  a n d

m a y be  o u t1i n e d a s  fo l l o w s T o  be gin w e  w r i t e  th e  e x p r e s s io n  fo r  the  e qu i v a l e n t  l o a d

i n t e n s i ty  w  (x ) by  a p p l y i n g  t h e  t e c h n iq u e s  d es c r i b e d  i n  Sæ t io n  6 7 T he n  t h i s

e x w s s i o n  i s  i n t r o du c e d  i n t o  t he  d i f f e r e n t i a l  e q u a t i o n  o f  th e  de f le c t io n  c w e ,  
E q

(10 7) F i n a l 1y The  n 1e t h o d  o f  s u c c e s s i v e  i n t e g r a t i o n s  l e a ds  t o  th e  de f l e c t i o n  u E a c h

i megrat i on pr _ u Ge s  o n e  c o n s t a i 1t  o f  i n t e g r a t i o n
,  

w hi c h i s  o b t a i n e d f r o m  th e

Pr e sc r ibe d b o u n d a r y  c o n d i t i o n s

4 8 7

T ) +
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4 8 8 N o 1e  t ha t  Thb l e  6 2 r e pr e s e n t s  t he  i n te n s i t y  w  (x ) o f  t h e  c q u i v a 1e n t  d i1 u i bu t e d 1o 1d

D EFLEC NO N OF BEA M S a ss o c ia te d w i t h the  c o m m o n 1y  c n c o u n t c r c d s i n g l e  l o a d i n g Co m b i n e d  ¡o a d s  c a n  be  ha n dle d

by  s u pe r po s i t io n  o f  1hc  ba s i c  1o a d s  g i v e n  in  t h e  t a b le A pp l i c a t io n s  o f  the  i n t e Br 1 tio n

m e tho d s ,  
t o ge the r  w i th d is c o n t i n u i t y f u n c 1io n s

.  Ar e  i l l u s u a te d i n  the  s o l u t io n  o f  the

fo l1o w in g e x a m p1e s

EX A M PL E 10 5

D e f 1e c t io n s  o f  a  p a r t ia 1ly  Lo a d e d  C a n t i 1e v e r  B e a m

G i v e n  A  c a n 1i lc v e r  be a m  A B  s u p p o r t s  a  u n i f o r m  l o a d  w  o v e r  pa r t  CB o f  i l s

1e n g th a s  s ho w n  in  F ig 10 7

1 i n d  D e t e r m i n e  the  e q u a t i o n  o f  t h e  def l ect i on u r v e  ro r  t he  be a m E m p1o y
th e  fo u r t h o r d e r  d i lTe r c n t i a 1 e q u a t i o n  t o g e the r  w i t h th e  d is c o n t i n u i ty  f u n c t io n s

FIG TJRE 10 7 D is c o n t i n u i1y  fu n c t io n s

a  c a n t i lc v c r  be a m  w i t h 1o a d  w

w  (x ) = w (x a ) °

Su bs t i t u t io n  o f  t h i s  i n t o  Eq ( 10 7 ) g i v e s

B
u

E 1 - W  (X ) = w «x ° ) U

Sl o p e  a n d  D e l l e c t i o r 1 C u r v e W e  f i n d t h a t  a f t e r  f o u r  i n t e g r a t io n s
,  

the
p r e c e d i n g e x p r e s s i o n  l e a ds  t o

d 3
u

E 1 - w «x a »'
+ C 1

d 2 
11

E 1 
/

-

2 
w «x a ) 2 + c  1 X  + c 2

E /  -

6 
w (x a ) 3 

+  C 1B + c z  x  +  C 3

E l u  =

ã i - ( ·  a v .  # C 1/  +  C2x
2 

+ C + C 4
& 1e  bo u n da r y  c o n d i t i o n s  a r e

U  (0 ) =  O U
' (0 ) =  O E 1u  

n ' (L ) =  O u u  
»  

(L ) =  O
F r o m  th e s e  w e  ha v e

C4 - 0 C 3 =  0  C 1 - w b C2 - : .  B(L  +  a )
T hu s  the  e x p r e s s i o n s  fo r  th e  s l o pe  a n d  dd e c t i o n  a r e  o f  the  f o r m s

南 !

E q u i v a 1e n t  D i s t r i b u t e d L o a d  O n 1y U s i n g d i s c o n t i n u i t y  fu n c t i o n s  (c a s e  3 o f
T a bl e  6 2 ) fo r  the  e n 1i r e  be a m  s p a n  o f  t he  b e a m
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Fo r  t he  M ¢c t i o n  u c  a t  the  f r e e  e n d  (x - L ) w e  ha v e

u c - (2L ]  
+  6L 2 

a  +  b 3 ) ( 10 26 )

A n e ga t i v e  v a l u e  i n d c a t e s  a  do w n w a r d  d i s p l a c e m e n 1

Cu n \ 1n c n t  In  a  s i m i l a r  m a n n e r w e  c an  l i n d a n y  o the r  d e s i r e d de f1c c t i o n s  o r

s1o pes

EX A M PLE 10 6

Ela s t i c  C u r v e  o f  a  Sim p 1e  Be a m  w i t h a  Co n c e n t r a t e d Lo a d

G i v e n  R e c o n s ide r  t he  s i m p ly  s u p po r t e d be a m  A B  s h o w n  i n  F ig 10 8 a n d

di s c u s s e d i n  Ex a m p l e  10 3

Fi n d D e te r m i n e  t he  e x p r e s s i o n  o f  the  de f1e c t io n  c u r v e u s i n g  th e  m e t ho d o f

i n t e gr a t i o n  t o ge t h e r  w i t h the  d i s c o n t i n u i ty  f u n c t i o n s

SO L U T I O N T he  r e a c t i o n s a s  d e t e r m i n e d  f r o m  t h e  c o n d i t i o m  o f  e q u i l i b

Du m a r e  s ho w n  i n  F ig 10 8

X

F 1G U R E 10 8 D i sc o n t i n u i t y  f u n c t i o n s

a  s i m p l e  b e a m  c a r r i e s  lo a d  P
E q u i v a 1e n t

Ta b1e  6 2

D is t r i b u t e d  L o a d  I n c 1u d i n g R e a c t i o n s R e fe r  t o  c a s e  2 o f

Pb P a
W  (X ) 一  

丁  〈x  아
1 

P (x  a 〉
】 

+  
丁  〈x  L 〉

1 
佃)

A s  po i n te d o u t  i n  E x a m p l e  6 I Oa t he  l a s t  t e r m  i n  th i s  e x p r e s s io n  i s  z e r o  f o r  a 1] x

e x c e pt  a t  B T hi s  t e r m  w i l l  h a v e  n o  e t  o n  t he  c a l c u l a t io n s  ; i t  c a n  b e

di s r e ga r de d C a r r y i n g E q (a ) i n to  E q ( 10 7 )

d4
u  P b

E Ï
互

w 国 イ川 Pレ の

Eq u a t i o n s  f o r  S1i e a r  a n d M o m e n t I n 1e g r a t i n g  t w i c e the  fo r e go i n g r e s u l t s  i n

d3
1t  P b

E l
瓦下

V (x ) 一

厂9 P 〈x a 〉

dz
u  Pb

E l  
五百 M (x ) 一  

厂{ X ) P (x  이

B « a u s e  w e  be ga n  w i t h t he  c o m pl e t e  e x p r e s s i o n  f o r  w  (x ) ,  
i n c l u d i n g the

r e a c t io n s
,  

r 1o  c o n s t a n t  o f  i n t e gr a t i o n  i s  r e qu i r e d (s e e  E x a m p l e  6 12a )

S1o p e  a n d E l a s t i c  C u r v e Su c c e s s i v e  i n t e g r a t i o n s  o f  t he  p r e c e di n g e qu a

t i o n s the n  a ppe a r  a s

Fi o m  the  bo u n da r y  c o n d i t io n s  4 0 ) a n d L  ) =  O
,  w e  ha v e

P b
C 1 =

62 (L b ) c 2 - U

4 8 9
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EX A M PLE 10 7

Slo p e s  a n d D e f le c t io n s  o f  a  C a n t i le v e r  Be a m  w i t h T h r e e  Lo a d s

佃)

A  
r  ·

W

(b )

& G U RE 10 9 D i s c o n t in u i t y  f u n c t i o n s

(a ) a  c a n t i le v c r  be a m  s u p p o r t i n g l o a d s  M o

a n d w  (b ) e q u i v a le n t  1o a d d ia g r a m

G i v e n  A  c a n t i l e v e r  be a m  A B  i s s u b j e c t e d t o  l o a d s  M o  a n d  w  a s  s h o w n  i n

F i g 10 9 a

F i n d U s i n g th e  d i s c o n t i n u i [ y  f u n c t i o n s  t o g e t h e r  w i th  t h e  i n t e g r a t i o n

m e t ho d d e t e r m i n e  t he  d e fl e c t i o n  a t  t h e  f r e e  e n d o f  t h e  be a m

SO L U T 1O N  Se e  F i吕 10 9 T a b 1e  6 2 a n d r e f e r  t o  Se c t i o n  6 7

O bv i o u s l y d i s c o n t i n u i t i e s  i n  l o a d i n g  a t  x  =  U 4 x  =  U 2 a n d x  =  3Li 4 e x i s t

Eq u a t i o n  ( 10 7) i s  t he r e f o r e

A t X  =  0 V  (0 ) =  O a n d M  (0 ) =  0 H e n c e C l - C2 - 0 I t  f o l l o w s  th a i

y ie ld 
u r v e T w o  i n t e g r a t i o n s  o f  Eq (b ) r e f e r r i n g t o  s e c t i o n  6 76 7
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fr o m  w h i c h

3【M o 7 ' "
C 3 -

4  
+ m

C4 - ·

Su bs t i t u t i o n  o f  th e s e  v a l u e s  i n t o  Eq s (c )  1e a d s  t o  e x p r e s s i o n s  f o r  e a n d u

A r the  f r e e  e n d o f  th e  be a m  (x  =  O) Th e  s l o p e  a n d  d e j1e c t i o n  a r e  th u s

T hc  m i n u s  s ig n  m e a n s  t h e  d e &e c t i o n  i s  d o w n w a r d

C o m m e n t  I n  a  1i k e  m a n n e r ,  
w e  c a n  d e te r m i n e  a n y  o th e r d e tl e c l i o n  a n d  s l o p e

a s  n e e de d

a b l e  U s c  d i s c o m t j n u j [ y  f u n c t i o n s  t o  s o ] v c  th c  f o l l o w i n g  p ¢ o b l c m s A 11 b e a m s  h a v e  c o n s t a n t  n e x u r a l  t i g i d i t y  E r

Se c t io n  1 0 5

10 40  t h r o u g h  10 4 3  A  b e a m  i s  s u p p o r t e d  a n d  l o a d e d  a s

sho w n  i n  F ig s P I 0 4 0  th r o u gh  p I 0 4 3 D e t e r m i n e  
Fi g u r e  P 10 4 1

T h c  c q u a k o n  o f  t h e  c 1a s t i c  c u r v e

(b ) T hc  s lo p e  a t  t he  f m c  e n d

(c ) Th e  d e t te c k o m  a l  t h e  f l e e  e n  &
T '

Fig u r e  p 1 0 4 2

y

y

国削工二口
一 。

仁二 本 .
F ig u r e  P 1 0 4 0  Fig u r e  P 1 0 4 3

X

4 9 1
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10 4 4  t h r o u g h 10 4 7 Fo r  t he  be a m  1n a ó t B a n i l  \ u ppo r 1c d a s

s ho w n  in  & gs p I 0 44  thm u gh PI 0 4 7 d e te r m i n e

(= ) m e  c q u a 1io n  u l  the  de l1c c 1io n  c u r v e

(b ) T h c  s l o pe  a t  c n d  B  fu r  the  g i v e n  n u m er i c a l v a l u e s

p  =  4 k i ps  a - 3 f r  1 - 1o n E  I O ×  1  ps i

I  =  72 i n
4  

1o - 2 k ip s/ f1

3 x

仁 二ユ
ー

Fig u r e  P10 4 4

Fig u r e  P10 4 5

Fig u r e  P10 4 6

.  r  j

Fig u r e  P10 4 7

10 4 8  t h r o u g h 10 5 1 A  s i m p le  be a m  is 1o adn d a s  s ho w n  i n

& g¢ P I 0 48 tho u gh P 10 5 ] D e t e r m i n e

The  e qu 1 t i o n  o f  the  e la s t i c  c u r v e

(b ) 71t c  a n g1e  o f  r o 1a t io n  a t  e n d A

(c ) The  ó ll e c 1i o n  a t  m i ds pa n

y

i

y

l r

A l  
°  

Fig u r e  P10 .

X  

Fig u r e  P10 51

10 52 A  s im p le  b e a m  A B  i s  s u bje c t e d to  c o u p le  M o  a t  m idspm

a c t i n g a s  s h o w n  in  & g P I 0 5 2 D e t e r m i n e

T h e  e q u a t i o n  o f  t h e  ó fl e c t io n  c u r v e

(b ) T he  ó l l e c t io n  a t  m i d s p a n

(c ) T he  m a gn i t u d e  a n d  l o c a t i o n  o f  t h e  m a x i m u m  ó f1c c t io n

(d ) T%e  s 1o pc  a t  t h e  f r e e  e n d

J  

Fig u r e  p10 52

10 53 a n d ' 10 5 4  A n  o v e r ha n g i n g be a m  i s  su ppo r 1e d and

1o a de d a s  sho w n  i n  F i g s p I 0 65 a n d P I 0 66 D e te r m i n e  1hc

e qu a t i o n  o f  the  e la s t i c  c u r v e  a n d de ll e c t i o n  a t  po i n t  C

C  

i g u  r  e  P10 53

,  
T . 

Fig u  r e  p 1' 54

4 92

Fig u r e  P10 48

> "

Fig u r e  P104 9
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t ìc  (t ì c )
.  

+  (u c ) p
No t e  th a t fo r  t he  s p e c i a 1 c a s e  i n  w h i c h a  Æ  b =  U 2 f r o m  E q s ( 10 13 ) a n d ( l o 22 ) o r  c a s e s  10

a n d 7 o f  T a b le  B 14 w e  h a v e

Sw L ' P L T

u c  =  

3 84 8 1 
+  l 82 ì  

t  ( 10 2 8 )

The  e x pr e s s i o n s  f o r  l h c  d e n e c t i o n  c u r v e  a n d t h e  a n g 1e  o f  r o t a t i o n  o F t h e  be a m  c a n  b e

fo u n d i n  t h e  s a m e  w a y b y  c o m b i n i n g E q s ( 10 12) a n d ( 10 17 )

F1GURE 10 10 D c f1c c \ i o n s  o f  a  s i m p 1y s u p p o r 1e d be a m  w i t h t w o  lo a d s

4 9 3
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F i 11d  : D c t c r 1n i n e  t he  de fl e c t i o n  a r 1 d  s lo pe  a t  M n ge  B  fo r  t he  be a m

x s t 1m p 1i o n  T he  f le x u r a l r igid it y  E 1 is  c o n s t a n t  o v e r  t hc  e n t i r e  be m

5 0 I t IT 1O N : T he  h in ge  po i n t  B i s  a  c o n v e n i e n t  l o c a t i o n  f a ir  se pa r a t io n  o f  the

s 1r u c tu l e  i n to  t w o  p a r ts  f o r  thc  p u r po s e  o f  c o m p u t i n g th e  r e a c t io n s T hi s  pr o c e ss

is  i l 1u s 1r a te d i n  & g 10 1l b Ea c h p a r t  o f  t he  be a m  i s  t r e a t ed  i n de pe n de n t l y

T he  d e ße c l io n  o f  e n d  B o f  c a n t i l e v e r  be a m  B C
,  

w hic h is  the  s a m e  a s  the

de f1e c t i o n  o f  th e  h in ge e qu a l s

u B - (u B ) p  +  (u B ) .

H e r e
,  

w e  ha v e  :i o m  c a s e s 1 a n d 4 o f  T a b l e  B 14

P L 3  w L+

u a -

9 E I  
+  ( 10 29a )

S i m i la r ly lhc  s l o p e  a r e n d  8  o f  t he  c a n t i le v e r  be a m  i s

o r

P L Z  
w L\

Oa - i +  60  T  U r £ y 0 /

C o m m e n t  I n  a  l ik e  m a n n e r  w e  c a n  f i n d a n y  o the r  de s i r e d de fl e c t io n s  a n d

r o ta t io n  a n g1e s

EXA M PLE 10 9 [  * k w

S1o p e  a n d D e f 1e c t io n  o f  a  Be a m  w i t h a n  O v e r h a n g

p  G i v e n  A n  o v e r h a n g in g b e a m  s u p p o N s a  u n i f o r m  l o a d o f  i n t e n s i t y w  a 11d a

c o n c e n 1r a te d lo a d P  a s s ho w n  in  F i g 10 12a

D e te r m i n e  t he  a n g le  o f  r o t a t i o n  a t  B  a n d d e fle c t i o n  a t  po i n t  C

SO L U T I O N  A  f r e e bo dy  d i a g r a m  o f  s e g m e n t  A B  i s  s ho w n  in  F ig 10 12b

W e  o b s e r v e  t h a t  th i s  s e gm e n t  c a r r i e s  a  u n i f o r m  l o a d  a n d r e s i s ts  a  v e r t i c a l  lo a d  P

a n d a  m o m e n t  M a - P a T he  pr o b l e m  c a n  th u s be  r e du c e d t o  tha t  o f  fi n d in g the

(a ) def l ect i on u c ) M  c a u s e d b y t he  r o t a t i o n  o f  B  (F i g 10 1 2c ) a n d the  de He c t io n

(u c ) p  du e  1o  t he  be n d i n g o f  s e gm e n t  B C as  a  c a n t i l e v e r

U

#  
1

_ d t ñe u io n  a t  p o i n t  C  isJ  

W e  ha v e
,  

f r o m  c a s e  1 o f  T a bl e  B 14
,  (u c ) p - Pk1

3/ 3E 1 H e n c e  thc  t o t a l

w L 3
a  p a

z

(c ) u c -

2i 8i 3E I (L  十  a ) (1o 30)

& G U RE 10 12  (a ) Be a m  u n de r  t w o

1o a ds  (b) f r e e b o dy  d ia s r a m  o f p a r t  A B  C o m m e n t  I t  i s  c 1e ar  th a t  ï he  s ha pe  o f the  e l a s t ic  c u r v e  f o r  the  be a m  de pe n ds

(c ) d e l l e c 1i o n  c u r v e u po n  pt e s c Dbe d v a l u e s  o f  w ,  
L

,  a n d a  (& g 10 12 c )

4 9 4

T he  s lo p e  a 1 B (s e e  c a s e s  I O a n d  9  o f  T a b l e  B 14) se t t in g M a - P a i s

e B -

8 e i 38i
T he r e fo r e

w L3
a  Pa? し

(u c ) M - Oa a  =  

2i Ëi m
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4 9 6

G i v e n  a  2 m P  =  2Q =  10 kN

I  =  5 1 6 ×  10 - 6 
m

4

10 6 4  B e a m  A C i n  Fig P L0 6 1 is  m 1 d

s h1 pe (s e e  T bb1e B 8) a n d M o - ] Ok N   m
,

E  =  2 l OG Pa
B 

C a lc u 1a t e  thc  de f1æ t io n  a t
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D EFL ECT 1O N  O F BEA M S

A  s 1c e l s tr u c t u r e  d u r i n g
c o n s t r u c t i o n T he  l o 1lo w i n g
s e c t io n s  a r e  de v o t e d I o  the

e v a 1u a t i o n  o f  t he  s u p po r t

r e a c t i o n s  a n d de f1e c t io n s  o f

x 1a t ic a 11y i n d e t e r m i n a 1e  be a m s

s u  Æ e c t c d 1o  v a r i o u s  1o a d s

Ja r n

10 7 ST A T 1CA L LY  IN D ET ER M I N A T E B EA M S

 C  ·
L

R.  
(a ) 

R t t

W e  n o w  c o n s id e r  be a m s  t h a t  h a v e  a  l a r g e r  n u m be r  o f  r e a c t i o n s
t h a n  c a n  be  o b t a i n e d by c o n d i 1io n s  o í  e q u i l i b r i u m  S u c h be a m s a re
c a l le d s t a 1i c a 1l y  i n d e t e r m i n a t e O n ) y  s l a t i c a J1y  de t e r m i n a te

H a v i n g t h e  r e a c t io n s  a v a i 1a b l e w e  t he n  c o u l d  o b t a i n  t he  i nt ernal

be a m s h a v e  b e e n  u e a t e d  s o  l a r a n d i n  e a c h c a s e  w e  c o u l d r e a di l yfi n d th e  r e a c t i o n s o f t h e  b e a m  by  s o 1v i n g e q u a t i o n s  o f  s t a t i c s

In r c e  r e s u l l a n l s
,  

w h i c h i n  t u m  m a d e  i 1 p o s s i b l e  [o  f i n d rhe  s tr e s s e s
a n d d e fl e c 1i o n s A s  n o t e d  p r e v i u u s ly w he n  th e  be a m  i s  s ï a t i c a l lyi n d e t e r m i n a t e

,  
t h e  d e n e r 1i n n s  o f  t h e  be a m  m u s t  be  t a ke n  i n to

a c r m 1n 1 a n d ¬  q u a l l o n 5  o í c n m p a l 1b i t i F   o b t a i n e d t o  s u pp le m e n t  the
e q u i 1i b r i u m  c o n d i 1i o n s T h e  í o r e g o i n g p r o c e d u r e  w a s  u s e d i n

a n d s ha f t s

C ha p te r s  4  a n d 5 ro r  s l a t i c a l l y i n d e i c r m i n a 1e  a x ia l l y  l o a d e d ba r s

RA  R H

(b)

RA R
&  Rc

D EG REE O F ST A T 1C A L IN D ET ER M 1N A CY
T hr e e  c a s e s  o f  s t a t ic a 1l y  i n d e t e r m i n a te  v a r i o u s ly  lo a d e d be a m s
a r e  s ho w n  i n  F ig I 0 13 w i th r e a c t i o n s  a l s o  n o te d R e c a l l tha t
[ o  d i s t i n g u i s h be t w e e n  t he  l o a d a n d t h e  r e a c t io n a  s la s h i s

FIG U RE 1 0 13 T y p e s  o f  s l a l ic a 1l y  i n d e t e r m in a te  be a m s  : (o ) f1x e d sim p 1y

(c ) c o n t i n u o u s be a m

s u p p o r t e d be a m  o r  p r o p p e d  c a n t i 1e v e r  be a m  (b ) f i x e d e n d be a m
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1h a w n  a c r o s s  the  r e a c t io n  v e c t o r ï n  the  f o r e g o 1n g e x a m p l e s  t he r e  a r e  n o  ho r i z o n t a 1

lo t c e s T he  n u m be r  o l  r e a c t i o n s  i n  e x c e s s  o f  t h e  n u 1n be r  o l  e q u i l i b r i u m  e q u a t i o n s  i s

t en n e d the  de g r e e  o f  s t a t i c a 1 In d e l e r m l n a c y A n y r e a c t 1o n s  i n  e x c e s s  o f  t he  n u m be r

n e ede d to  s u ppo r t  a  hear n i n  a  s t a t i c a 1l y de t e r m i n a t e  m a n n e r  a r c  c a l l e d r e d u n d a n l s

C1e a r 1y the  n u m b e r  o f  r ed u n d a n t s  i s  th e  s a m e  o s  t he  de g r e e  o f  in de t e n n i n a c y T he

de 1e r m in a t e  be a m  th a t r e m a i n s  w he n  th e  r e d u n d a n t s  a r e  r e 1e a s e d i s  s a id I o  be  a  r e 1e a s e d

4 9 7

ST A T 1C A LLY  1N D ET E R M IN A T E

B E A M M  ET H O D

O F 1NT EG RA T1O N

be a m   

T he  ßx ¢ d s i m p h  s u p p o r t e d  be a m  (F i g 10 1 3a ) T he r e  a r e  o n l y l w o  in de p e n ó n t

e qu a t io n s  o f  s t a t i c s  f o r  t he  be a m s o  i t i s  n o t  p o s s i b1e  I o  fi n d a 11 t h r e e  r e a c t i o n s  b y  s t a t i c s

T hu s the  be a m  i s  i n de te r m i n a t e  t o  t he  Ji r s r d e g r e e H e r e a n y  o n e  o l  the  r e a c t i o n s  c a n  be

re m o v ed a n d t he  be a 1n  w i 11 1 ma i n  s {a b1e F o r  i n s ta n c e s e l e c t r e a c t i o n  R H  a s  t he

r edu n da n t ; w he n  t he  c o r r e s po n d i n g s u p p o r t B  i s  r e m o v e d t he  r e le a s e d s t r u c t u r e  i s  a

c a n  Æ e v e r  be a m A n o t h e r  w a y  i s  t o  r e m o v e  the  m o eh e n t  r e s t r a i n t : t he  r e 1e a s e d s t r u c t u r e  i s

ïhe n  a  s im p le  be a m

T he j î x e d e n d  beor n (F ig 10 1 3b ) A t e a c h s u ppo r t  t he r e  a r e  t w o  r e a c t io n s g i v i n g a

to t a l o f  fo u r  u n k n o w n s Sin c e  t he r e  a r e  o n 1y t w o  e q u a t i o n s  o l  e q u i 1ibDu m th c  b e a m  i s

s t a t ic a l l y in d e t e r m i n a t e  t o  th e  s e c o t 1d  d e g r e e C o n s id e r  t he  r e a c t i o n s  a t o n e  e n d a s  t h e  t w o

re du n da n l s  ; w he n  t h e y a r e  r e m o v e d f r o m  t he  s t r u c t u r e a  c a n l i le v e r  be a m  w i l l r e m a  i n  a s  th e

r e le a s e d s t r u c t u r e A l t e m a t i v e 1y i r  w e  r e m o v e  th e  t w o  %x e d e n d m o m e n t s th e  r e l e a s e d

s t r u c tu r e  is  a  s i m ple  be a m

t h e  c o l t t i n u o u s  beor n (F i g 10 13 c ) I t  h a s  t w o  s p a n s  a n d i s  c o n t i n u o u s  o v e r

the  m ids u ppo r t T h i s  b e a m  i s s t a t i c a l l y i n d e t e r m i n a t e  t o  th e  Tï r s r  d e g r e e s i n c e  t h e r e

are  thr e e  r e a c t i v e  fo r c e s  a n d o n l y [ w o  e q u a t i o n s  o f  e q u i l ibDu m F o r  i n s t a n c e w h e n  R .

is c ho s e n  a s th e  r e du n d a n t  a n d t h e  c o 1T c s p o n d i n g s u p p o r t  B  i s r e m o v e d  f r o m

thc  be a m the r e  r e m a in s  a  s t a t ic a l l y  d e t e r m i n a t e  s i m p l e  b e a m  A C A n o t he r  a p p r o a c h

is  t o  se le c t  R c  a s  t h e  r e d u n d a n t  ; t h e  r e l e a s e d s t r u c t u r e  i s  t he n  a  s i m p l e  be a m  A B  w i t h

an  o v e r ha n g B C

In  th e  se c t io n s  t o  fo l l o w w e  s h a l l d i sc u s s  v a r i o u s  p r o c e d u r e s  f o r  so lv i n g s t a t i c a 1l y

in de t e r m i n a t e  be a m  p r o bl e m s T h e  o b j e c t i v e  i n  e a c h c a s e  i s  t o  fi n d t h e  r e d u n d a n t  r e a c t i o n s

Kn o w i n g th e  r e d u n d a n t s th e  r e m a i n i n g fo r c e  q u a n t i t i e s  c a n  be  o b t a i n e d f r o m  e q u i l i b r i u m

c o n di ti o n s

10 8 STA T1CA LLY  IN D ET ERM IN A T E BEA M S 1 1 1  团国 1  自 )
M ET H O D O F IN T EG RA T IO N

Sta t ic a l l y i n de te r m i n a t e  be a m s  m a y  be  a n a l y z e d  by  t h e  i n t e g r a t io n  m e t ho d u s i n g o n e  o f  t he

dit1i r e n ti a 1 e qu a t io n s o f  the  e 1a s t i c  c u r v e T he  p r o c e d u r e  i s  a bo u t  the  s a m e  a s th a t  fo r  a

de te r m i n a t e  be a m  de sc r i be d i n  Se c t io n  10 4 I t  c o n s i s t s o f  w r i t i n g t he  di ff e r e n t i a l e q u a t i o n
,

1n 1e gr ak n g to  o bta i n  i 1s ge n e r a 1 s o l u t i o n a n d a pply i n g bo u 11d a r y  c o n d i t i o n s  t o  e v a l u a t e  the

c o n s ta n t s  o f  i n te g r a t i o n B e c a u s e  o f  c o m pu t a t io n a l d i f fi c u l t ie s Th e  m e tho d i s p r a c t i c a l  o n l y

pro b1e m s  i n v o 1v in g o n e  l o a d i n g i n t e r v a l

Thm  a r e  a l w a y s  e n o u gh  bo u n d a r y  c o n d i ti o n s  t o  fin d the  c o n s t a n t s  o f  i n te g r a t i o n  a s

w c 1] as  thc  r e d u n da n t  r e a c t i o n s  t ha i  a pp e a r  i n  the  s o l u t i o n A s  ha s  be e n  th e  c as e  f o r

de 1e r m i n a te  be a m s
,  

e i t he r  Eq ( 10 5) i n  t e r m s  o f  t he  be n di n g m o m e n t
,  
Eq ( 10 6) i1】 t e r m s  o f

the  she a r  fo r c e o r  Eq ( 10 7) i n  t e r m s  o l  t he  i n te n s i t y  o f  the  d is t Dbu te d lo a d m a y  be

c 11rploy ed A l s o  in  c a s e s  o f  t w o  (o r  m o r e ) in t e r v a 1s the  u se  o f  d is c o n 1i n u i ly Tu n c t io n s  c a n  be

he lpfu 1 (se e  E x a m pl e  10 13)
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I EX A M PLE 10 10 1

Re a c t io n s  o f  a  p r o p p e d Ca n t i le v e r  Be a m  w i t h  a n  O v e r h a n g

G i \  e n  A  be a m  AB C w i th a  fi x e d s u p p o r t  a t A a n d r o l le r  s u ppo r t  a t  B c a r r ie s a

u n i fo r m  lo a d o f  i n t e n s i ty w ,  
a s  s ho w n  i n  F ig 10 14a

F1G U RE 10 14  (a ) A  p r o p p e d be a 1n  w i t h

a n  o v e r h a n g  u n d e r  u n i f o r m  l o a d  ; (b) f r e e

b o d y  di a g r a l 11 o f  t he  e n t i r e  be a m  (c
,  4

f r e e b o d y  d ia g r a m s  o f  p a r t s  A O  a n d OC
,

r e s p c c t iv e 1y

F i n d : D e te r m i n e  t hc  r e a c t io n s o f  t h e  b e a m ,  
u s i n g

(a ) T he  do u b1e in te g r a t io n  a pp r o a c h

(b ) T he  m u l t ip1c i n te g r a t i o n  a ppr o a c h

SO L t jT 1O N T he  f r e e bo dy d i a g r a m  o f p ig 10 14 b r e v e a l s  tha t  t he  pr o bl e m

i s  s t a t ic a l 1y i n d e te r m i n a t e  to  the  fi r s t d e g r e e  ; the r e  a r e  t h r e e  u n k n o w n  r e a c t io n s

a n d o n 1y t w o  i n d e pe n de n t e q u a t io n s  o f  s t a t ic s  a v a i l a bl e Fr o m  th e s e  c o n d h i o n s

o f  e q u i l ibr i u m
,  

EF
y  

=  O a n d EM a  =  O
.  

w e  ha v e

4
RA +  Ra -

3 
w L  (a )

T h e  a dd i t io n a l  u n k n o w n  n e c e s s i ta t e s  t h e  u se  o f  th e  de f le c t i o n c u r v e  e qu a t io n

(a ) D o u b 1e I n t e g r a t i o n  M e t h o d R e f c 1T i n g t o  t he  f r e e bo d y  d i a gr a m  o f  a
s e gm e n t  A C  o f  t he  be a m  (& g 1 0 14 c ) w e  fi n d th a t c o n d i t i o n  EM o - O

g i v e s

M = K A X M A w U

Su bs t i t u t io n  o f  M  i n to  Eq (10 5 ) a n d i n t e gr a t i n g t w i c e  le a d s  t o

I

2

d 2
u

E Ï 三不コ玉 R A x M A w
d x

1 2

。
云 

一  RA ユ
그 材  A x  w x

3 
+  C t

E l u  =  : RA x
3 : M A / / .  

4 
+  C 1x  +  C 2

T h e  bo u n d a r y c o n d i t i o n s  a r e

u  (0 ) =  O u
' (0 ) =  O u  (L ) =  O (c )

4RA L 12M A  =  w L 2 
(d) I

i
Si m u l ta n e o u s  s o lu t i o n  o f  Eq s (a ) ,  (b) ,  

a n d (d ) y i e l d s

4 98
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e  r 】1n m e n t  A n  a l t c m a 1e  a p p r o a c h to  a n a 1y s i s  u f t hi s  be a m  i s a s  f o l lo w s

W e  t1x a te  the  o r i g 1n  o f  t h c  c o o r din a t e s  a t  t he  D gh t  s u p po r t  (F i g 10 1 4d )
a n d e x p r e s s  t he  be n d i n g m o m e n t  w i t h i n  t h e  s p a n  a s

M - RA x
2 

w (x  +  L / 3 ) 2

W e  t h e n  i n se r t  t h i s  r e l a t i o n  i n t o  E q ( 10 5 ) a n d s o l v e  i 1 a s  be fo r e

(b) M u 11i p 1e 1n t e g r a 1i o n  M e 1h o d S u c c e s s i v e  i n t e g r a t io n  o f  Eq ( 10 7 ) ,

w i th lo a d i n te n s i t y \   g i v e s

'
t l

E B d
- w

d 3
u

A pp 1y i n g  c o n d i t i o n s  (c ) M  (0 ) = M A ,  
V  (0 ) =  RA  t o  t he  a bo v e w c  o b t a i n

C3 - C 4 - 0
,  

C 2 - M A ,  
C 1 - RA F i n a l l y th e  r e q u i r e m e n t  L  ) - O

w i u  le a d t o  t he  s a m e  r e s u l t  g i v e n  in  E q (d )

C o 1n m e n t  S t i ] 1 a n n 1h e r  w a y  t o  s o l v e  t h e  d i f fe r e n t i a l  e q u a t i o n s  i s  w i t h

t he  a id o f  s i n g u l a r i ty  f u n c t io n s ,  
a s  d i s c u s s e d in  t h e  n e x t  s e c t i o n

I EX A M PLE 10 1 1

A n a 1y s i s  o f  a  F i x e d En d  B e a m  w i t h a  Co n c e n t r a t e d  Lo a d

G i v e n  A  c 1a m p e d e n d be a m  s u pp o r t s  a  c o n c e n t r a t e d

1o a d P  a t  i t s  m id s p a n  a s  s h o w n  i n  F i g ] 0 ] 5a

F i n d D e 【c r m i n e  t he  r e a c 【i o n s  a n d d e l l e c t i o n  o f  t h e

be a m u s in g th c  fo u r t h o rd e r  d i f fe r e n t i a l  e q u a t io n  o f  th e

c 1a s t i c  c u r v e

SO 1 UT I O N  Re a c t i o n s  a t  A  a n d  B W e  c o n c l u d e

f r o m  s y m m e t r y  o f  l o a d i n g a n d bo u n d a r y  c o n d i t i o n s

1ha t  M A - M a  a n d RA  =  Ra  =  P /2
,  

a s  in d i c a t e d i n

the  f r e e bo d y  d i a g r a m  o f  th e  be a m  (& g 10 ] 5b ) So
,

o n l y o 1l e  r e d u n d a n ¢ q u a n t i t y  (M A ) n e e d s  t o  be  f o u n d

in  thi s  s ta t i c a l 1y  in d e te r m i n a t e  be a m

B e c a u s e  n o  1o a d a c t s  o n  t h c  b e a m  i n  th e  r e g io n

# - O a n d  x - U 2
.  

e  gover ni ng e q u a t io n  i s

l 11
E I  

d 1
- U

4 9 9
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M u l t i p le  in te g r a 1i o n s  r e s u 1t  i n

. .  r - C l

d 2
u

E t 
%

-

+ 
c #  +  C Z X  +  C3

南 1

F iv e  b o u n da r y  c o n d i t i o n s  a r e  a pp l ic a b l e  t o  t he  le f t h a n d h a l f  o f  t he  be a m

P
E 1u

" ' (0 ) =  - C l

T he  r e d u n d a n t  m o m e n 1 is  th e r e f o r e  M n - P U 8

M a x i m u m  D e l l e c t i o n Su b s t i t u t in g  t h e  p r e c e d i n g r e s u l t s  i n t o  th e  e q u a t i o n

fo r  th e  e la s t i c  c u r v e  g i v e s

PY

T h e  m a gn i t u d e  o f  t h e  l a r ge s t  d e f1e c t i o n  u . - o c c u r s  a t  t he  m id po i n t  o f  th e  s p a n

(x - U 2 ) T h e r e f o r e

P L 3

u m a x -

19 2 E 1 
(10 33 )

D i& c r e n t i a t i o n  o f  Eq ( 10 32) l e a d s  t o  the  e qu a t i o n s  fo r  the  s l o pe Be n di n g
m o m e n t

,  
a n d s he a r  f o r c e

C o m m e n t s  O bs e r v e  tha t  i n  th i s  s a m p l e  pr o bl e m
,  

th e  n u m be r  o f  bo u n d
a r y  c o n d i t i o n s  i s  Bu f fic i e n t  t o  a sc e r t a i n  n o t  o n ly  the  c o n s ta n t s  o f  i n t e gr a

t io n  b u t  a l s o  the  r e d u n d a n t  r e a c k o n I n t e r e s t i n gly ,  a  c o m p a r is o n  o f  Eq s

( 10 33) a n d  ( 10 22 ) c o m sp o n di n g  t o  Figs 10 15a  a n d 10 15b  (w i th
AFA - M a - O) ,  

r e s pe c t i v e 1y ,  
s h o w s  tha t  th e  m a x i m u m  de l l e c t i o n  o f  1h i s

s 1a t i c a l l y  i n de t e r m i n a t e  be a m  i s  tha t  o f  a  s t a t i c a l ly  ó t e r m i n a 1e  be a m  o f
the  s a m e  sp a n

5 0 0
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EX A M PL E 10 12 1

Re a c t i o n s  o f  a  C a n t i l e v e r  B e a m  s u p p o r t e d  b y  a  R o d
G i \ e n  A  c a n t i lc v e r  be a m  A B  w i t h a  t r i a n g u 1a r 1y  d i s t r i b u te d lo a d t 】r  m a x
i Æ u m  i n t e n s i t y w  i s  s u p p o r t e d by  a  r o d a t  A  a s  s h o w n  i n  F i g ] o 1 6a

1 i n d D e t e r m i n e  t h e  e q u a t i o n  o f  thp d e fl e c t i o n  C U r v e  a n d l he  r e a c t i o n s
u s i n g

(a ) T he  d o u b l e i n t e g r a t i o n  a p p r o a c h

(b) T hc  m u ] t i p le i n t e g r a t i o n  a pp r o a c h

A s s u m p t i o n  E1 i s  t h e  n e x u r a l r i g id i ty  o f  t h e  b e a m  a n d E
.
/

.  
Is  [ he  a x i a l

Dgid i t y o f  t h e  ro d

SO I LIT TO N  T he  r e a c t i o n s  a r e  i n d i c a te d i n  F ig 1 0 1 6 a T h e  be a m  i s  c 1e a r l y
s t a t i c a l l y i n d e t e r m i n a t e  t o  th e  fi r s t  d e g r e e

T%e  s e c o n d o r d e r  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  e l a s t i c  c u r v e  i s  e x p r e s s e d  a s

E 1 _ RA X
2  6 L

a n d t w o  s u c c e s s i v e  i n t e g r a t i o n s  gi v e s

24 L

E Bu

(e )

丽阳刚目前国1四国
ß

"

R B

月

(a ) (b )
F1GU RE 1o 16  (a ) c a n t i le v e r  b e a r 11 s u p p o r t e d  b y  a n  e l a s t i c  r o d  ; (b ) f r e e b o d y  d i a g r a m  o f  p a r t  A o

5 0 1

C o n s id e r  t h e  r o d  t o  b e  r i g i d

M

- 1y D y
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W e  ha v e  4 0) = RA a /A
.  
E

.  ; 
h e n c e  C2 - E 1RA a l Aß .  

U s in g thc

bo u n d a r y  c o n d i 1io n s  a t  t he  ' x e d  s u ppo r t  le a ds  t o

U  (L ) =  O : : RA L 3 +  C 1L 11WAo
_ O

1 2 0  A .  E .

' (L ) =  O : : RA L
2

2 4  
+  C 1 - O

R e a c t i o n s B y s o 1v i n g t hc  p r e c e d i n g e q u a t io n s  s i m u l  ta n e o u s ly ,  w e  ge t

w o L 4A .  
E .

X A -

10 (3 a E 1 Æ A .  E . ) 
\ r u 3 4 )

a n d C 1 =  w o L  3/ 24 R.  L
2 /2 T h e n  a pp l i c a t i o n  o f  t he  e qu u l b r i u m

c o n d i t i o n s  ( =  0
,  

| M B  =  O ) t o  th e  f r e e  bo dy  o f  F i g 10 I óa  r e s u l t s

i n  th e  r e a c t i o n s

D 1 w o L  D 1 w o L 2 D 1L
K A 一

10D 2

バ B 丁 10 D 2  

m B 一

百 100 2 
u v 끼

w he r e

D 1 =  w o L  4A
.  

E
a  

D 2 - 3a E l  +  L 3A
.  

E a  ( 10 36)

C o m m e n L( i  T he s e  r e p r e s e n t a t i o n s  a r e  c o n v e n i e n t  f o r  c o m p u t e r  i m pl e

m e n t a t i  o n Su bs t i t u t i o n  o f  RA ,  
C . .  

A n d C2  i n t o  E q s (e ) g i v e s tbe  e x p r e s

s i o n  fo r  t he  e l a s t ic  c u r v e

(b ) Su c c e ss i v e  I n t e g r a t i o n s  M e t h o d  (e n d A  i s  s i m p l y s u ppo r t e d ) I n  thi s

c a s e
,  

Dg i d  s u p p o r f  A r e p l a c e s  t h e  e l a s t i c  r o d (F ig 10 17 ) T he

l o a d i n t e n s i t y  a t  a n  a r b i t r a r y  s e c t i o n  x  (& g 10 I ób ) i s  e x p r e s s e d by

w  = w o x l  し T he r e fo r e
,  

d i r e c t  i n t e g r a t i o n  o f  E q ( 10 7 ) y i e l d s

E l  
dU

-

i

F1GURE 10 17 P r o pp e d c a n t i 1e v e r  be a m

C  
g i v e  C4 =  0 a n d

5 02

(9



Scanned by CamScanner

Co m m e n t  N o t e  th a t  F ,
- 0  a n d EM B - 0 s e r v e  a s a  c h e c k f u r  t he

1 EX A M PLE 10 13 1  ·   A .

A n a 1y s i s  o f  a  P r o p p e d  Ca n t i1e v e r  Be a m  w it h a  c o n c e n t r a t e d  Lo a d
G i v e n  A  :i x e d s i m p l e  be a m  A B  c a r r i e s  a  c o n c e n 1r a t e d l o a d p
as sho w n  i n  F ig 10 18

F i n d D e t e r m i n e u s i n g t h e  m e t h o d o f  i n t e gr a t i o n  t o ge the r  w i t h
the  di s c o n t i n u i t y fu n c t i o n s

(a ) A n  e x p r e s s i o n  o F th e  r e a c t io n  R A  a t  s u p po n  A

T he  s l o pe  a n d de f1e c t i o n  a t  po i n t  D  w he n  a  =  U 2

SOL U T I O N Se e  F i g 10 18
,  

T a b l e  6 2
,  a n d Se c t i o n  6 7

T 11e  r e a c k o n s  a r e  m a r k e d i n  F i g 10 18 0 b s e r v e  th a t  t h e  b e a m  i s
st a 1i c a l l y  i n d e te r m i n a te  t o  t he  ïi r s t  d e g r e e

\
,

=
.  W

. ,  
d4

u

50 3

A  격 一  。

c a n t i l e v e r  b e a m



Scanned by CamScanner

A s po i n t e d o u l  e a r 1ie r
,  

s in c e  w e  b e g a n  w i th the  c o m p1e t e  e x p r e s s io n  fo r

w  (x ) n o  c o n s ta n t  o f  i n t e g r a t i o n  i s  n e e de d T he  n e x t  t w o  s u c c e s s iv e

i n t e g r a t io n s  l e a d to  s lo p e  a n d t l e ß e c t i o n

(吕)

W c  n o t e  th a t  t h e  b r a c k e t  <x a ) e q u a l s  z e r o  fo r  x  =  O
,  

a n d  (L a )

f o r  x  =  L  B o u n d a r y c o n d i t i o n s  a r e  t h e r e f o r e

u (0 ) =  0 C 2 = 0  (h)

u
' (L ) =  O : : RA L

2 : P ( ·  a ) 
2 

+  C t =  O ( i )
2 2

u (L ) 一 0 :
6

月A L
百

P (x 口 ) + C r 1 ー リ 田

M u l t i p l y i n g E q (i ) by L  a n d s u b t r a c t i n g E q ü) f r o m  th e  e x p r e s s i o n

o b t a i n e d
,  

w e  l i n d

RA护 P (L a )3 13 L (L a )] 一 O

f r o m  w h ic h

C o m m e n t  W e  s e e  th a t  t he  r e a c t i o n  i s  i n de pe n de n t  o f  E  a n d /

(b ) S1o p e  a n d  D e l l e c t i o n  a t D W e  h a v e  c j  =  O f r o m  pa r t  (h ) Su bs t i t u t i o n

o f  a  =  Li 2 in t o  Eq s (10 38) a n d  (i ) y i e l ds  RA  =  5P l 16 a n d  C 1 = PL
2/ 32

H e n c e
,  

E q (g) be c o m e s

( 10 39)

E1u - å P B : ,  <  ·  ° ) 3 p L r

A t  the  c e n t e r  o f  the  be a m  (x  =  0 2) ,  
the  a n g1e s  o f  r o t a t io n  a n d dc tle c t io n

a r e
,  r e spe c t i v e l y ,

5 04



Scanned by CamScanner

( Umm= n  N o t e  t ha t in a s m u c h a s  u D  +  0 t he  d i s p 1a c e m e n t  a t  D  i s  n o t

the  m a x i m u m U s i n g t he  s a m e  p r o c e d u r e w e  c a n  l i n d a n y  o t he r  de s i r e d
de ll e c t io n s  o r  s 1o pc s

Ne l e  Us e  the  in t e gr a t i o n  m e t h o d  \ o  s o l v e  P r o b 1e m s  10 6 5 th r o u g h  1o 7 6 U n 1e s s  o t h e r w i s e  s p e c i f 1e d A s s u m e  t ha t  t h c  n c x u r a l  Dg i d i t y

Eï  o f  e a c h  be a m  i s  c o n s 1a n t

(1J ' ' " ' ' " . .

M - m M w ' ' " ' ' " ' ' " -

l  l . Ë

一 一 画 画
' " 。 ' 。 *, ' " ° "

50 5

Fig u r e  P 10 6 7



Scanned by CamScanner

10 7 3 t h r o u g h  10 7 6 A  p r o p pe d c a n t i 1e v e r  be a m  i s  1o a d e d  a s

s h o w n  i n  F i gs P 10 73 t h r o u gh P I 0 76 U s i n g a  d i r e c t i n 1e g r a t i o n

m e th o d o b t a i n

(a ) A l l  o f  t h e  r e a c 1i o n s

(b ) T h e  m id s p a n  d e l1e c t i o n  f o r  the  g i v e n  da t a a s  r e q u i r e d

w  =  w o l 2 =  20 k N l m  P  =  30 k N  M o - 8 k N   m

L  =  5 m  U  =  3 M N   m
2

F ig u r e  P 10 7 3 Fig u r e  P10 74

W

Fi g u r e  P10 7 5

Fig u r e  P10 7 6

N o t e  U s e  t he  m e t ho d o f  i n t e g r a t i o n  t o ge the r  w i t h d i s c o n t i n u i t y f \

c o n s t u 1t  &e x u r a l  Dßid i t y  E l

1 0 7 7 a n d  10 7 8  A  be a m  A B  m a de  o f  a w  150  ×  30  w i de

fl a n g e  s e c t i o n  i s  s u pp o r t e d a n d  l o a d e d a s  sh o w n  i n  F igs P L0 77  a n d

P L0 7 8 D e t e r m i n e

(a ) A 1l  o f  the  r e a c t i o n s  fo r  th i s  be a m

(b ) T h e  ó f l e c t i o n  a t  C  f o r  th e  g i v e n  d a t a

P  =  20 k N  M o  =  10 k N   m  L  =  5 m

E  20 0  G Pa  1 17 2 ×  10 6 
m m

4 (s e e  T a b l e B 8)

飞 u 2

Fi g u r e  P 1 0 7 7 Fig u r e  P10 7 8

1 0 7 9 A  pr o pp ed  c a n t i l e v e r  b e a m  A B  s u p po r ts  a  u n i fo r m  1o a d  o f

i n t e n s i 1y  w  o v e r  ha l f s pa n  A C  (F ig P I 0 79 ) D e t e r m i n e

(a ) A l l o f  the  r e a c t io n s  fo r  t h i s  be a m

(b ) T h e  d e fle c t im  a t  C  f o r  t he  g i v e n  n u m e r i c a l  v a l u e s  i f

w  =  10  k N /m L  =  6  n 1 a n d  U  =  3 44  M N   m
2

W

Fig u r e  P10 7 9

* 10 8 0  A  p  ©  d c a n t i l e v e r  b e a 111 A B c o n s t r u c te d  o f  a  S I O x
3 5 s t e e l  s h a pe  «  T a b 1e  B 9 ) i s  s u b je c t e d to  a  1i n e a r 1y  v u y i n g  1o a d
a t  th e  ha l f  s p a n  a s  s ho w n  in  F i g P L0 80 C a 1c u l a 1e

(F ) T he  1e a c t i o n  RA  a t  s u p p o r t  A

(b ) T b e  d e ße c t io n  a l  C

: u n c t io n s  t o  so l v e  P r o b 1e m s  J0 7 7 t h r o u g h 10 88 A l 1 be a m s  haw

G iv e n  E  =  29 ×  10 6  
p s i

.  
/  =  14 7 i n

4

6  k i ps f fi

ææ a 1

F ig u r e  P 1 0 8 0

1 0 8 1 a n d 10 8 2  A  b e a m  A B C  i s  l m d e d a n d s u ppo r te d as
s ho w n  i n  F i g s P 10 8 1 a n d P L0 82 D e t e r m i n e

(a ) T he  r e a c t i o n s  a t  s u p po r t s  A  a n d  B

(b ) T he  d e f l e c t io n  a t  th e  m i d d l e  o f  s p a n  A B

量

   
.  

C

Fi g u r e  P 10 8 1

A

Fig u r e  P 10 8 2

SOG



Scanned by CamScanner

10 83 t h r o u g h 10 86 A  be a m  i s  lo 1 de d a n d s u ppo r 1e d a s

sho« rD in  Figs P 10 83 t ï° o u gh P 10 86 D e t e r m in e

(1 ) F 1c  r e 1 c t i o n  a 1 s u ppo r t  A

(b ) T he de f1e c t io n  1 t  m i ds pa n

Mo

b
ゴ

L Fig u r e  P10 8 3

10 87 A  p r o p pe d  c a n t i le v e r  be a m  w i th a n  o v e r ha n r  is  1o 1 d ed   ·  1

s ho w n  i n  & g P L0 8 7 D e te r m i n e

(a ) T he  r e a c 1i o n  a t  s u ppo r t  A

(b ) T he  de f le c t i o n  a t  m 1d s pa n

  1 困 国

r
10 88 B e f o r e  th e  1o a d s a r e  a pp l ie d a  s m a l l  ga p  ôa  e x i s t s

be t w e e n  be a m  A C  a n d  s u ppo r t  B _ n  i n  F ig P l 0 88 Su b sc

s u ppo r t  F in d 1hc sc  r e a c r i o n s

q u e n ï  I o  lo a d i n g Th e  g a p  c l o s e s  a n d r e a c t i o n s  ó .  E 1o p a l  e a c h

1O 9 5TA T ICA LLY  IN D ET ERM 1N A T E B E A M
M ET HO D O F SU PERp o SIT io N 咱回目 防

S1a1ica l 1y in ó 1e r m in a 1e  s 1r u c tu m s  m a y  c o n v e n i e n t 1y be  a n a l y z e d u s in g th e  p r i n c ip 1e  o f  s u p e r
pod do n The  m e 1ho d a pp l ie s  to  m a n y  di Mr ent  ty pe s  o r  v a r i o u s ly  lo a de d s 1r u c tu « s E x a m p le sinc lu de  t r u s se s

,  
f ra m e s

,  
s te ppe d s ha f 1s  su ppo r t e d by  th r e e  o r  m o r e  be a r i n g s

,  
a x i a l l y  l o a de d

bu s
,  an d be a m s T he  e s se n c e  o f  t he  m e tho d c a n  be  e x p la i n e d i n  s i m p l e  t e r m s a s  f o l lo w s

I n  s i tu a t io n s i n  w h i c h t he  be a m  i s  s t a t ic a l l y  i n d e te r m i n a te
,  

the  a pp r o a c h
de sc r i be d i n  Se c t io n  10 6 i s  f o l l o w e d T ha t  i s ,  t he  r e dbn d a n t  n ea c t i o n s  a r e  c o n s i d e r e d
as  u n kn o w n  lo a ds  a n d the  c o r r e sp o n di n g  s u ppo r t s  a r e  r e m o v e d o r  m o d l i e d a c c o r din gly T l1e n  s u pe r po s i t io n  i s  u s e d

,  t he  d db n n a t i o t1 d io g r a m s a r e  d r a w n
,  a n d

e x p r e ss io n s  a r e  w r i t te n  f o r  t he  d i sp1a c e m e n t s  c a u s e d by the  i n d iv idu a l  l o a d s  (b o thkn o tnmo  a n d u n lano w n ) N e x t
,  

th e s e  r e du n da n t  r e a c t io n s  a r e  c o m pu t e d su c H tha t  t h edispla c em e n t s  fu l l t1l  the  ge o m e t r i c  b o u n d a r y  c o n d i t i o n s & n a l l y ,  a u o the r  r e a c t io n sc a 1 be  re a d i ly  ó t e r m i n e d  f r o m  c o n di t io n s  o f  e qu i l i bDu m
l<  

1

Thi s  pr o c e d u r e  i s  i l l u s t r a t e d fo r  t he  c a s e  o f  a  be a m  t ha t  is  i n de t e r m i n a t e  t o  the  fi r s tdegr ee  (Fig 1o 19a ) Re a c t io n  R .  i s  se le c te d  a s  r e d u n da n t  a n d i s  t r e a t e d a s  a n  u n k n o w n
lo ad by e l im in a t i n g t he  s u pp o r t  a t  B  (Fig 1o 19b) D e c o m po s i t i o n  o f  th e  1o a d s  i s  s ho w n  i n

Fig u r e  P10 8 5

Fig u r e  P10 8 6
F ig u r e  P 10 8 8



Scanned by CamScanner

FIG U RE 10 19 M e t h o d  o f  s u p e r p o s i t i o n  : (a ) Pr o ppe d c a n t jk v er

6 B  (c ) d e &ec 1io n s d u e  t o  w  a n a n a

be a m  w i t h u n i l o r m  lo a d  w  (b ) r e a c t io n  R .  i s se 1e c te d a s  r c d u  n da n ;

to ) ( u a ) *

F ig 10 19 c So l u t io n s  fo r  e a c h  o f  t he  ¡a t te r l  
f r o m  c a s e s  3 a n d 1 o f  T a b l e  B 14 a r e

w L ' R B L 3

如イ)。
一

币i B ) R
一

3 E L

T h e  c o m p a t i b i l i ty  c o n d i t io n  fo r  t h e  o r i g in a l be a m  r e q u i r e s  t h a t  u B  =  0 o r

w L  R B L 3

匈 = 十 = O
8EJ 3 E ï

f r o m  w hi c h 
R B  =  : w L  ï  ( 10 4 1a)

T he  r e m a i n i n g r e a c t i o n s  a r e

R A =  : w  L  T M A  =  ; w .  2 
)  ( 10 4 1b)

a s  o b t a i n e d f r o m  t he  e q u o t i o n s  o f  e q u i l i bD u m

C o m m e n t  N o t e  th a t  t he  s u pe r p o s i t i o n  p r o c e d u r e  i s  g r e a t ly  s h o r t e n e d  i f  de ße c t i o n  a n d

s l o pe  a r e  k n o w n  t o  be  z e r o a s  i n  f i g s 10 20  a n d  ] 0 2 1 o f  t he  n e x t  t w o  e x a m p l e s

I EX A M  PLE 10 14

Re a c t io n s  o f  a  Fix e d En d  Be a m  w it h a  Co n c e n t r a t e d Lo a d

G i v e n  A  be a m A B  w i th c l a m pe d e n d s  i s  s u bje c t e d t o  a  l o a d P a t  po i n t  C as

M ,  (
,  

j  
Vsho w n  i n  Fig 10 20a

(a )

5 0 8

& G U RE 10 2 0  M e t h o d o f  s u pe r po s i t i o n  (a ) be a m

w i t h f1x e d m d s  u n de r  a  lo a d   (b) s l o p e s  a t  e n d s  du e

t o  lo a d P
,  r e a c t i o n  M A a n d  r e a c t i o n  M a  



Scanned by CamScanner

1 in t l De te r m in e  t he  s u PPo RT r e a c t i o n s  a t  A a n d B  rn r  t hc  be a m

50 l UT ï O N T hc  r c a c Do n s a r e  i n d ic B t c d i n  Fig 10 20a T hc  c o u p le s  M .

and M r  a t  t he  s u ppo r t s  a° e  o f te n  r e f e m d  t o  n s  t he  Tu e d e n d m o m e n t f w e  s ha l l

se 1e c 1 the se  a s  r c d u n d a n t s  a n d h e a t  1h c m  a s  u n k n o w n  lo a d s T he  s l o p e s  a t  1hc

e n ds  du c  to  月 M A a n d M a  a r e  s ho w n  in  Fi g \ 0 20b

The  c o n d i t i o n s  th a t  t he  a n g le  o f  m l a l i o n  a t  bo 1h e n d s  o l  t he  o r i g in a l be a m

m u s t  be  z e ro  y ie ld (s e e  c a se s  8 a n d 9  o f  T a b1c  B 14 )

OA =  (OA ) p (OA ) M .
(OA ) M .

- O

o r

· 署 一 ©
a n d

Qa  =  (Oe ) p (Oa ) M .
(Ba ) M ,

- O

o r

M A L  
+  

M  L
-

P o b \ L   u )
GEJ 3 E L DE ï L

The  s o lu t io n s  a r e

P a b2 P a
z b 

( 10 4 2 a )

Wc  c a n  n o w  u s e  the  e q u i l ib r i ru n  r e q u i r e m e n t s  t o  d e Be r m i n e  t h e  r e m a i n i n g

re a c t i o n s

p b2 p a
2 

( 10 4 2 b )

Cn m m e n Ls  A n  a 1t e m a t i v e  a p p r o a c h f o r  s o l v in g th i s  p r o b le m  i s  t o  r e m o v e

the  fix e d suppon a t  th e  r i gh t  e n d a n d t o  c o n s id e r  t h e  de l o r m a t i o n s  c a u s e d b y  P

Ra a n d M a  s e pa r a t e l y I n  th i s  c a s e w e  h a v e  6a - (Ba ) p  +  (Ba ) R a  
+  (8B ) M a

-

O a n d 118 - (u a ) p  +  (u a ) Ra  
+  (u a ) M a

- O a s  r e q u i r e d b y ge o m e t r i c  c o m pa t

ibi l i ty o f  de fo r m a t io n s

I EX A M  PLE 10 15 1

Re a c t io n s  o f  a  c la m p e d Be a m  w i t h  a  U n i f o r m  Lo a d  o v e r  a  H a 1f  Sp a n

Gi v e n  A  li x e d c n d be a m  A B  s u pp o r t s  a  d i s 1r i bu t c d 1o a d o f  i n t e n s i t y  w  o v e r

the  t i gh t  11a 1f  o f  t he  s pa n  A C  a s  s h o w n  i n  F ig 10 2 1a

Fin d D e t e r m i n e  U1c  r e a c t i v e  f o n e s  a n d m o m e n t s  a t  l he  e n d s  o f  th e  be a m

5 0 9



Scanned by CamScanner

U 
A  U

M a  ed

(b)

SO L IJT 1O N T h e  r e a c t i o n s  n o t e d  i n  F ig 10 2 1 o  i n d i c a t e  t h a t  th e  be a m  is

s t a t ic a l l y i n de t e m l i n a t e  t o  t h e  s e c o n d  d e g r e e W e  s e le c t  r e a c t i o n s  R a  a n d M a  a s

r e du n da n t  a n d r e m o  v e  the  c o r r e s po n d i n g c o n s t r a i n t s T he  r e l e a s e d c a n t i l e v e r

be a m  i s  l o a d e d s e p a r a t e l y  b y the  di s t r i b u t e d l o a d w  a n d r e a c t i o n s  R a  a n d M .

(F i g 10 2 1b) T he  s l o pe s  a n d d i s p l a c e m e n t s  a t  B  f r o m  c a s e s  6 1 a n d 2 o f  T a b 1e

B 14  a r e

姓 一

M 门

8 4 8E

RB L 2

Û B  
=  

m

e ·
一

M BL

8 日

S i n c e  a n g l e  o f  r o t a t i o n  a n d de f1e c t i o n  a t  B  i n  t he  o r i g i n a l  be a m  a r e  z e r o w e

ha v e  t w o  e q u a t i o n s  o f  c o m pa t i bi l i t y

e8 一 日 l e + e
'

一 o

U B 一 u + u  + u
'

一 0

Su bs t i t u t io n  o f  E q s (a ) i n t o  th e s e  c o n d i t i o n s a f t e r  c a n c e l i n g o u t  n

r e s u 1t s  i n

w L3 RB L Z

二二 十 M B L 一 日
4 8 2

7w 1+  R B L 3 M B LZ

十 = O
384 3 2

T he  so l u t i o n s a r e

Rß  =  !  w L M B -

l 92 
w L 2 ( 10 4 3a )

T he  r e m a i n i n g r e a c t io n s  fo r  RA  a n d M A  c a n  n o w  be  o bt a in e d f r o m  e q u i l i b r i m

o f  the  be a m  a s

n s  fo r  RA  a n d M A  c a n  n o w  be  o bt a i n e d f r o m  e q u i l i b r i m

13 11
« A -

32 
w L  M A =  

+9z w L ' ( 10 43b)

510

7 w L+

u 一

38 4 巨オ

R B L ]

U B 
=

3 E /  
w /

イ
M B L  2

ZE I
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1 ,  11n 1m c 1l t  : Ha v in g t he  r e a c t io n s  kn o w n ,  
w e  c a n  f i n d th e  s l o pe  a n d de fl e c 1i o n

a l  a n y  w '
o f  t he  b e a m

I EX A M PLE 10 16

A n a 1y s i s  o f  a  B e a m H a n g e r  Ro d A s s e m b 1y

( ; i v e n  A  c a n t i l e v e r  be a m  A B  c l a m p e d a t  c n d A  a n d r e in f o r c e d a t  lo c a t io n  C

by a  ro d C D  c a r r i e s  a  c o n c e n t r a t e d l o a d P  a t  t he  f r e e  e n d B a s  s h o w n  i n  & g

10 22a W he n  t he  1o a d P  i s  a pp1i e d t he  b e a m  d e fl e e t s  d o w n w a r d a l  C  a n d

de v e lo ps  a  r e a c t i v e  l e n s i l e  f o r c e  T  i n  t h e  r o d

日日  ノ
° 了 \

国= i l
1 l i l

B e a m  

F . -

B

¥&l

.

(a )

M午 画画目

FIG U RE 10 2 2 M e t h o d  o f  s u p e r p o s i t i o n  : (a ) a

c a n t i l e v e r  b e a m  s u p p o r t e d  by  a  r o d ; (b ) f r e e b o d y  d ia g r a m

o f  be a m  (c ) d e f l e c t i o n  o f  be a m  c a u s e d  b y  1o a d  P

(d) d e fle c t i o n  o f  b e a m  d u c  t o  r e a c t iv e  f o r c e  T

IT

(b) (d )

Fin d  n e r mi n e  e q u a t i o n s  f o r  th i s  f o r c e  a n d  r e a c t j o n s  a t  A

A s s u m p t i o n s  B e a m  a n d r o d a r e  m a d e  o f  s t e e l w i th ß e x u r a 1 r i g id i ry  E/  a n d

u iûme s s  k Re spe c t i v e l y T h e r e  i s  n o  i n i t i a 1 f o r c e  i n d u c e d i n  t he  r o d w he n  t h e

s tr u c t u r e  i s  a s s e m h l e d

5 0 1 ° n O N  T he  r o d  w i l 1 e 1o n g a t e  u n d e r  t h e  f o r c e  T  b y  a n  a m o u n t

杉C 一 !

A  f1e e bo dy dia g r a m  o f  th e  b e a m  i s  d e pi c t e d i n  F ig 10 2 2 b B y  i n spe c t i o n w e

se e  1ha t  thc  be a m  i s s t a t i c a l 1y  i n de t e r m i n a t e  t o  t he  f i r s t  de g r e e I t  i s  c o n v e n ie n t

to  c o n s ió r  the  r e a c t i v e  f o r c e  T a s  r e d u n d a n t  a n d r e le a se  the  be a m  f r o m  t he  r o d
T hu s the  r e d u n da n t  f o r c e  o f  t h e  r o d i s  r e m o v e d f r o m  th e  be a m  a t  C  (& g
10 22c ) a n d the n  r e a pp l ie d (& g 10 221 )

T hc  de &e c t i o n s  U  a n d  u E d u e  t o  th e  c o n c e n t r a t e d 1o a d p  a n d  t he
r edu n d a n t  T a r e  e a s i l y  f o u n d  w i t h t he  a i d  o f  T a b l e  B 14 u s i n g th e  f o r m u l a s

5T 1
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g iv e n  the r e ,
' "

,  
:

.  (2L " " t  =  g T
T he  r q u a t io n  n r c o m p a t i b i t i 1y  pe r t a i n i n g  t o  t he  v e r t i c a l de &e c t io n  a t po i n t C is

u c - u u

o r

T PL' T L 3

i
-

66i \Z L  +  3 a )
36i

So 1v i n g a n d r ea r r a n g in g ,  
w e  o b t a in

p L  1 k  口し +  3a )
T  =  ( 10 44)2(k L 3 +  3E / )

X x , dÏ.

' " - he f

-

a ' ' " (& ' :
0 22b)

C o m m e n t s  N o t e  th a t i n  t h i s e x a m p l e  w e  ha v e  s e le c t e d a n  i n t e m a 1 fo r c e  a s

the  r e du n da n t i n s te a d o f  a n  e x t e m a 1 r e a c t i o n I n  t e r e s t i n g l y ,  
i f  a  r i g i d s u p 1x 1r t

a t  C  r ep l a c e s  t he  r o d (k _ o o ) ,  
Eq ( 10 4 4 ) be c o m e s

T  =  R c -

P (2 L  +  3a ) 
( 10 46)

2L

w h e r e  th e  qu a n t i t y  R c  r e p r e s e n t s  the  r e a c t i o n  a t  t he  s u ppo r t  C

PRO B LEM S = ' C e W  - ° ?  WA = » » » * * w * i , 4 3 # . .  &  W f $ · . *

N o i e  T be  f n 11o w i n g p r o b le m s  a +e  to  be  s o l v e d by  the  m e t ho d o f  s u pe r po s i ri o n U n 1e s s  s p e c i f i e d o th e r w i s e a s s u m e  [h a t  n e x u r a ]
r i g id i t y  U  1b r  e a c h hcar n i s  c o n s1a n t

Se c t io n  10 9

竖i © © 黑
' 欲 r n g自

E  
"

Flg ' ' " " a,

612

Fig u r e  P10 9 2 Fig u r e  P10 93
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0. 05  A  ca n t i 1ev e r  be a m AB, u p po r t ed  by  a rod  AC  al  i ts f re e

en d A c a T ie s  a  u n i fo m  1o a d o f  in t e n s iw  w  (Fi g P I 0 105 )

De te r m i n e  fo ï c e  T i n  the  r o d

I E is  the  n e x u n l  r ig ild i t y o f  the  be a m  a n d E A i s  t he

a 1 ia l  r i gi d i ty o f  tbe  r o d Be fo r e  the  1o a d is  a pp1ie d The  r o d is  f r e e  o f

fo nc e

l1吧女

T & C

」 圆圈
A  

L

Fig u r e  P10 10 5

FIG U RE 10 2 3 M o m e n t a r e a  m e t h o d : (a ) l o a d  d i a g r a m

(b ) M IE L d i a g r a m  a n d (c ) e la s t ic  c u r v e

5 14

U

W e  n o w  t r e a t  the  d i s p l a c e m e n t s  o f  e l a s t ic  be a m s  e m p l o y i n g a  s e m i g r a p h i c a l 1e c hn i qu e

c a l le d the  m o m e n t a r e a  m e t h o d T h i s  a p p r o a c h u t i l i z e s  the  r e la t i o n s h i p s  be t w e e n  the

de r i v a t iv e s  o Fthe  d e n e c t i o n  t r  a n d th e  p r o pe r t i e s  o f t he  a r e a  o f  t h e  be n d i n g m o m e n t  d ia g r a m

11 u s u a 11y o n e r s  a  m o r e  r a p id s o 1u l io n  t ha n  i n t e g r a t io n  m e t ho d s  w h e n  th e  de fl e c t io n  a n d

s lo pe  a t  o n 1y  o n e  po i n t  o f  t h e  be a m  a r e  r e q u i r e d T he  m o m e n t a r e a  m e t ho d  i s p a r t i c u l a r ly

e lTe c t iv e  i n  de a l i n g w i t h be a m s  o f  v a r i a b l e  c r o s s  s e c t io n  w i [h u n i f o r m  o r  c o n c e n u a tc d

1o a d in g
T w o  t he o r c m s  fo r m  t h c  b a s i s  o l  t he  m o m e n t a r e a  m e t ho d T h e y a r e  d e v e l o pe d by

c o n s ide r i n g th e  be n d i n g o f  a  be a m  c a r r y i n g a n  a r b i t r a r y 1o a d i n g (F ig ] 0 2 3a ) T he  M /£ r

d i a gr a m  is  a s s u m e d t o  bc  a s  \ ho w n  i n  F ig 1 0 2 3b A  s k e t c h o f  th e  g r e a t l y  e x a gge r a ted
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de f lec 1i o n  c u r v e  is  de pi c te d i n  Fig 10 23 c T he  c h a n g e  i n  th e  a n g1e  de o f  the  t a n g e n t s  a t

the  e n ds o f  a n  e 1e m e n t  o f  1e n g th d r  a n d t h e  be n d i n g m o m e n 1 a r c  r e 1a l e d thr o u g h  th e

se c o n d o f  Eq s ( 10 4 )
M

d e =  

Èi d x  (  1 0 4 7 )

5 15

M O M ENT A REA  M ET H O D

Thu s  t he  t lw r e n c e  in  s lo p e  be t w e e n  a n y t w o  po i n ts A  a n d B fo r  th e  be a m  o f  Fi g 10 23a

c an  be  e x pr e s se d i n  the  to r m

, e =  e
e 1A

- ' . EA - J = . " 4 8a )

o r

e ß/A 
=  a r e a  o f  g d i a g r a m  be t w e e n  ( 10 4 8b)

This  is  the  fi r s t  m o m e n t a r e a  t h e o r e n 1 : T h e  c h a n g e  i n  a n g le  Oa / A  be t w e e n  th e  t a n g e n t s  t o

the  e 1a st i c  c u r v e  a t  t w o  po i n t s  A a n d B e q u a l s  the  a r e a  o f  t h e  M TE L d i a g r a m  be t w e e n  t h o s e

po in t s

Obs e r v e  t ha t  a n g1e  qa l A a n d t he  a r e a  o f  t h e M /E l d i a g r a m s  a r e  o f  t h e  s o m e  s i g n T h a t i s a

po s i t i v e  (n e ga t i v e ) a r e a  c o r r e s p o n d s  t o  a  c o u n t e r c 1o c k w i s e  (c l o c k w i s e ) r o t a t i o n  o f  the

ta n ge n t t o  th e  e l a s t i c  c u r v e  a s  w e  p r o c e e d in  t he  x  d i r e c t i o n A c c o r d i n g l y qa l A  s h o w n  i n  F i g

10 23c  is  po s i t i v e

A s  the  de fle c t i o n s  o f  a  be a m  a r e  a s s u m e d s m a l l w e  c a n  s e e  f r o m  F i g 10 23 c  t h a t  t he

v e r t ic a l d i s t a n c e  d i  d u e  t o  th e  e f f e c t o f  c u r v a t u r e  o f  a n  e le m e n t  o f  1e n g th d r  e q u a l s  x l  do

w he r e  d0 i s  g i v e n  b y  E q ( 10 4 7 ) T he r e fo r e  v e r t i c a l  d is t a n c e  M
'

the  1o n g e n t i a l  d e v i a t io n

tA /1  o f  po i n t  A f r o m  th e  t a n g e n t  a t  B i s

'
A l a  

=  

ß  

x l  ( 10 4 9 a )

In  the  a bo v e j i 1 i s  th e  h o r i z o n t a l  d i s t a n c e  f r o m  po i n t  A  t o  th e  c e n tr o i d C  o f  th e  a r e a T he

fo r e go in 8 r e p r e s e n ts  th e  s e c o n d  m o m e n t a r e a  t h e o r e m  T h e  t a n g e n t i a l  de v i a t i o n  f A l a  o f

po in t A  w i th r e s pe c t  t o  t he  t a n g e n t  a t  B  e q u a l s  th c  m o m e n t  w i t h r e s pe c t t o  A  o f  t h e  a r e a  o f

the  M l u  d ia g r a m  be t w e e n  A  a n d B

Sim i l a r ly ,  
the  t a n ge n t i a l de v i a t i o n  ra / 4 o f  B f r o m  t he  t a n ge n t  a t A  i s  e qu a l  t o  the  m o m e n t

w i th r es pe c t  t o  B  o f  the  a r e a  o f  t he  M IE L d ia g r a m  be t w « n  A a n d B

1
B/A  

=  a r e a  o f  g d i a g r a m  be t w e e n  A  a n d B  l 2 ( ] 0 50)

He r e  l 2 i s  the  ho Dz o n ta l  d s ta n c e  f r o m  po in t  B  to  t he  c e n t r o id C o f  th e  a r e a  (Fi g 10 23b)
We  w f r o m  Eqs ( 10 49 ) a n d ( 10 50 ) th a t  th e  s i m s  o f  ïA M  a n d f a l  4 de pe n d u po n  th e  s ig n

o f  the  be n di n g m o m e n ts A  po i n t  w i th  a  p o s i t i v e  ta n ge n t ia 1 de v i a t io n  i s  1m a t e d a bo v e  t he

tan gen t dr a w n  f r o m  th e  o the r  po in t
,  

a s  s e e n  in  Fi g 10 23c A c c o r d i n g l y ,  
a  p o i n t  w i t h a

n e ga t i v e  t a n  吕 e n t i a 1 d e v i a t i o n  l ie s  b e l o w  t he  c o r r e s p o n d i ng t a n ge n t

N o t e  tha t  the d i r e c t i o n  o f  t he  d e fl æ t io n s  a n d s l o pe s  c a n  u s u a l l y be  f o u n d b y in sp e c t i o n

Whe n  thi s  is  the  c a se i t  i s  n o t  n e c e s s a r y  to  fo l lo w  t h e  s i gn  c o n v e n t io n s  de s c Db e d f o r  the

m o m e n t ar e a  m e th o d o n ly  n u m e Dc a 1 v a l u e s  a r e  w d in  th e  c a 1c u l a t i o n s
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DEFLECTIO N O F B EA M S

A PPL ICA T 1O N O F T H E M O M EN T A R EA  M ET H O D

Fo r  a  s t a t ic a l l y de t e r m i n a t e  be a m  w i th s e v e r a l  l o a ds a n d f o r  a n  i n d e t e r m i n a te  be a m thede fl e c t i o n s  o b t a i n e d by the  m e t ho d o f  m o m e n t a r e a  a r e  f r e qu e n t 1y be s i  f o u n d by su per
po s i t i o n T h is  r e qu i r e s a  s e r i e s o f  d i a g r a m s  s ho w i n g  the  m o m e n t  du e  to  e a c h l o a d o r  r e ac tiond r a w n  o n  a  s e pa r a t e  sk e tc h I n  t his  w a y c a l c u la t i  o n s  c a n  be  s i m p l i fi e d be c a u se  the  a r ea s o f
th e  s e p a r a t e  M IE L di a gr a m s  m a y be  s i m ple  ge o m e t D c  fo r m s  I n  th e  c a se  o f  i n de te n n i1i a c)e a c h a dd i t i o n a l ge o m e t r i c  c o m p a t i b i l i t y  c o n di t i o n  i s  e x p r e s s e d by  a  m o m e n t a r e a  e qu a t io n
t o  s u pp le m e n t  t he  e qu a t io n s  o f  e qu i l ib r iu m

I EX A M PLE 10 17 1

D e f 1e c t i o n  o f  a  Si m p le  Be a m  w i t h a  U n i f o r m  Lo a d I I

Pa r a bo 1a

Þ X

3L I 16L, "

{ b \

G i v e n  A  s i m p ly  s u ppo r t e d  b e a m  i s  u n d e r  a  u n i f o r m l y  d i s t r ibu t ed
lo a d o f  i n te n s i t y  w  a s  s ho w n  i n  F ig 10 24 { 1

F i n d C o m p u t e  th e  c e n t e r  d e f l e c t i o n  a n d t he  s l o p e  a t  t he  e n ds  o f the

be a m

SO L U T I O N : Si n c e  the  f l e x u r a l  r ig id i ty  E /  i s  c o n s t a n t the  M iE l
d i a g r a m  ha s t he  s a m e  p a r a b o l i c  s ha p e  a s  the  be n d i n g m o m e n t

d i a g r a m  (F i g 10 24 b ) T he  a r e a  p r o pe r t i e s  i n d ic a te d i n  t he  figu r e

a r e  t a k e n  f r o m  T ab l e  B 6 o f  A p p e n di x  B T he  e lm i c  c u r v e  i s  s ho w n  i n

F ig 10 24 c
,  

w i th th e  t a n ge n t  d r a w n  a t  A

Sl o p e  a t  A T he  b e a m  a n d  i t s  1o a din g a r e  s y m m e t r i c  w i th r e spe c t  to

c e n t e r  C T hu s  th e  t a n ge n t  t o  t he  e l a s t i c  c u r v e  a t  C  i s  l io Dzo n l a l

R e fe r r i n g t o  th e  fi g u r e w e  o b s e r v e  th a t  Oc  =  O

e
c i A

一 O ら o r ら ー O
c /A

a n d

\ 0 1

=  T he n
,  u s in g th e  fi r s t  m o m e n t u e a  the o r e m

,  
Oc lA - A . o r

w L 3 
w L 3

a t  A H ¢- 1 OA  =

2i 0 -

2 i  X
(c )

F1G u RE 1o 24  M o m c n 1 a r e a  t h e o r e m  (a ) t l1e  
E n d A  o f  t l1e  be a m  r o ta t e s  c l o c k w i se

,  a s  d e p i c te d  i n  [he  l i gu r e ,  
a n d

M i El  d i a g r a m  (b) e 1a s t ic  c u r v e ßß - eA  
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\ t u 1 i 1n u 1n  D = i 1e c t i u n A pp l y i n g t he  s e c o n d m o m e n t a r e a  th e o r e m

Eq ( 10 50 ) ,  
w e  h a v e

w he r e  1c /A
- C C '

a n d BA U 2 - C ' C " (Fi g 10 24 = ) T he  m a x i m u m  de l l e c t io n
,

.  CC "
,  

i s  t he r e f o r e
t l n ia x

w L 3 { L \
.

w L 4 5 w L 4 5 w L 4
,

U1n a x
-

~l iÈ i  W '

I 2 8E /
-

38127
-

38I E I '

Cnmment  A l te m a t i v e 1y [ he  m o m e n t  o f  a r e a  A  l  a bo u t  po i n t A E q ( 10 49 ) ,

re a d i l y  y ie 1d s  山 e  n u m e r i c a l v a 1u e  o f  u
. . .

" p .  I EX A M PLE 10 18

D e f le c t io n  o f  a  C a n t i le v e r  B e a m  w i t h T w o  Lo a d s

G i \ e n  A  c a n t i ]e v e r  b e a m  A B  i s  s u b je c t e d t o  c o n c e n t r a t e d l o a d P a n d

m o m e n t  M  a t  t he  f r e e  e n d B  a s  s h o w n  i n  F i g 10 2 5 u

F in d  : D e t e r m in e  t h e  s l o pe  a n d d e n e c t i o n  a t  t h e  f r e e  e n d B  o f th e  be a m  i n  t e r m s

o f  r  A  E ,  
a n d  1 C o m p u t e  t h e  m a x i m u m  v e r t ic a 1 d i s p l a c e m e n t  i f  t h e  be a m  i s  a

W  150 ×  30 ( s e e  T a b 1e  B 8 ) U s e  P  =  50  k N L  =  3 m
,  

a n d  E  =  2 10  G Pa

5 0 l U T 1O N  T h e  r e a c t io n s  a r e  n o t e d  i n  F ig 10 2 5a T he  f1e x u r a l  r i g i d i ty  i s

c o n s t a n t
,  

r e s u l t i n g i n  th e  M i EL d i a g r a m  s e e n  i n  F i g 10 25b T he  be n d in g

M  A - 0  4PL

0 PU E R
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n w n « N  c M n gt \  \ i g n  1 1 1 - (1 4 1 t h e  M e a l  n f  the  d r a g11 m  a r e

o Iw   : }

W p¢   ·  1 n Co r m po n d i n g 1o  1l 1e  p o s i t i v e  m o m e n t Th e  ¢ l k  c * m  *

w w w a v t  u p 1 n d v ic t  v  a n d  q a =  0  ( & g 10 25c ) t he r e fo r e  神 d ra  =  %  « 1d

th e  l i r 11 u e a  thc o r e m  y ic 1d s

P L Z

断 一 月1 如 A 2 = 0 1 よ ( 10 51)E l

1)  r ß r c l l n n  1 1 H 11u s m u c h a s  t h e  t a n g e n t a 1 A i s  ho r i z o n 1a 1 th c  de ne c t io n  «

ß  i1  e q  1o  the  1a n 1c n 1i a l d c v i a 1i t m  t » A So e m p 1o y i n  吕 t h e  æ c o n d m o m e n 1

a r e a  thc t x e m w e  o in a i n

A f t ler  i n se r t i n g t he  n u m e Dc a ] v a 1u e s w e  h a v e

50  ×  10 3 (33  )
3o  6 ( 17 2 × 2 l o ×  10 3 )

12 5 ×  I O m  = =  12 5 m m  1
l

A L T E R N \  T 1v E S«)  L I JT I O N

A  m 1u t i o n  m a y  r e» di1y  bc  d e t e r m i n e d  b y  s u n u ï u n g the  M / E/ di a g r a m s  o bt a in e d
fr o m  e 1 c h o f  the  1o a d s  a c t i n g se p a r a t e l y R e f c m n g t o  th e  coposi t e M l u
d a g r a m  s k c t c h r d  t hi s  w a y  (& g 10 2 5 d ) w c  ha v e

P L Z 
P L1

A 1 一 0 6
面r 

A z 一 0 5
どン厂

T he  m o m e m a r e a  thc o r e m s  th e n  r e a d i l y  r c s u 11 i 11

P L 2

Ol  =  A 1 +  A 2 - 0 \  1Æ

し出菇敬盆ご群 。

最方- . . d 。
.. 一 。。
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F i n d

(a ) T he  de fl e c t i o n  o f  t he  f r e e  e n d C

(b ) T he  a n g1e  o f  r o t a t i o n  o f  t he  f r e e  e n d C

(c ) T hc  m a x i m u m  d e f1e c t i o n  be t w e e n  t he  s u pp o r t s

s o L UT I O N T h e  r e a c t i o n s  a r e  i n d ic a t e d i n  F ig 10 26a F ig u r e  10 2 6b

r e p r e s e n ts  th e  M l u  d i a g r a m T he  de f1e c t io n  c u r v e  w i th a  ta n g e n 1 d r a w n  a l  A  i s

sho w n  in  F ig 10 26 c c o n c a v e  do w n w a r d a s  t h e  be n d i n g m o m e n t s  a r e

n e ga t iv e O b v i o u s l y t h e  c u r v e  m u s t  pa s s  t h r o u gh the  s u ppo r t  po i n t s  a t A

a n d B R e fe 1T i n g t o  T a b le  B 6 w e  f in d th a t  t h e  a r e a s  o f  t h e  t r i a n g l e  a n d

pa r a bo 1i c  s pa n dr e 1 a r e r e s pe c t i v e l y

(吕) D e 11e c t i o n  a t  C  A p p 1y i n g  t h e  s e c o n d m o m e n t a r e a  t he o r e m w e  f in d

th e  t a n g e n t i a l de v i a t i o n  a t B  t o  be

'
a /A

A . ) 一 器 (a )

 L

FIG U RE 10 2 6 M o m e n t a r c a  m e 1h o d  (a ) be a m  A B C  w i 1h o v e r h a n g  B C (b) M /E 1 d i a g r a m  o f

e n t i n  b e a m  (c ) M /£ l  d ia g r a m  o f  p a r t  A D

519
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l n  a 1i k e  m a n n e r

T hu s 

4

(b ) S1o p e  a t  A T he  a n g le  be t w e e n  t he  t a n g e n t  a t  A  a n d the  ho r i z o n t a 1 l ine

i s f r o m  F ig 10 26 c  a n d E q ( a ) ,

'
B / A

一 三i 三尺ÓA
L  4 8E /  

( ] 0 54)

(c ) M a x im u m  D e fl e c t i o n  B e t w e e n  Su p p o r t s T h e  l a rg e s t  de ne c t io n

be t w e e n  A  a n d B  o c c u r s  a t  p o i n t  D
,  

w he r e  0o  =  0  (F ig 10 26c ) The

a r e a  o f  t h e  M /E /  d i a g r a m  b e t w e e n  A a n d D  i s (Fi g ] 0 26d )

A p p ly i n g t h e  fi r s t m o m e n t a r e a  t h e o r e m  w i t h OD  =  O w e  h a v e  oD l A =  O

OA  
=  A 3 Su b s t i t u t i o n  o f  E q s ( 10 54 ) a n d (b) i n t o  t he  fo r e g o i n g y ie lds

4 8 E  \ ó E 1

f r o m  w hi c h

" i 3

I t  f o 11o w s  t h a t

WL3
A 3 =  

4 8E /

R e f e ]T i n g 1o  F i g 10 26 c
,  w e  h a v e  D " D '

=  x OA  a n d D D '
=  I D / A   

F r o m  th e  s e c o n d m o m e n t a r e a  t h e o r e m w e  h a v e

m u m  d e l l e c t io n  u D  \ s
,  

\h e r e : o r e

L  1  w L 4 
w L 4

u \\ 4 Æ j4 Æ j 11144 l 3l 3 u
-==  

777222EFEF Ï (10 55)

C o m m e n t  A ] te m a t i v e ]y ,  
th e  n u m e r i c a l v a l u e  o f u o  m a y  r e a d i ly  be  f o u n d by

o b t a i n i n g the  m o m e n t  o f  t he  a r e a  A 3 a b o u t  po i n t  A  (& g 10 26d )

IU D I 
w 1 3 

( 2 L ) w L 4

T hi s  i s  the  s a m e  a s g j v e n  by  Eq ( 10 5 5 )
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ÎĴ
the  be n d 1n g

the  a n g1e  o l  t a pe r  i s  s m a \1

T he  c ho i c e  o f  m e t ho d  to  b e  u s e d fo r  de t e r m i n i n g d e f1e c t i o n s  o f  n o p r i  s m a t i c  b e a m s

de pe n ds  o n  the  pr o bl e m  t o  bc  s o l v e d T he  m o m e n t a r e a  a pp r o a c h w a y  b e  r e a d i l y a p p l i e d t o

c e r ta i n  type s o f  n o n p r i s m a t i c  b e a m s a s E x a m p l e  10 20 i l l u s t r a t e s

I EX A M PL E 10 2 0  1

D e f le c t io n s  o f  a  C a n t i le v e r  Be a m  w i t h  T w o  M o m e n t s  o f  1n e r t ia

A  s t e ppe d  c a n t i l e v e r  b e a m  s u pp o r t s  a  c o n c e n t r a t e d

ha l f

F in d T he  s lo pe  a n d def l ect i on a t  B a n d C  o í  l h e  be a m C a l c u l a te  [h e

m a x i m u m  a n gl e  o f  r o ta t io n  a n d m a x i m u m  d e fl e c t i o n  fo r  P  5 k i p s
,

L  =  6 l t
,  

E  =  1O ×  10 6 
ps i a n d /  =  65 i n

4

A s s u m p t i o n  T he  e a e c t  o f  s t r e s s c o n c e n t r a t i o n s  a t  C  o n  d i s p l a c e m e n t s  c a n

be  n e gl e c t e d

50 1 i n o N  T he  M i E l  d i a g r a m  i s  d i v i d e d  c o n v e n ie n t ly i n t o  i t s  c o m po n e n t

pa r ts  (r e c l a n g l e  a n d  1r i a n g l e ) f o r  w h i c h t he  a r e a s

P  P L 1 P L Z

A t = ËE ì  
A 2 -

16E /  
A 3 -

a n d the  c e n l r o i ds  a r e  r e a d i l y  d e t e r m i n e d (F ig 10 27 b ) T h e  e la s t i c  c u r v e  i s

c o n c a v e  do w n w a r d  th r o u g ho u t  i t s  l e n g th a s  t he  b e n d i n g m o m e n t s  a r e  n e g a t i v e

(o )
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(F ig 10 27c ) Si n c e  n  =  O a n d u l A  =  O

Oc 一
c /A

勃 一 Q
ß ノA  

t ì c 一 ' C /A 匈 = '
B fA

U s i n g the  l i r s t  m o m e n t a r e a  the o r e m ,  
w e  o b ta i n  s l o p e s  a l  C  a n d  B

3P L?   

Oc 一 A 1 4 A 2 一

了云云〒
r1 r 1l  R

5 P L 2

OB =  A 1 4 A 2 + A 3 -

TóE d

( 10 56)

A pp1y i n g the  s e c o n d m o m e n t a r e a  t h e o r c m w e  h a v e  d e ße c t i o l ï s  a l  C a n d B

u c 一 A l  ) . A 2 ) 一 器

t IB 一 A r (誓)+ A 2 (詈) + A 3 ) 一 器
( 10 57)

M a x i n 1u 111 V a l u e s  o f  Sl o pe  a n d D e t1e c l i o n T he  la r ge s t  v a l u e s o f  s lo pe  a n d

def l ect i on o c c u r  a t po i n t B

5 (5 ×  1 0 3 ) (7 2) 2
t ' m a x

一 t pB 一

16 (10 ×  1 06 )(65)
一 I L 一 · 1 リ 1 a u

=  12 46 ×  10 3
r a d  X

3 (5 ×  1 0 3 ) (7 2 ) 3
1}m a x  

=  11ß  = = 0 5 3 8 i n
16 ( l o ×  106 ) (65 )

=  0 538 i n 1

I n  t he  p r e c e d i n g the  gi v e n  d a t a  h a v e  be e n  s u bs t i t u t e d i n t o  E q s ( 10 56) a n d

C o m m e n t  T he  f o r e go i n g s o lu t i o n  s h o w s  th a t  t h e  u s E  o f  the  m o m e n t a r c a

t he o r e m s  fo r  n o n pDs m a t i c  be a m s  i s  i d e n t i c a l t o  t h a t  fo r  p Ds m a t i c  be a m s

N o u  U  1h c  m o m e n 1 u e a  m e tho d 1o  so 1v e  1h e  fo l l o w in g p r o b1e m s U n 1e s s  s pe c i f i e d  o 1he r w i se a ] 1 be a m s  ha v e  c o n s t an t  n c x w u

Dg id i t y  E 1

Se io n  10 10

10 106  A  be m  A B C  w i 1h s im p le  s u ppo n s  a t A  a n d B c an i e s  a

U n i f  1o 1 d  o f  i n 1e n s i ty  w  o v e r  th c  o v e r ha n g B C  a s  s ho w n  in  F i 吕  
P I O 106 an d d i sc u s s e d in  E x a m p1e  10 19 T hc  be a m  i s  c o n s 1r u c l e d

o f  a  W  10 × 33 q e  (1e e  T 1b1e  B 8) Ca 1c u la l e

(1 ) T he  dc l l e c t io n  1 t  po in t  C

(b ) F » s 1o pe a t po i n l A

(c ) T he  m 1 x im u m  dc ñe c 1i o n  be t w e e n  s u ppo r u

5 22

G i v e n  w 6 k i p s / f t 一 6 f t E 一 30 × 】沪 ps i

W

园1回回11四

Fi g u r e  P 10 10 6
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5 2 3

:  a n t i 1e v e r  be a m  A B  s u p po r t s  a  c o u p1e  m (

a s  s ho w n  i n  & g P I O 107 D e t e r m i n e

o f  po i n t s  A a n d C f o r  th i s  be a m
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Fig u r e  P10 12 7

Fig u r e  P10 1 2 9

10 1 2 9 a n d  10 1 3 0  A  b e a m  A B C  w i th a n  o v e r ha n g  ß c

s u p po r t s  a  l o a d  a s  s ho w n  i n  Fi g s P ] 0 12 9 a n d P 10 130 D e t e r m i n e

T he  a n g le  o f  r o 1a t i o m  a t  s u p p o r t  B

(b ) T he  ó t1e c t i o n  a t  thc  f r e e  c n d  C

F i g u r e  P 10 1 2 9 て二二
-

兰」
°

F ig u r e  P 10 1 3 0

10 13 1 T he  ] 6 n to n g  o v e r ha n g i n g  be a m  A C  s e e n  i n  Fig

P 10 12 8 s u ppo r t s  t h e  l o a d i n g  s h o w n w h e r e  w - 4 0 0  l b/f l  a n d

E 1 - 12  ×  ] 0 6  l b  i n
2 C o m p u t e  th e  v a l u e  u r  t h e  a n g le  o í r o 1a t i o n  4

a t  p o i n t  A

10 1 32 A  6 m to n g  o v e r h a n g i n g  b e a m  A C  s u p p o r t s  a  u n i fo r m

lo a d  o f  i n te n s i t y w  (s e e  F ig P 10 13 0 ) C a l c u l a te  t hc  s l o p e  a t

p o i n t  c

C i w n  w - 4 0 k N /m
,  

E 7 0 G Pa ,  
1 =  2 0  ×  1Oe

m m
4

10 13 3  T h e  ] 2 f t  o v e g i n g be a m  A C  s e e n  i n  F ig P ] 0 125

s u p p o r t s  a  m o m e n t  o f  M F  
= 500 k i p  i n Co m p u t e  th e  m a x i m u m

1 l a ]u c  o f  E b
- .  

Be t w e e n  s u p p o r 1s  A a n d  B

10 13 4  t h r o u g h 10 13 7  A  be a m  i s  s u pp o r t e d  a n d  l o a d e d a s

s ho w n  i n  & g s P 10 ] 34  th r o u g h P 10 13? D e t e t m i n e  t he  m a x im u m

def l cct i on b e tw e e n  th e  s u ppo r t s  A  a n d  B

F ig u r e  P10 1 3 4  F ig u r e  P1 0 135

5 2 4

Fig u r e  P10 1 3 6 Fig u r e  P10 13?

10 1 3 8 a n d 1 0 1 3 9 A  s i m p le  be a m  A B w jM  [ W  O d i&c 1n ,
m o m e n t s  o f  in e r t i a  c a r r ie s a  lo a d a s sho w n  i n  Figs P l o 138 and
p ] 0 139 w n a t i s t h e  la r g e s t de &e c [ i o n  be t w e e n  s u ppo n s A an d n

F ig u r e  P1 0 1 3 8 F ig u r e  P10 139

10 14 0 Fo r  the  o v e r h a n g i n g 5  4 × 7 7 s ha pe  (se c  Ta b1e  B 9)
be a m  s e e n  in  Fig P I O 126 c a l c u l a t e  th e  s lo pe  a t  e n d C

G i v e n  w - 200  l b / f t
,  

a - 3 1t
,  

E 30 ×  l oô
ps j

10 14 1 T he  4 m l o n g s im p l e  be a m  s ho w n  i n  Fig P 10 136
s u ppo r t s  a  l i n e a r l y  v a r y i n g l o a d o f  m a x i m 1i m  i n 1e n s i ty  w o -

60 k N / m C o m p u t e  t h e  v a l u e  o f  E TBA a t  s u ppo r t  A

10 14 2 D e t e r m i n e  the  Jr c e e n d d e n e ç r i n n  u A o f  th e  c a n t ilc v «

be a m  lo a d e d a s  s h o w n  i n  F i g P I 0 14 2

A s s u m p t i o n  T h e  b e a m  h a s a  r e c t a n g u l a r  c r o ss  s e c t i o n  o f c o n s1an t

w i d th b

Fig u r e  P10 14 2  

10 14 3 R e do  P r o b 10 142 f o r  a  be a m  o f  s o l i d c i r c u lar  c ro ss

s e c k o n  a n d d ia m e t e r s  ho  a n d 2ho  a t  t h e  e n d s  A  a n d B n spec t iw 1y

10 14 4  Fo r  t h e  be a m  o f  v a r i a b l e  c r o s s  se c t i o n  i l l u s tr a ¢e d in
F ig P I O 144 de t e r 1n i n e  th e  m a x im u m  def l ect i on t l c  

四 回
r  T】

,
Fig u r e  P10 144  I 5 bo



Scanned by CamScanner

f  ì o .  
1 1 STA T 1CA LLY  IN D ET ERM 1N A T E B E A M

M O M EN T A REA  M ET H O D

A s ta t i c a 1l y i n de l c r m i n a t e  hear n c a n  be  a n a ly z e d by  t he  m o m e n t a r e a  m e t h o d i n  m u c h t he

sa m e  w a y a s de s c r ibe d i n  th c  p r e c e d i n g s e c t i o n I n  the  c a se  o f  i n de [e r m i n a c y ,  e a c h
addi t io n a l ge o m e t r ic  (s 1o pe  o r  d e fl e c t io n ) c o m p a l i b i 1iF  c o n d i t io n  is  e x p r e s s e d  b y  a

m o m e n t a r e a  e q u a t i o n  t o  s u p p l e m e n t  t he  e q u a t i o n s  o t  e q u i 1i b r i u m T h e  c o m p a t i b i l i t y
c o n di t io n  is  o f t e n  e x p r e s s e d by w r i t i n g th a t  t a n g e n t i a 1 d e v i a t io n  o f  o n e  s u ppo r t  w i t h  r e s pe c t

to  a n o t he r  i s e i th e r  z e r o  o r  h a s  a  p r e d e t e r m i n e d v a lu e

D e te r m i n a t io n  o f  th e  r e a c t i o n s  o f  a  s t a t i c a l fy  i n d e t e n n in a t e  be a m  by  th e  m o m e m

o n r a  a pp r o a c l 1 be g i n s  w i th th e  s e 1e c t i o n  o f  th e  r e d u n da n t  r e a c t i o n  (o r  r e a c t io n s )  a n d
re m o v a 1 o f  th i s  r e a c t i o n  f r o m  th e  b e a m l e a v in g a  s ta t ic a ll y de te r m i n a t e  r e l e a s e d
s tr u c tu r e T he n t he  l o ad s  a r e  p l a c e d o n  t h e  r e 1e a s e d  s t r u c tu r e  a n d  the  c o r r e spo n d i n g
Au E l d a g r a m  is {h a w n w h e r e  M a n d E l a r e  th e b e n di n g m o m e n t  a n d the  ße x u r a l Dg i d i t y
o f  the  b e a m r e s w t i v e 1y L ik e w i se t h e  r e d u n d a n t  i s  a p pl ie d a s  a  1o a d a c t i n g o n  t h e

re 1e a s e d m  a n d th e  hU ET d i a g r a m  i s  d r a w n N e x L the  m o m e n t a r e a  th e o r e m  i s

a ppl i e d t o  p r o v id e  t h e  n e c e s s a r y  e q u a t io n  f o r  o b t a i n i n g the  r e d u n da n t  r e a c t io n F i  n a l  l y
t he  re m a in i n g  r e a c t i«m s  a re  d e t e r m i n e d f r o m  e q u i l i b r f u m  c o n d i t io m

I  

H a v in g t he  s u pp o r t  r e a c t i o n s  a v a i l a bl e ,  
th e  s l o pe  a n d  d e n e c t i o n  m a y  be  o b t a i n e d  b y  t h e

m o m e n t a r e a  t he o r e m s  a t  a n y  p o i n t  o f  t h e  be a m T h e  te c h n i q u e s  I o  be  u s e d a r e  i 11u s t r a t e d i n

the  e x a  呷  11e s  t o  f o 1l o w

5 2 5

SO L U T I O N  T h e  r e a c t i o n s  n o te d  i n  & g 10 2 8 a  s ho w  th a t  t h e  b e a m  i s

in de te r m i n a t e  t o  the  f 1r s t  d e g r e e T h i s  m a y  b e  r e d u c e d  t o  a  d e t e r m i n a t e  s y s te m

by  s e le c t i n g Ra  (o r  al t ernat i vel y M a ) a s  t h e  r e d u n d a n t  a n d r e m o v i n g i t W e

n e x t  c o n s i de r  th e  r e a c t i o n  a t  B  a s  th e  u n k n o w n  lo a d p l a c i n g t he  l o a d i n g s  o n  t h e
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